A.V. Bitsadze 
D.F. Kalinichenko 



A COLLECTION 

OF PROBLEMS 

ON THE EQUATIONS 

OF MATHEMATICAL 

PHYSICS 



MIR PUBLISHERS MOSCOW 



A. B. EHUAA3E, A- ®- HAJ1MHHHEHKO 

CBOPHMK 3AflAM 

nO yPABHEHHflM 

MATEMATMHECKOPl (DM3MKM 



HaflaTeflbCTBO «Hayna» 
Mochbb 



A COLLECTION 

OF PROBLEMS 

ON THE EQUATIONS 

OF MATHEMATICAL 

PHYSICS 

A.V. Bitsadze, D.F. Kalinichenko 



Translated from the Russian 
by V.M» YoLosov, D.Sc. and I.G. Voloeova 



MIR PUBLISHERS MOSCOW 



PREFACE 



The present book 19 a collection of problems on the equa- 
tions of mathematical physics studied in colleges with 
comprehensive mathematical programme. It consists of 
two parts, the first of which contains the conditions of the 
problems aDd the second the answers to the problems and 
detailed explanations of the solutions of the most difficult 
problems. The material of the first part is divided into five 
chapters in which the problems are grouped according to 
the type of the partial 'differential equations. Much empha- 
sis is 'placed on practical mdtfioas most frequently used in 
the solution of partial differential equations. Each chapter 
begins with the necessary prerequisites taken from the corres- 
ponding division of the theory of the equations of mathemat- 
ical physics which facilitates the understanding of the 
subject. 

The authors arc grateful to G.V. Kalinichenko^ for her 
help in the preparation of the book for the publication and 
to L.D. Kudryavtsev,- S.I. Pokhozhaev, Kh.Kh. Karimova 
and M.L. Krasnov for helpful comments and valuable ad- 
vice. 

A.V. Bitsadze 
D.F. Kalinichenko 
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CONDITIONS OF THE PROBLEMS 



Chapter 1 

INTRODUCTION. CLASSIFICATION OF PARTIAL 
DIFFERENTIAL EQUATIONS AND SYSTEMS. OF PARTIAL 
DIFFERENTIAL EQUATIONS. NORMAL FORM OF PARTIAL 
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 
IN TWO INDEPENDENT VARIABLES. DERIVATION 
OF SOME EQUATIONS OF MATHEMATICAL PHYSICS 



§ 1. Partial Differential Equation 

and Its Solution. Systems of Partial 
Differential Equations 

We shall denote by D a domain in the w-dimensional 
Euclidean space E n of points x = (z t , x t , . . ., x„) with 
orthogonal Cartesian coordinates x t , x%, . . ., x n (n ^ 2). 

Let us denote F =s F (x, . . ., p t .. A , . . .) a given real 

function dependent on the points x of the domain D and on 

n 



real variables Pi j where i x , . . ., i n ( 5] ij = k, k — 

= 0, . . ., m, m ~^ 1 ) are nonnegative integral indices, and 
let at least one of the partial derivatives 

n 

- , > i, = m 



j— i 
of the function F be different from zero. 
An equation of the form 

r(* EiTTT^. ■■■) = ^ ** D < ! > 

is called a partial differential equation of the mth order with 
respect to the unknown function u (x) — w [x lt . . ., x n ). 
The expression F on the left-hand side of equality (1), sym- 
bolizing certain operations on the function u, is called a 
partial differential operator of the mth order. 
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Every real function u (x) defined, in the domain D and 
continuous together with its partial derivatives involved 
in equation (1) which turns the equation into an identity 
is called a regular solution of partial differential equation (1). 

Besides regular solutions, an important role is also played 
in the theory of partial differential equations by the so-called 
fundamental {elementary) solutions which are not every- 
where regular. 

In the case when F is an A r -dimensional vector F = 
= (Fj, . . ., F N ) with components F t (x, . . ., p^, . , (n , . . .) 

(i == i, . . . y N) dependent on x £ D and on the Af-dimen- 
sional vectors p t t = (ps 1 ,,..., p t M ,- ) the vector 
equality (1) is called a system of partial differential equations 
with respect to the unknown functions u lt .... u M (or, 
which is the same, with respect to the unknown vector 
u = (u lt . . ., u M )). 

An equation of form (1) is said to be linear when F is a 

linear function of all the derivatives ^ dxU^' 0^.k^.m. 

i n 

A linear partial differential equation can he written in 
the form 

Lu = f (x), x £ D 

where L is a linear partial differential operator involving 

only the first powers of the derivatives ^^ — %^~ n > ° ^ ^^ 

<J m. A linear partial differential equation may be called 
homogeneous or non-homogeneous depending on whether / (x) = 
= or / (i) ^ 0. 

Equation (1) is said to be quasi-linear when F depends 
linearly only on the highest derivatives 



d m u 

Sxii . . . dx.in 
1 n 



2>,= 



m. 



3 = 1 



Find whether the equalities below are partial differential 
equations: 

1. cos (m, 4- u v ) — cos u x cos u v -4- sin u 3 sinu a = 0. 
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2. u& x + ul v — {u xx — u vv Y=$. 

3. sin 2 (u xx + u xy ) + cos 2 (u xx + u xy ) — u — 1 . 

4. sin (u^-fu-j) — s\TLU X yCosu x -—Qosu X ySinu x -\-2u = 0. 

5. — - tan u — u x sec 2 a — 2>u 4 2 = 0. 

6. In litjcUj,! — In \u x \ — In | u u | + 5w — 6 = 0. 
Determine the orders of the following partial differential 

equations: 

7. In | u xx u yv | — 1 ii | u xx j — In | u yy | + u x + u v = 0. 

8. «,«*„ + («L- - 2b»j + u„) 2 - 2 XJ/ = 0. 

9. cos 2 «j.y-f-sin 2 u ap — 2u% — Su v + u = 0. 

10. 2 ( Wl - 2u) u w - -If (u, - 2u)* - xy = 0. 

11 • ir ("»» "~ "»> ~~ 2u »» "|r< u w _ u *) ~ 2b * + 2 = °- 

12. 2w. TX u X3CJ , — -^- (u xx — u v f — 2u y u xxy + u x = 0. 

Find which of the following partial differential equations 
are linear (homogeneous or non-homogeneous) and which 
are non-linear (quasi-linear): 

13. u x u%,j -j- Ixuiiyy — 3xyu y — u = 0. 

14. u y u xx — 3x 2 uu xy + 2u x — f(x, y)u — 0. 

15. 2 sin (x-\-y) u xx — x cos yu xy -\-xyu s — 3u-\-l =0. 

16. x 2 yu xxy + 2e x y z u xy — (x 2 y z + 1 ) u xx — 2u = 0. 

17. ?>u xy — &u xx -f lu y — u x + 8x = 0. 

18. u xy u xx — Siiyy —r §xu,j 4 x ij u = 0. 

19. a (a:, y)u xx + b{x, y)u xy + c{x, y)u tjy + 

+ d(x, y)u x + e(x, y)u y + h(x, y) = 0. 

20. a(x, y, u xl u xlJ )u x yy + b(x, y, Uy y )u vyy + 

+ 2uu x „-f(x, s )-0. 

21. u xy 4- itj, 4- u 2 — xi/ = 0. 

22. Uj.j, 4- 2 -T- (uj 4 u) — 6.r sin 1/ = 0. 

23. 2a:u XLr — 6 — (u s — a#) + u„„ = 0. 

24. -|- (i/« y -(-w 2 v ) — 2u A w XB 4-u x — 6u = 0. 
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§ 2. Classification of Partial Differential Equations 
and Systems of Partial Differential Equations 

A form 

n 

of the mth order with respect to the real parameters X lt . . . 
. . ., X n is called the characteristic form corresponding to 
partial differential equation (1). 

In the case of a linoar partial differential equation of the 
second order 

ii ^-^+s *-&+<*=/ (3) 

characteristic form (2) is a quadratic form: 

i, j-l 

For every fixed point x £ Z) the quadratic form (? can be 
reduced to its standard form 

<?=S«<8 (4) 

i = l 

by means of a non-singular (non-degenerate) affine transfor- 
mation A. | — ?.j (i lt , . ., i n ) (i — 1, . . ., n) of the variables 
where the coefficients a f assume the values 1, — 1 and 0. 
As is known, the numbers of the negative and of the zero 
coefficients of the form Q in expression (4) are independent 
of the way in which the form has been brought to the stan- 
dard form, and this underlies the classification of linear 
equations (3). 

A linear equation (3) is said to be elliptic, hyperbolic or 
parabolic in the domain D if for each point x £ D the coeffi- 
cients ccj of form (4) are all different from zero and have 
one sign, are all different from zero and are not all of one 
sign or at least one of them (but not all) is equal to zero, 
respectively. 
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An equation (3) which is elliptic in the domain D (or, 
as wo say, is of elliptic type in the domain D) 19 said to be 
uniformly elliptic in that domain if there exist real numbers 
k =^0 and k x ^0 of one sign such that 

i-l i-1 

for all x £ D. 

In the case of a linear partial differential equation of the 
roth order of the form 

n 



it. .-in l " J = l 

where Lj is a linear partial differential operator whose order 
is less than m characteristic form (2) is written as 

X(X„ .... Jl„)= S <V.. in (*)>.!'... C, |i, = m(6) 

i 4 ...i/» i=i 

If for a fixed point x £ Z) there is an afhne transformation 
Xj = A, ( (uj, . . ., jx n ) (i = 1, . . ., n) which brings expres- 
sion (6) to a form containing only I (0 < I < rc) variables 
[i, we speak of the parabolic degeneration of equation (5) 
<z< the point x £ Z). 

If there is no parabolic degeneration and if the equation 

K <*„ . . ., ^) = (7) 

possesses no real solutions other than X x = 0, . . ., k n ■— 0, 
partial differential equation (5) is said to be elliptic at the 
point x £ D. 

A partial differential equation of form (5) is said to be 
hyperbolic at a point x £ D if in the n-dimensional space of 
the variables X l , . . ., X„ there is a straight line possessing 
the following property: if one of the new variables ji l5 . . ., \i 
obtained from K lt . . ., )- n by means of an affme transfor 
mation is reckoned along that straight line then the trans 
formed equation resulting from (7), when resolved with 
respect to that variable reckoned along the straight line, 
has exactly m real roots (simple or multiple) for any choice 
of the values of the other variables. 



n 
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The non-linear partial differential equations of the mth 
order are classified in an analogous manner depending on 
the character of form (2). However, for a non-linear equation 
the coefficients of form (2) depend not only on the point 
x £ D but also on the sought-for solution and its deriva- 
tives, and therefore in this case the classification by type 
can only be carried out for a given particular solution. 

In case equality (1) is a system of N partial differential 
equations with respect to N unknown functions (that is in 
case M = N and the order of each of the equations is equal 
to m) we consider the square matrices 



dFi 



dp 1 . 



J=l, 



N; 2 ** = 



m 



fc-i 



and construct, with the aid of these matrices, the form 
K(X U ..., X„)m* 

.n 

dF t 



sdet 



s 

I, . . .in 



& pi. 



K' . . . K 



2 ik = m ( S ) 



of the Nmth order involving the n real scalar parameters 
^ 1( . . .,X„. The classification of system (1) by type is carried 
out depending on the character of form (8) by a complete 
analogy with the case of one partial differential equation of 
the mth order considered above. 

Determine the type of each of the following partial differ- 
ential equations: 



25. u M + Au xy 

26. 2u xx H- 2u 

27. u xx + 2u xy + u 



vv 



u x + u„ 



xy -I- u w 4- 2u x + 2u y 



L 2u — x*y = 0. 
u = 0. 



^ + u x + u y + 3u — xy 2 = 0. 
28. Au xx 4- 2u yy — 6u„ + 6^ y + 10u XJ 4- Au yz + 



H y 



29. 



4- 2u -- 



2u„2 4- 3u a — u = 0. 



^ XV ™ ~ xz 

30. u xx + 2u sy 4- 2u v ' y + 4u yt + 5u 22 — xu x + pu z = 
= 0. 



31. 



XX 4ll X y -f- ZU XZ 



u 
-0 



4- 4u yy 4- u zz — 2xyu x + 2>xu = 



32. u xy + " y z 4- w KZ — 3x 2 u y 4- J/ sin to 4- £0"" = 0. 

33. 5u xx + u vy 4- 5u lt + Au xy — 8w„ — iu yz — u + 
4 yz 2 sin x = 0. 
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34. u xx 4- 2u xu + 2u vu — 2u yz 4- 3u- — u = 0. 

35. 3u xx + 4u 4- 5u„ + Au xv — 4u yz + 2u x — u u + 
4- xyf = 0. 3 

36. y 2m+1 u xx + it ffy — u x = where m. is a nonnegative 
integer. 

37. xu xx + yu»y — u = 0. 

For the given solutions u (x, y) determine the type of the 
following partial differential equations: 

38. u 2 x + (u xx — 2) u xy — v*y = 0, u = x 2 4- y 2 . 

39. u£„ 4- u xx u yy 4- "vy = 8, u — x 2 + y 2 and 
u = 2 1^2iri/. 

40. ujj x — 4uj.„ 4- u*y — 0, M = (;c4-y) z , u = « and 

«=»**+ -^- 4- -jj-xy. 

41. u 3:i + u^u i/ j,4-ujy — 4u„j, = 0, u = 2j/ 2 , « = 5;z#, 
and u = x. 

42. 3uJU-6u^ + » w -4«0, u = -i(x2 4-^) and 

u = 2t/ a . 

43. u^u^y — 5u vy + u x — 2 (x + y) — 8 = 0, 
u = x l 4- 2a;y. 

44. uJa 4- 2ul y — 3u Btf 4- u y — 2x = 0, u = 2xy — 8y. 

45. 2u\ x 4- 2«Jj, + 3u tft — 2u„ 4- 2z = 0, u = arj/ — ^r 2 . 
'.6. 5u£ M — 7« W! , 4- 25« w — 150i/ = 0, u = ~+y s + -^xy. 

47. uj 1 + 5ul y 4-6u« v =12, u— |- (*4-J/) 2 , u=^3V. 

48. u* x — 4u*„ 4- luy y — 4u x 4- u„ 4- 3z 4- 4i/ 4- 3 = 0, 
u~ -j-xi + xy. 

49. «L-2aS B + «5 l / + 2i*,-2(a:4-y) = O l u = J- (a: 4-^)2. 

50. ul y 4: w,*"™ 4- "y B 4- 2u :fX 4- 2w y)/ = 0, 
u ~ x 2 — y 2 and u = z. 

51. Let the function F in the equation 

F (x, t/, w, u x , Uy, u xx , u xy , u yy ) = 

be continuously differentiable with respect to the last three 
variables and let at least one of the derivatives of F with 
respect to these three variables be different from zero. Find 
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the conditions for the ellipticity, parabolicity and hyper- 
bolicity of this partial differential equation. 

Determine the type of the following systems of partial 
differential equations: 

52. 2u x + 3u y — 3v y -~ u ■— 0, 
—u x -f Uy + v x 4 xy = 0. 

53. 2u x 4 Zv u ~\- 3u v — 6w = 0, 
u x 4- My 4- ^i 4 x 2 u = 0. 

54. 2w t 4- &>j, 4- 3u y — 2u = 0, 
m,. 4- v x — u. 4- ^ 2 = 0. 

55. 2u x — Av x 4- 3u„ + 8vj, — u = 0, 
3w x — 2y T 4- 6«i/ + 3v y + 2a — 0. 

56. 2u x + p m + i2u v — 2a = r 
^ 4- 4^ 4-^4-^=0. 

57. 2u x + v x + 7u y — 2u = 0, 

3iijc + 3v x 4- 31w tf fi/j — e y sin z = 0. 

58. 5u x + 22.lv x 4- 2u ti + v y — Gu = 0, 
5u x + 2«„ 4- 3vy — 2a;u — 0. 

59. v x 4-12u +v tt +3u — 32xe' J = 0, 

— 5u x -\--jT-v x + u 9 + v 9 — e x u = 0. 

60. iou x + 9v x + 12u v 4- lTvy — 3x cos y = 0, 
3u x 4- 2i> w 4- ^ — 6u = 0. 

61. Su x + 3v x + 3u y 4- 4i?y = 0, 
2itjt + 3ua; — i> y — 3u. = 0. 

62. u x — Vy -\- 2u z — 3v z — u = 0, 
u tf + 2l> k — 2u z + v y + 2u = 0. 

63. u x — u y 4- 2v y — 3y 2 + 2w = 0, 
u T 4- 2u z — v x 4- f z — k = 0. 

64. u a 4- u u + Vy 4- w* — xyu = 0, 
*\- — Uy — v y + u z + 2a = 0. 

Depending on the values of the parameter k, determine 
the type of the following systems of partial differential 
equations: 

65. u x — ItVy = 0, 
u v + v s = 0. 

66. iiy — kv x 4- v y = 0, 
u x 4- tog — u — 0. 

67. u w — kv x + kv y — 0, 
u x -\- Vy -\- 2v — 0. 



Ch. 1. Introduction. Partial Differential Equations . 17 

§ 3. Reduction to Normal Form of Linear 
Partial Differentia! Equations 
of the Second Order 
in Two Independent Variables 

The general form of a linear partial differential equation 
of the second order in two independent variables is 

au xx + 2bu. xy + cu yy -\- du x -f- eu y -f fu -\- g = (9) 

where a, Z>, c, d, e, /, and g are given functions of the inde- 
pendent variables x and y. 

Let us denote by A the discriminant b 2 — ac of the qua- 
dratic form 

Q(k lt X 2 ) = aX 1 l + 2bk i K 2 + cAl (10) 

corresponding to equation (9). 

The curves determined by the equations of the form 
Q (x, y) = const where Q is an arbitrary solution of the 
non-linear partial differential equation of the first order 

are called characteristic curves (or, simply, characteristics) 
of equation (9). The components of the tangent vector 
(dx, dy) to a characteristic curve satisfy the equality 

a dy 2 — 2b dy dx -+■ c dx* = (11) 

for each point (x, y) of the curve. 

According to the classification of partial differential 
equations discussed in § 2, equation (9) is elliptic, hyper- 
bolic or parabolic depending on whether form (10) {or form 
(11)) is definite, indefinite or semi-definite, that is on whether 
the discriminant A = b z — ac of the form is negative., 
positive or equal to zero respectively. 

In the elliptic case equation (9) can be reduced to the 
normal form 



v l\ + "m + d lVl + e lVj[ + hv + g! = (12) 

i aid of a transformation of independent variables 
orm 

6 = q> (x, y), r\ = if> {x, y) (13) 



2-0481 
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where cp {x, y) and ij) (x, y) are solutions of the system of 
linear partial differential equations of the first order 

&Vx + by v + V — A\|;„ = 0, aT\> x + b% — V — A(p y = 

for which the Jacobian -, , is different from zero. 

0(*. y) 

in the hyperbolic case transformation (13) with functions 

cp (x, y) and \|> (a;, y) satisfying the partial differential 

equations 

ay x + {b + V A) «p y = 0, a^ x + {b -VI) % = 

brings equation (9) to the form 

v t1i + d l v i + ^v, + fjv + g 1 = (14) 

The new change of variables | = a -f p, t] = a — p" 
reduces equation (14) to the normal form 

w»« — ">up + d 2 u> K + e 2 w & + fiiv •{- g z — (15) 

Finally, in the case when equation (9) is parabolic a 
transformation of variables of form (13) where cp (x, y) is 
a non-constant solution of the equation 

atpat + b(f v = 

and ty ( x » y) is an arbitrary smooth function satisfying the 
condition 

a«|)| + 2bty x % + c$^Q 

reduces tho equation to the normal form 

v^ + d 1 v l + ^w, + f l v + ft --= (16) 

In equations (12), (14) and (16) we have v (£, n) — 
— u[x (|, ii), y (|, T))] whore a: = a: (g, iq) and i/ = j/ (£, n) 
are solutions of system (13). The condition 

d (cp, <|>) 



0(x, y) 



■=^0 



guarantees that system (13) is solvable at least "iD the 
small". 

As is known from the theory of linear partial differential 
equations of the first order, in the case when A > we 
can take as functions <p (x, y) and ip (z, y) determining 
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transformation (13) the left-hand sides of general integrals 
tp (x, y) — const and if (x, y) = const of the ordinary differ- 
ential equations 

dx du , dx dy 

— — and — 



respectively; in the case when 4 = we can take as a 
function <j> (x, y) the left-hand side of a general integral 
( P (^i y) — const of the differential equation 

dx dy 

~~~ 

If A <Z 0, then the function 

fi (x, y) = <p (x, y) + ii|> (x, y) 

is a solution of the differential equation 

aQ x -f {b + i V~ A) fl„ = 

and therefore in this case as well transformation (13) can 
easily be found in an analogous manner. 

A quasi-linear partial differential equation of the form 

au xx + 2bu xy + cu V y + F (x, y, u, u x , u y ) = 

whose coefficients a, b and c are given functions dependent 
solely on the arguments x and y can also be reduced to the 
normal form using the same scheme. 

Since the functions q> (x, y) and \|) (x, y) in transformation 
(13) are solutions of linear partial differential equations of 
the first order whose coefficients are expressed in terms of 
the functions a {x, y), b (x, y) and c (x, y) these functions 
should satisfy the condition requiring that they should 
not turn into zero simultaneously and should also possess 
somo differentiability properties. 

It should be noted that if the coefficients of equation (9) 
are constant then, after the equation has been reduced to 
one of the normal forms (12), (15), (16), some further sim- 
plifications of the equation can be performed. For instance, 
by introducing a new unknown function w (|, n) specified 
by the formula 

i/(E, n.) = e***Mw(l, x\) 

2* 
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and choosing in a proper manner the constants X and ji., we 
can make the coefficients in the first derivatives of the 
function w turn into zero in the elliptic and hyperbolic 
cases. In the parabolic case we can make one of the coeffi- 
cients in the first derivatives of w and the coefficient in the 
function w itself turn into zero. 

tteduce to normal form the following partial differential 
equations in each of the domains where the type of the 
equations is preserved: 

68. u xx + 2u xy + 5uy V — r 62u = 0. 

69. u xx — 2u xy -j- Uy V -J- 9u K + Qu y — 9u = 0. 

70. 2u xx -f 3^^ 4- u yy + lu x 4- 4u y — 2u — 0. 

71. u xx 4- u xy — 2u yy — 3u x — 15uj, + 21x = 0. 

72. 9u xx — Gu xy 4- u vy + 10Wj — \bu y — 50w 4- x — 
- 2y - 0. 

73. j*,, 4- 4u xa + 10b vw - 2Au x + A2u y + 2 {x + y) = 
= 0. 

74. !*„ + 4w Ky 4- 13w„„ 4- 3« w 4- 2iu y — 9u + 

75. (1 4- z 2 ) 2 u* x + u yy + 2^ (1 + a 2 ) u x = 0. 

76. y*u xx + 2xyu xy + x 2 u yy = 0. 

77. i*„ - (1 + y % ? uyy _ 2y (1 + ^) u„ - 0. 

78. (1 4- **) u xx 4- (1 4- J/ 2 ) Uyy + xu x + yu v ~ 2u - 0. 

79. ar 2 u M -|- 2xyu xy + jf 8 w„ B — 2yw 3C + ye y ' x = 0. 

80. xy 2 u xX — 2x 2 yu xy + A^ — y*u x = 0. 

81. u xx — 2sin xiij-j, — cos 2 xu yy — cos .ritj, = 0. 

82. e iX u xx + 2<?^ u + e^Uyy — xu - 0. 

83. «!* — 2arWj:j, = 0. 

84. xu xx + 2xu xy + (x — 1) u yy = 0. 

85. j/w XJ 4- u„„ = 0. 

86. xu xx -I- j/« yi/ + 2u T 4- 2u y = 0. 

87. u xx + 2sin zu.,.,, — (cos 2 x — sin 2 a:) u yy -[■ 
4- cos xiij, — 0. 

88. u xx + xyiiyy = 0. 

Reduce the following partial differential equations to 
normal form and perform further possible simplification of 
the equations: 

89. u xx — ^u xy 4- bu uv — 3u x + iiy -f u — 0. 

90. u xx — tiu xv 4- Qiiyy — u x 4- 2zi y = 0. 
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91. 2U xy iUyy 4 ^ ~ ^U y ~\- U ^ X = 0. 

92. u i;/ + 2u yv — u x ■]- Auy 4 u = 0. 

93. 2u M H- 2u xs + u yy +'iu x -h 4w B + u = 0. 

94. ^ r 4- 2^ 4 u uv + 3^ — 5w y + iu = 0. 

95. U,* — Ujy + li a + M„ — 4t/ — 0, 

96. u X y + u xx — u u '— 10a -f- 4z = 0. 

97. Hu, x + u xy + 3u x + Uy — u 4 y = 0. 

98. u^ - 1 - iu X]l -\- 'bu'yy — 2u x — 2u„ 4 u = 0. 

99. 5u« + 16ii x „ 4- lbuyy f 24it x 4- 32u„ + 64u = 0. 

100. u ax — 214^ + Uyy — 3w j. 4 12«. y 4 27zz = 0. 

Reduce to normal form the following partial differential 
equations: 

101. u xx + 2u xy -|- 2u y y + 4u„ z 4 5m« = 0. 

102. u sx — 4u xy 4 2u KZ -i- 4u My + u lz + 2u x = 0. 

103. u KS , + u IZ 4 u vt — u x 4 «„ = 0. 

104. 3u* s — 2w xz — u yz — a — 0. 

105. u XJ . + 3ii yy + 2>u zz — 2u xy — 2u xz — 2u lJZ — 8w — 

106. u u + w vy 4 u„ + 6u reDI -4- 2u,. z 4- 2^ 4 2u x + 
4 2u y -h 2w r 4 4u = 0. 

107. 2u xx 4 Sw^ 4 2w 22 — &u xy — 4u xx 4 Su yz — 
^~3u + z/ — 2z = 0. 

108. 3u liy — 2u xy — 2u y2 + 4iz = 0. 

109. u„ + 4u yi/ 4- u„ + 4u xv 4 2^., 4- Au yz + 2u = 
= 0. ■ 

110. w^'4- 4u y? 4--9w« 4- 4ii IS ,- 4- &u xz 4- 12itj, 3 — 
— 2u x — £iiy — 6u 2 = 0. 

§ <5. Mathematical Models for Some Phenomena 
Studied in Mathematical Physics 

There are many cases when the investigation of various 
natural phenomena can be reduced to the determination of 
solutions of partial differential equations referred to as 
equations of mathematical physics. To make use of the meth- 
ods of mathematical physics one should first of all estab- 
lish what quantities determine the character of the phenome- 
non in question. Then, taking into account the physical 
laws (principles) expressing the relationship between these 
quantities, one should derive a partial differential equation 
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(or a system of equations) and state some additional con- 
ditions (most often boundary and initial conditions) from 
which the unknown quantities completely characterizing 
the phenomenon can be uniquely determined. It is important 
to take into account that a given problem of mathematical 
physics can serve as a model for various completely different 
natural phenomena. 

Some problems leading to partial differential equations of 
hyperbolic type. Hyperbolic equations (or systems of equa- 
tions) result from mathematical modelling of oscillation 
processes. When equations of oscillation of mechanical 
systems are derived the well-known variational principle 
of stationary action (also known as Hamilton's principle of 
least action) proves to be very useful. As an example, let 
us consider the process of plane transverse oscillation of a 
string; the mathematical description of this process and 
the derivation of the partial differential equation of oscil- 
lation of a string is based on Hamilton's principle. 

By a string is meant a flexible elastic thread (in other 
words, a one-dimensional elastic medium). It is supposed 
that in the state of rest the string is taut (along the z-axis) 
and that the potential energy gained in the oscillation 
process by an infinitesimal element of the string is directly 
proportional to the increment of the length of the element. 
The corresponding proportionality coefficient is spoken of 
as the tension of the string. The basic quantity characteriz- 
ing the oscillation of tbe string is the deviation u = 
= u (i, t) of the string in the xu-plane at the point x at 
time t from the equilibrium position. On denoting by K 
the kinetic energy of the string and by U its potential 
energy which are expressed in terms of the function u {x, t) 
and its derivatives we can form the integral 

\{K~~U)dt (17) 

h 

called the (Hamiltonian) action. This integral taken over 
the interval f, •< < ■< t 2 during which the oscillation phe- 
nomenon is observed must assume a Stationary value, that 
is there must exist a definite function u (x, t) for which the 
first variation of functional (17) turns into zero. Euler's 
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equation for this functional is nothing other than the sought- 
for partial differential equation which is called the equation 
of oscillation of a string. When computing the variation of 
functional (17) we impose certain conditions on the function 
u (z, t) which must he fulfilled at the end points of the 
string; these additional conditions are the boundary con- 
ditions characterizing the state of the end points of the 
string (in particular, the ways of fixing the end points) in 
the oscillation process. 

Physical considerations imply that in order to describe 
an oscillation process uniquely, we must also know, besides 
the differential equations and boundary conditions, the 
initial position of the string (that is the shape of the string 
at the initial instant) and the initial velocity of the string. 
The equation of oscillation of the string can be considerably 
simplified in the case when the amplitude of the oscillation 
is small, that is when it is allowable to neglect the powers 
of u x exceeding the second contained in the expression of 
the potential energy U. We also note that the same equation 
can serve as a mathematical model for the description of 
some other phenomena, for instance, the oscillation of a 
gas in a tube, electric oscillation in wires etc. Following 
this scheme and using Hamilton's principle we can state 
mathematically the problems on longitudinal oscillation 
of a bar, transverse oscillation of a membrane or a plate 
and the like. 

111. A string (0 •< x •< t) with line density p = p (x) oscil- 
lates in the xu-p]ane,.the oscillation being described by a 
function u = u (x, t). Find the kinetic energy K of the 
string for the following cases: 

(a) the string has no localized masses; 

(b) there are localized masses m ( (i = 1, . . ., n) at 
points x j. 

112. For the following cases find the potential energy of 
a string (G <! x ■< T) whose transverse oscillation in the 
xu- plane is described by a function u (x, t): 

(a) the ends of the string are rigidly fixed; 

(b) the ends of the string are rigidly fixed and the powers 
of u x higher than the second can be dropped; 

(c) some forces v 3 (/) and v 2 (t) directed perpendicularly 
to the x-axis are applied to the ends of the string; 
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(d) the ends of the string have elastic fixing, that is they 
are under the action of forces which are proportional to the 
deviation of the ends and are directed opposite to the de- 
viations. 

By a membrane is meant a flexible elastic film (that is 
a two-dimensional elastic medium) which occupies a region 
in the plane when it is at rest; it is meant that the work 
expended on the deformation of an infinitesimal element of 
the membrane is proportional to the increment of the aroa 
of the element (the corresponding proportionality coeffi- 
cient is referred to as the tension per unit length). 

113. A membrane coincides with a domain D in the 
plane of the variables x and y when it is at rest. The surface 
density of the membrane is p = p {x, y); the membrane is 
in a process of transverse oscillation described by a function 
u — u {x, y, t). For the cases enumerated below find the 
kinetic energy K of the membrane: 

(a) the membrane has no localized masses; 

(b) there are localized masses m. % (i = 1, . . ., n) at points 

to. «i)- 

114. For the cases enumerated below find the potential 
energy of a membrane D which undergoes transverse oscilla- 
tion described by a function u = u (x y y, t): 

(a) the edge of the membrane is rigidly fixed; 

(b) the edge of the membrane is rigidly fixed and the 
powers of u x and u y higher than the second can.be neglected; 

(c) the edge of the membrane has elastic fixing, that is 
the points (x, y) belonging to the edge of the membrane are 
subject to resistance forces proportional to the deviation 
u = u (x, y, t) of these points; 

(d) the edge of the membrane is rigidly fixed and the 
membrane is acted upon by a transverse force F (x, y, t), the 
powers of u x and u y higher than the second can be dropped. 

115. A string (0 -^ x <! I) with line density p — p (x) and 
tension 7" undergoes small transverse oscillation described 
by a function u (x, t). Let the functions tp (x) and if (x) 
describe, respectively, the initial deviations and velocities 
of the points of the string (for t — 0). Neglecting the powers 
of u x higher than the second in the expression for the poten- 
tial energy of the string and also the action of the force 
of gravity, use Hamilton's principle to state the problem 
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of the determination of the deviation u (x, t) (t > 0) of the 
points of the string from the equilibrium position for the 
following cases: 

(a) the ends of the string are rigidly fixed; 

(b) the ends of the string are free; 

(c) starting from the initial instant t = 0, the ends x = 
and x = I are acted upon by given transverse forces F {t) 
and <T> (t), respectively; 

(d) the ends of the string have elastic fixing, that is each 
end is subject to a resistance force proportional to the devia- 
tion of the end; 

(e) the end x — is rigidly fixed, the end x = I has 
elastic fixing (that is, it undergoes resistance proportional 
to its deviation) and, beginning with the initial instant 
t — 0, the string is acted upon by a transverse force F (x, t); 

(f) beginning with the initial instant t — 0, a transverse 
force F (t) is applied to a point x (0 < x < I) of the string, 
the ends of the string being rigidly fixed; 

(g) the ends of the string have elastic fixing and at points'x, 
(0 < x t <: l\ i = 1, . . ,, n) of the string there are localized 
masses m. L . 

116. A homogeneous membrane occupies a domain D with 
boundary L in the plane (x, y) when it is at rest (in the 
equilibrium position). Let p be the surface density of the 
membrane and T, the tension (per unit length) of the mem- 
brane. Let the initial deviations and the initial velocities 
(at t = 0) of the points (x, y) of the membrane be described 
by functions <p (,r, y) and i|> (x, y) respectively. Use Hamil- 
ton's principle to state the problem on the determination 
of the transverse deviation u (x, y, t) (t > 0) of the points 
of the membrane from the equilibrium position, neglecting 
the force of gravity and the powers of u x and u u higher 
than the second, for the following cases: 

(a) the edge of the membrane is rigidly fixed; 

(b) the edge of the membrane is free; 

(c) beginning with tho initial instant t = 0, a transverse 
force F (x, y, t) ((j, y) £ L) is applied to the edge of the 
membrane; 

(d) the edge of the membrane has elastic fixing, that is 
the points belonging to the edge are under the action of 
resistance forces proportional to their deviations; 
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(e) starting with the initial instant t — 0, the membrane 
is acted upon by a transverse force F (x, y, t), the edge of 
the membrane being rigidly fixed; 

(f) the oscillating membrane is placed in a medium exert- 
ing resistance proportional to the deviation, the edge oi 
the membrane being rigidly fixed; 

(g) at a point (x , y ) £ D of the membrane there is a 
localized mass to, the edge of the membrane being rigidly 
fixed. 

The equation of oscillation of a string also describes the 
longitudinal oscillation of an elastic bar. Indeed, let the 
coordinate axis x coincide with the direction of the longitu- 
dinal axis of an elastic bar of length I. Let us suppose that 
the transverse sections of the bar (the sections orthogonal 
to the x-axis) receive displacements along the x-axis (that 
is they can oscillate longitudinally). We shall assume that 
tho transverse sections S = S (x) of the bar remain piano 
and orthogonal to the x-axis when they are displaced. This 
assumption is quite reasonable when the width of the bar 
is sufficiently small in comparison with its length. 

Let us denote by u = u (x, t) the deviation at time t 
of the section of the bar which has an abscissa x when the 
bar is at rest. Let p = p (x), F ^= F (x, t), E = E (x) and 
T = T (x, t) be the density of the bar, the volume density 
of the external forces acting on the bar and directed along 
the x-axis, Young's modulus of the bar and the tension of 
the bar respectively. Let us separate mentally a sufficiently 
small part W inside the bar which lies between two trans- 
verse sections with coordinates x and x + Ax, respectively, 
when the bar is at rest. We shall derive the equation of 
motion of that part of the bar on the basis of D Alemberfs 
principle. In accordance with this principle, the sum of all 
forces acting on W in the direction of possible displacements 
(along the x-axis), including the inertia forces, must be equal 
to zero, that is 

T {x -f Ax, t) + T (x, t) + S (x) F (x, t) Ax — 

— S (x)„p (x) u t t (x, t) Ax — 
x, x £ (x, x 4- Ax) 
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Now, taking into account that, according to Hook's law, 
the tension T (x, t) is proportional to unit elongation, that is 

T (x, t) = E (x) u x [x, t), (0 < x < I) 
we obtain 

(ESu x ) (x + Ax, t) — (ESu x ) (x, t) + ■■ 

+ (SF) (x, t) Ax = (Spu lt ) (x, t) Ax (18) 

Next we use Lagrange's theorem on finite increments which 
makes it possible to rewrite equality (18) in the form 

~(ESu x )(x*, t)Ax + (SF)(x, t)Ax = (pSu u )(x,t)Ax (19) 

x* 6 {x, x -f Ax) 

On cancelling equality (19) by Ax and then making Ax tend 
to zero we obtain the (partial differential) equation of the 
longitudinal oscillation of the bar: 

-^{S(x)E(x)u x (x, t)] + S(x)F(x, t)--= 

= p(x)S(x)u lt (x, t), (0<x<l) (20) 

When the bar is homogeneous, that is S, p and E are con- 
stant, equation (20) takes the form 

u it (x, t) - a?u xx (x, I) + }(x, t) (0 < x < I) (20') 

where a 2 = Etp and / (x, t) = F (x, t)/(). 

For the sought-for function u (x, t) in equation (20) or 
(20') to be determined uniquely we must prescribe the 
initial deviation u (x, 0) and the initial velocity u t (x, 0) of 
the points of the bar and also set some boundary conditions. 
To derive the boundary conditions we must consider two 
parts W and W t of the bar having sufficiently small length 
Ax which adjoin the end point sections of the bar, write 
the equation of motion for each of these parts and then pass 
to the limit for Ax -*■ 0, 

117- State the problem on longitudinal oscillation of a 
homogeneous elastic bar of constant cross-sectional area S 
and length I for arbitrary initial deviation and velocity foi 
the following cases: 
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(a) the ends of the bar are free; 

(b) beginning with the initial instant t — 0, some forces 
F (t) and O (t) acting along the z-axis are applied to the 
ends x — and x — I of the bar; 

(c) the ends of the bar have elastic fixing, that is they are 
subject to resistance forces proportional to their displace- 
ments; 

(d) the end x = is subject to a resistance force propor- 
tional to the velocity and the end x = I is rigidly fixed; 

(e) starting with the] initial instant t = 0, the bar is 
acted upon by a force directed along the cr-axis and distrib- 
uted with volume density F (x, t) over the bar (for instance, 
such a force can be exerted by a magnetic field), and the 
ends of the bar are rigidly fixed; 

(f) the bar (its every unit mass) is under the action of a 
force resisting the displacement, the magnitude of that 
force being proportional to the velocity; the ends x = 
and x = I oscillate according to some given laws y, (t) and 
v (t) respectively; 

(g) the end x = of the bar is fixed while the end x =. I 
is free and carries a localized mass m. 

118. For the cases enumerated below state the problem 
on longitudinal oscillation of a homogeneous elastic bar of 
variable cross-section S = S (x) and length I for arbitrary 
initial conditions: 

(a) the bar has the shape of a frustum of a cone with radii 
of the bases r and R (r<CR), the end point sections being 
rigidly fixed; 

(b) the end x = of the bar Is rigidly fixed while, begin- 
ning with the initial instant t = 0, the end x — Ms acted 
upon by a longitudinal force, the magnitude of the force 
per unit area of the cross-section being F (t). 

119. The end point sections of two semi-bounded homo- 
geneous elastic bars having the same (constant) cross-sec- 
tional areas <S are joined together to form one unbounded 
bar. Let p 1 and B r be, respectively, the density and the 
modulus of elasticity of one of the bars, and let p 2 and E^ 
be the same quantities characterizing the other bar. State 
the boundary-value problem on the determination of the 
deviations of the sections of the unbounded bar (for t > 0) 
from their positions at rest for the given initial -§ viation 
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(p (x) and initial velocity i|j (x) (at i -= 0). Consider the 
following cases: ~" 

(a) the end-point sections of the constituent bars are butt 
joined; 

(b) between the ends of the constituent bars joined to- 
gether there is a negligibly thick rigid gasket of mess m. 

The problem on electric oscillation in a wire also leads 
to hyperbolic partial differential equations. 

Let a wire be located along the coordinate axis x. We 
shall denote by i = i (x, t), v = v (x, t) the current intensity 
and the voltage, and by R, L, C and G the ohmic resistance, 
the self-inductance, the capacitance and the insulation 
leakage per unit length of the wire respectively. We shall 
derive the equations describing the variation of the electric 
current and of the voltage along the wire neglecting the 
electromagnetic oscillation in the medium surrounding the 
wire and assuming that the leakage (due to imperfect in- 
sulation) is proportional to the voltage. For definiteness, 
we shall suppose that the direction of the electric current 
coincides with that of the x-axis. According to Ohm's law, 
for a sufficiently small inner part (x, x + Ax) of the wire 
we can write 

v (x, t) — v (x -\- Ax, t) = i (x', t) R Ax + it (*"> t) L Ax 
x' , x" £ (x, x -j- Ax) 

Now, using Lagrange's theorem on finite increments, we 
obtain, cancelling by Ax and then passing to the limit for 
Ax -»- 0, the equation 

v x (x, t) -t- Ri (x, t) + Lt t (x, 0=0 (21) 

Further, equating the electric charge flowing into the 
element Ax of the wire during time At (from t to t -|- At) 

[i (x, t) — i (x + Ax, 7)] At = —i x (x, 7) Ax At, 
"x 6 (x, x 4- Ax), 7 £ (*, t + At) 

to the charge which is expended on charging the element Ax. 
and on the leakage through the imperfect insulation of that 
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element we obtain 

C [v (x, t + At) — v (x, t)\ Ax + Gv (J, 7) Ax At = 

= \Cv t (x, t') + Gv {x, t)\ Ax At, 
x £ (x, x + Ax); 7, t' £(t, t + At) 

On equating the last two expressions for the electric charge 
we find, by analogy with the derivation of equality (21), 
another equation 

i x (x, t) + Cv t (x, t) + Gv (x, t) =-- (22) 

Equations (21) and (22) form the so-called system of tele- 
graphy equations. On eliminating v (x, t) or i (x, t) from this 
system of partial differential equations we obtain, re- 
spectively, 

i xx = ai tt + bi t + ci or v xx = av ti + bv t -f- cv 

where a = CL, b = CR + GL and c = GR. 

To derive the boundary conditions (for instance, in the 
case of a finite wire -^ x -^ I) it is necessary to Consider 
the voltage drop and the inflow of the electric charge for 
the parts (0, Ax) and (I — Ax, I) of the wire adjoining its 
ends. Here it should be taken into account that if a circuit 
contains a part involving a series connection of concentrated 
ohmic resistance R , self-inductance L and capacitance C Q 
then the voltage drop corresponding to that part is expres- 
sed by the formula 



Av = R o i + L i t + -^- \ idt 



120. Let <p (x) and ip (x) be the initial current intensity 
and the initial voltage along the wire (0 <! x <! I) at the 

initial instant t = 0. For the cases enumerated below, state 
the boundary-value problem for the determination of the 
current intensity and the voltage in the process of electric 
oscillation in that wire f or t >> neglecting the ohmic resis- 
tance and the electric leakage: 

(a) beginning with the initial instant t = 0, an electro- 
motive force E (t) is applied to the end r. — 0, while the 
end x = I is grounded; 
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(b) the end x = is grounded with the aid of a concen- 
trated capacitance C and beginning with the initial time 
t = an electromotive force E (t) is applied to the end x = I 
through a concentrated ohmic resistance R ; 

(c) beginning with the initial instant t = 0, an electro- 
motive force E (t) is applied to the end x = through a 
concentrated self-inductance L while the end x = I is 
grounded with the aid of a concentrated self-inductance L t . 

121. Let tp (x) and \|i (x) be the initial (for / — 0) current 
intensity and voltage in a wire (0 -^ x -^ I). State the 
boundary-value problem for the determination of the current 
intensity and voltage for i > in electric oscillation in 
that wire for the following cases: 

(a) the end x = of the wire is grounded with the aid of 
a concentrated ohmic resistance R , and beginning with the 
initial instant t = an electromotive force E (t) is applied 
to the end x = I through a concentrated ohmic resistance R ( ; 

(b) the end x — is grounded with the aid of a concen- 
trated ohmic resistance R and self-inductance L a and 
beginning with the initial instant t = (J an electromotive 
force E (t) is applied to the end x = I through a concentra- 
ted self-inductance Z,;. 

Some problems leading to partial differential equations of 
parabolic type. We shall begin with the problom of deter- 
mining the distribution of temperature along a bar. Let 
the axis of the bar go along the coordinate axis x. We shall 
suppose that the temperature at any cross-section of the 
bar orthogonal to its axis is independent of the position 
of the points of the section. Let us denote by p = p (x), 
k = k (x), x — x (x), c = c (x), S = S (x), a = a (x), q = 
= q (x, t), u — it. (x, t) and u Q = u (t) the line density of 
the bar, the coefficient of thermal conductivity, the heat 
transfer coefficient, the specific heat, the area of the cross- 
section, the perimeter of the cross-section, the volume 
density of heat sources, the temperature at the section x 
at time t and the temperature of the surrounding medium 
respectively. To derive the partial differential equation for 
the function u = u (x, t) let us separate mentally, within 
the bar, an arbitrary part W of sufficiently small size lying 
between two sections of the bar orthogonal to the x-axis 
and passing through points x and x + Ax. The amount of 
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heat flowing into the element W during time At can be 
written as 

Here the quantity Q t is the inflow of heat through the 
sections x and x + Ax. According to Fourier's law of heat 
conduction, Q x is expressed by the formula 

Q % =M[(kSu^(x + Ax t t') — (kSu x )(x, t')]At = 

= [^.(&S Ul )](*', t')AxAt 

i'e(x, x + Ax), t'£(t, t + At) 

The quantity <? 2 is the inflow of heat through the lateral 
surface of the bar. By Newton's law, Q 2 is proportional to 
the temperature difference: 

Q% = [kct (u a — u)] (x, t) Ax At, x £{x, x -(- Ax), 

Je{t, t + At) 

Finally, the amount of heat Q 3 appears due to the action 
of the heat sources, and we have 

Q 9 = ( q S) (x, 7) Ax At, xe (z, x + &z), ?e (t, t H- At) 

Consequently, 

Q={[£ (feS"*)] (**. t') + {xo{u a -u))(x, t) + 

+ (Sq)(x,7))AxAt (23) 

This amount of heat is expended on heating the element W 
from the temperature u [x, t) to the temperature u (x, t + At) 
and therefore we can write for Q another expression: 

Q = (epS) (x") [u (x\ I + At) — u (x", t)] Ax = 

= (fipSu t ) (x", t") Ax At (24) 

x" e (x, x + Ax), t' £(t, t + At) 

On equating (23) to (24), cancelling the resultant equality 
by Ax At and then passing to the limit for Ax -*- and 
At ->- we receive the following partial differential equa- 
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tion for the unknown function u (x, I): 
(cpSu t )(x, t)=-^[(kSu x ){x, t)]- 

-[xo(»-u )](z, t) + (Sq)(x t t) (25) 

Equation (25) is called the heat conduction equation. In 
particular, if c, p, k, h, o and S are constant quantities 
equation (25) takes the form 

u t = a 2 u xx — bu + f (x, t) 
where 

2 _ k J,__^L f/ r ^_ -Ms, 0-|->tOK (t) 

~ cp ■ 0_ cpS ■ /v^' r ^- ^ 

To solve the problem on the determination of the tempera- 
ture u {x, t) in the bar at time instant t>0we must know, 
besides the partial differential equation, the initial tem- 
perature of the bar at t — and also the boundary con- 
ditions specifying the thermal conditions at the ends of the 
bar. The boundary conditions can be derived if, like in the 
derivation of the heat conduction equation, we consider the 
balance of heat for two infinitesimal elements W and W t 
of the bar adjoining the corresponding ends. 

Similarly, proceeding from the Nern&t law for the flux 
of a substance, for instance, of a gas, through a surface, we 
can state the diffusion problems (on the determination of 
the concentration of the substance in a tube). Let us suppose 
that there is a gas in an arbitrary volume Q in a porous 
medium. Let ns denote by u = u (x, t), D = D (x), c = 
= c (x), F = F (x, t) and v the concentration of the gas at 
point x — (x v x 2 , x s ) at time moment t, the diffusion coeffi- 
cient, the porosity coefficient which is equal to the ratio of 
the volume of the pores to the whole volume in question, 
the volume density of gas sources and the unit vector of 
outer normal to the surface bounding the volume Q re- 
spectively. To derive the diffusion equation let us separate 
mentally an arbitrary volume V within Q with a suffi- 
ciently smooth boundary S and write the gas balance equa- 
tion for that volume for an arbitrary sufficiently small time 
interval (t, t + At). By the Nernst law, the amount of gas 
passing through the element dS of the surface S in the 
direction of v (here v is the normal to dS) during unit time 
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is equal to 

rin n i -a 



d Q=-D(x)^dS 



In ihe derivation of the diffusion equation wo must take 
into account the following facts: 

(1) the amount of gas flowing into the volume V through 
the surface S during time At is equal to 

<fc = l dt \ D £ dS 

t s 

Using the Gauss-Ostrogradsky formula wo can write 

\D~dS=\ div (D grad u) dV 

s v 

whence 

t + At 

Q l = f dt \ div (D grad u) dV 



(2) the amount of gas produced by the gas sources within 
the volume V during time At (for instance, when there is 
a chemical reaction accompanied by liberation of gas) is 
equal to 

t+<\t 
Q 2 = f d/ j F (x, t) dV 
i v 

(3) the total increment of the amount of gas in the volume 
V appearing due to the increment 

u {x, i + At) — u (z, t) « u t (x, t) At 

gained by the function u (x, t) during time At is expressed 
by the formula 

t+At 

Q t = j dt \ cu t dV 
t v 
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Consequently, we have 

t + M 

Qi + Q% — <?s = ( dt j (d i v (D grad u) + F — eu,] dV = 

t v 

Now let us suppose that the integrand in the last formula 
is a continuous function. Since the volume V and the time 
interval (t, t -]- At) are quite arbitrary, it follows that at 
each point of the domain Q and for any t (t >■ 0) the inte- 
grand is equal to zero, that is 

cu t = div {D grad u) + F (26) 

Equation (26) is the diffusion equation we intended to derive. 
When the medium is homogeneous the quantities c and D 
are constant, and equation (26) takes the form 

u t = a^u + f, « 2 = -^-, / = -£" 

When investigating a diffusion phenomenon we must con- 
sider, besides the diffusion equation, the initial distribution 
of the concentration of the substance (for instance, at t — 0) 
and the boundary conditions specifying the diffusion on the 
boundary of the volume under consideration. 

122. The lateral surface of a homogeneous bar (0 <^ x -C I) 
is heat insulated, and the initial temperature (al t — 0) 
of the bar is described by a function cp {x). For the cases 
enumerated below state the problem of the determination 
of the temperature u in the bar for t > 0: 

(a) the ends of the bar are heat insulated; 

(b) beginning with the instant t = 0, heat fluxes q (t) 
and Q (t) are maintained at the ends x — and x = / re- 
spectively; 

(c) convective heat exchange with the media adjoining 
the ends goes on at the ends x = and x = I of the bar, 
the temperature of the media being t (£) and (t) respec- 
tively (the convective heat exchange obeys Newton's law); 

(d) al the end x — I of the bar there is a concentrated 
mass m of the same material as the bar itself, and this end 
of the bar is heat insulated; at the end x — 0, a given tem- 
perature y. it) is maintained beginning with the instant 
t = 0; 



36 Conditions of the Problems 



(e) at both ends of the bar there are equal concentrated 
masses m of the same material as the bar itself, the end 
x = of the bar is heat insulated, and at the end x = /, 
beginning with the initial time i — 0, a heat flux q (t) is 
maintained.; 

123. A tube of length I with constant cross-sectional area 
S is filled with a homogeneous porous substance. A gas 
diffusion takes place within the tube, the initial concentra- 
tion of the gas (at t = 0) being equal to <p (x). For the cases 
enumerated below state the problem of determining the 
concentration u of the gas in the tube f or t > under the 
assumption that the lateral surface of the tube is gas-proof: 

(a) beginning with the initial time t = 0, a concentration 
of the gas equal to p. (t) is maintained at the end x = 
while the end x = I is gas-proof; 

(b) at the end x = 0, beginning with the initial instant 
t — 0, a gas flux q (t) is maintained while at the end x = I 
there is a porous diaphragm, that is, at the end x = I there 
is gas exchange with the surrounding medium obeying a 
law analogous to Newton's law for the convective heat 
exchange; the concentration of the gas in the surrounding 
medium is permanently equal to zero. 

124. The initial temperature (at t = 0) of a homogeneous 
bar (0 ^ x 4^. I) having a constant cross-section S is equal 
to <p {x). Convective heat exchange (obeying Newton's 
law) with the surrounding medium whose temperature is 
v (t) occurs on the surface of the bar whose ends x = and 
x = I are held in massive clamps with given heat capacities 
C and Q respectively and with sufficiently high thermal 
conductivity. State the problem on the determination of 
the temperature u for t > in that bar for the following 
cases: 

(a) the bar is being heated by a direct electric current /; 

(b) heat sources with volume density F (x, t) begin acting 
within the bar at time moment t — 0; 

(c) heat is absorbed proportionally to u t at each point of 
the bar. 

125. A tube (0 <; x <J /) of constant cross-section S 
is filled with a gas whose initial concentration (at t — 0) 
is q> (x). The surface and the end faces of the tube arc porous 
so that concentration exchange goes on through them with 
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the surrounding medium (obeying a law analogous to 
Newton's law for convective heat exchange). The con- 
centration of gas in the surrounding medium is equal to 
v (t). For the cases enumerated below state the boundary- 
value problem for the determination of the concentration u 
of the gas for t > 0: 

(a) the particles of the gas disintegrate (this is the case 
when the gas is unstable), the rate of the disintegration at 
oach point inside the tube being proportional to the square 
root of the concentration of the gas; 

(b) the particles of the gas multiply, the rate of multi- 
plication at each point inside the tube being proportional 
to the product uu t . 

126. A homogeneous ball of radius R with centre at the 
origin has temperature T. State the boundary-value problem 
on the cooling of the ball for the following cases: 

(a) a chemical reaction goes on within the ball resulting 
in heat absorption at each point of the ball proportional 
to the temperature u at that point, the surface S of the 
ball being heat insulated; 

(b) there are heat sources of constant intensity Q within 
the ball and on the surface S of the ball there is convective 
heat exchange with the surrounding medium whose tem- 
perature is equal to zero. 

Some problems leading to partial differential equations 
of elliptic type. Partial differential equations of elliptic 
type arise in the study of stationary (steady-state) processes. 
For instance, if we assume that the sought-for quantities 
in the problems considered above are independent of time, 
then all the differential equations derived for the determi- 
nation of these quantities become elliptic (provided that 
the number of the spatial variables exceeds unity). 

127. For the cases enumerated below state the boundary- 
value problem for the determination of a stationary (steady- 
state) concentration of an unstable gas in a cylinder of 
radius r and altitude h on condition that, due to a chemical 
reaction, within the cylinder there are gas sources of con- 
stant intensity Q and the rate of the disintegration of the 
particles of the gas is proportional to its concentration u: 



38 Conditions of the Problems 



(a) on the bases z = and z = h of the cylinder a zero 
concentration of the gas is maintained, the lateral surface 
of the cylinder being gas-proof; 

(b) the bases z = and z — h of the cylinder are porous 
and allow the gas to diffuse obeying a law analogous to 
Newton's law for convective heat exchange, while on the 
lateral surface of the cylinder a zero concentration of the 
gas is maintained, the concentration of that gas in the 
surrounding medium is permanently equal to zero. 

128. Let u {x, y) and v (x, y) be the components of the 
velocity of a plane steady-state flow of an incompressible 
fluid at the point (x, y). We shall denote by D an arbitrary 
simply connected domain lying in the plane of the flow 
whose boundary is a smooth curve S with normal v and 
tangent s. The integrals 

\ (u cos \x + v cos vy) dS 
s 
and 

, cos sx -1-y cos sy) dS 



j(u< 



s 



express the flux of the fluid Lhrough the contour S and the 
circulation cf the fluid along S respectively, Using these 
integrals and assuming that there are no sources and no 
circulation show that the functions u and v satisfy the sys- 
tem of partial differential equations 

u x -r v y = 0, Uy — v x = 

and that each of the functions satisfies Laplace's equation. 
129. Pliow that the velocity potential <p (x, y) and the 
stream function tip (x, y) specified by the equalities cp. r = u, 
cfy = v y \|) r -= — v and ty y = u (where u and v are the same 
as in Problem 128) are solutions of the Cauchy-Riemann 
system of partial differential equations 

tp* — ^v = 0, (p„ + 1jJ s = 

and that each of the functions cp (x, y) and iJj (x, y) satisfies 
Laplace's equation. 
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130. Explain the physical meaning of an equation of the 
form i]j = const where \[> {x, y) is a stream function (see 
Problems 128 and 129). 

131. Let a membrane be deformed and let it be in equilib- 
rium in the state of deformation; this means Lhat for that 
state the function u describing the deflection of the mem- 
brane is independent of time. In this case in expression (17) 
only the potential energy U remains nonzero. Therefore, 
if the powers of u x and u u higher than the second are neglect- 
ed, then, by virtue of Hamilton's principle, the function 
u (x, y) must minimize the Dirichlet integral 



/?(«)= I \ (u% + ul) dx dy 



where G is the domain occupied by the membrane when it 
is at rest. Under these assumptions solve the following 
problems: 

(a) show that the function u (x, y) describing the deflection 
of the membrane is a solution of Laplace's equation 

u xx + u V y = 0, (x, y) £G 

(b) explain the physical meaning of the Dirichlet problem 
with a condition of the form 

"• (£, </) = /(z, y), (x, y) 6 S 

and of the Neumann problem with a condition of the form 

where S is the boundary of the domain G, v is the normal 
to S and / (x, y) is a given Function defined -on S. 



Chapter 2 

ELLIPTIC PARTIAL DIFFERENTIAL 
EQUATIONS 



§ 1. Basic Properties of Harmonic Functions 

The simplest example of an elliptic partial differential 
equation 13 Laplace's equation 

A« = 
where A = ^, -t-j- is Laplace's operator (also called the 

i = l * 

Laplacian). 

Regular solutions of Laplace's equation are called harmonic 
functions. 

132. Find the expression of Laplace's operator 

(a) in general curvilinear coordinates 

x = <P (I, t])i ff = ^ (6, *l) 

(b) in the polar coordinates 

x = r cos cp, y = r sin 9 

(c) in the cylindrical coordinates 

x = r cos <p, y = r sin <p, z — z 

(d) in the spherical coordinates 

x = r sin 8 cos <p, 1/ = r sin 6 sin <p, z = r cos 

(e) in the oblate spheroidal coordinates 
x=:£T|sinq>, y = V(l z — 1)(1 — if) z^Eijeoscp 

133. Let u = u (*!, . . ., x n ) be a harmonic function. 
Find which of the functions written below are harmonic and 
which are not: 

(a) u(i| h) where h — (h u . . ., h n ) is a constant vector; 

(b) u (kx) where A. is a constant scalar; 
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fc) u (Cx) where C is a constant orthogonal matrix; 
, . du du ^ n 

( e ) -sr"to7- n>2; 

,*> 9u . du , du „ 

, , du du n 

.,, du du 

du 



& 'da J Xl ,9u »2 ♦ ft = 2 ; 



/ rftt \Z / Jit 1' 

to (£)'-(£)'• -* 



re = 2. 

134. Find the value of the constant k for which the 
functions written below are harmonic: 

(a) xl + kx^; 

(b) xl + x\ + kx\; 

(c) e- K i cosh Ax 2 ; 

(d) sin 3i| cosh kx 2 ; 

n 

(e) f^pr, |*|«=2>?» 1*1=^0. 

i = l 

In the theory of harmonic functions an important role is 
played by the following extremum principle: a function u (x) 
harmonic in a domain D and different from a constant can 
achieve its extremum at no interior point x of the domain D. 

135. Show that if u {x) is a harmonic function then so 
is the function v (x) = (1/| x | n " 2 ) u {x!\ x | s ) at any point 
where it is defined. 

136. Using the extremum principle find whether the 
level lines of a harmonic function can intersect in the do- 
main of harmonicity of the function. 

137- Find a monotone increasing function y = f (x) de- 
scribing a level line of the function u (x, y) = x 2 — t/ a which 
passes through the point (0, 0). 

138. Find the level line of the harmonic function u = 
= sin x cosh y passing through the point ( — it/2, 0) and 
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possessing the property that when the moving point recedes 
to infiuity along that line the function u = cos x sinh y 
tends to minus infinity. 

139. Find the points of extremum of the harmonic function 
u — xy in the closed region D: x z -)- y % <1 1. 

140. Find the points of extremum of the harmonic func- 
tion u = x 2 — y 2 in the closed region D: xVk -\- j/ 2 /9 < 1. 

141. Let w (x) be a continuous function in a domain D 
possessing in this domain continuous partial derivatives up 
to the second order and satisfying the condition Aw <C 
(Aa>>0). Show that the function w (x) cannot have a 
negative relative minimum (a positive relative maximum) 
in the domain D. 

142. Compute the directional derivatives ^ along the 

outer normal v to the boundary S of the domain D at the 
points of extremum of the functions u spoken of in Problems 
139 and 140. 

143. Let u be a harmonic function in a domain D with a 
sufficiently smooth boundary S and let it be continuous, 
including the boundary S, together with its partial deriva- 
tives of the first order. Show that at the point x^ £ S where u 

achieves its extremum in D N S the normal derivative •£ is 

" dv 

different from zero and that if v is the outer normal then 

we have ~ <c at the point of minimum and -r- > at 

dv dv 

the point of maximum (this fact is known as Zaremba's 
principle). 

The real and the imaginary parts of an analytic function 
/ (2) = u (x, y) -\- iv (x, y) of the complex variable z = 
— x + iy are harmonic (they are called conjugate harmonic 
functions). Due to this fact, there is a close connection be- 
tween the theory of harmonic functions of two independent 
variables and the theory of analytic functions of one complex 
variable. 

144. Show that if u (x, y) is a harmonic function then 

cp(z)=-5 1 -r~ is an analytic tunction. 

For the cases enumerated below use complex integration 
along a line in order to reconstruct the function / (z) analytic 
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iii a simply connected domain D from the given real part 
u (x, y) = Re / (2): 

145. u — x* — Sxy 2 . 

146. a = e x sin y. 

147. u = sin x cosh y. 

Find the harmonic functions u satisfying the following 
conditions: 

148.£-.3*»*-»». 

149. -^7 = e x (x cos y — y sin x) -\- 2z. 

150. For a function / (z) analytic in a simply connected 
domain D prove the Goursat formula 

/(z) = 2u(-2-, -^-)-u(0, 0) + *C, z = x + iy, 

(0, 0)6Z> (1) 

which makes it possible to reconstruct the function / (z) 
from its given real part u (x, y) to within an arbitrary pure 
imaginary constant iC without using integration. 

151. Solve Problems 145-147 using Goursat's formula (1) 
and compare the results with those obtained earlier. 

152. Prove the harmonicity of the function 

u (x) ^2 (-^[-(fer^^i *"-l) + 



. (2ft): 

fc=0 

,.2ft + l 



(2k-\-l) 



j-AM*i *»_,)] (2) 



where, t and v are arbitrary infinitely differentia ble func- 
tions under the assumption that the series on the right- 
hand side of formula (2) can be differentiated termwisc the 
required number of tiroes. 

153. Consider the elliptic equation 

ft- I 

with real constant coefficients a u (k — 1. . . ., n) which are 
ail of one sign. Prove that all regular solutions of the oqua- 
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tion can be represented in the form 

u{x u ..., Xlt ) = v (-£=■, ...,~ ^= f \ 

X V |0il V l«nl ' 

where v (x lt . . ., x n ) is an arbitrary harmonic function. 

154. Prove that the formula 

u (x, y) = ***»vv (x, y) 

where X and u. are constants and where v (x, y) is an arbitrary 
harmonic function, expresses the general solution of the 
elliptic equation 

u xx -f u uv — 2Xu x ~ 2\iu g + (k 2 + u 2 ) u = 

155. Verify directly that the function E (x, y) dependent 
on the two points x = (x u . . ., x n ) and y = (y u . . ., y n ) 
which is expressed by the formula 



[ — ln\x — y\ 



for n > 2 
for n = 2 

where | x — ^ | is the distance between the points x and {/, 
satisfies Laplace's equation for x =f= y both as a function of 
x and as a function of y. 

The function E (x, y) determined by formula (3) is called 
the fundamental (elementary) solution of Laplace's equation. 

156. Show that all the solutions of Laplace's equation 
which are different from a constant and depend solely on 
the distance | x — y | are of the form CE (x, y) where C is 
an arbitrary constant and E (x, y) is the fundamental solu- 
tion of that equation. 

The elementary solution 

E(M, M )= . 1 

of Laplace's equation in the three variables x, y and z 
can be given a simple physical interpretation. Namely, a 
concentrated electric charge jx placed at the point M {x , j/ > 
z ) generates an electrostatic field whose potential u(x, y, z) = 
= u (M) at any point M (x, y, z) distinct from M is ex- 
pressed by the formula 

u M) = \lE (M , M ) 
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157. Lei M' (*', y' , z') and M" (*", y", z") be two points 
lying on a straight line with direction vector v and sym- 
metric about a third point M {%<,, y a , Zo) on tnat line - 
Let there be two electric charges — \i and u concentrated 
at the points M' and M", respectively, such that in the 
limit when | M' — M" \ -*- we have 

Vo \M' -M" | = |iW' 

The potential of the field generated by these charges at 
a point M {x, y, z) different from M , M' and M" is ex- 
pressed as 

V-o 1*0 

\M' — M\ \M'~M\ 

The limiting configuration of the charges — fx and \i 
for 1 M' — M" | -> is called a dipole, and n and v are 
referred to as the polarization (the dipole moment) and the 
axis of the dipole respectively. Compute the value of the 
potential of the dipole at the point M (x, y, z). 

158. Let concentrated electric charges \i h be located at 
points M h (x h , y k , z h ) (ft = 1, . . ., m). Write down the 
expression of the potential generated by these charges at 
an arbitrary point M (x, y, z) distinct from the points 
M h (ar ft , y h , z k ). 

159. An electric charge is distributed over the sphere 

a - x) s + (t) - j/) a + (5 - zy = i? 8 

with a constant density of C. Compute the value of the 
potential of the field generated by this charged sphere at. 
its centre M (x, y, z). 

160. Derive the formula for the potential generated by 
a charge distributed,] along a spatial curve L with con- 
tinuous line density \i (%, r\, £) where 

I = I (t), T) = T| (t), I = J (*), t 6 < t < ^ 

are parametric equations of the curve L. 
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§ 2. The Dirichlct and the Neumann 
Bound-ary- Value Problems 
for Harmonic Functions 

Let D be a domain in an n-dimensional space E n with 
boundary S. By a function of class C m (D [j S) is meant a 
one-valued function continuous in D \J S together with its 
partial derivatives of order m. In case m — this class 
reduces to the collection of all continuous functions defined 
in D [JS. 

In the theory of harmonic functions an extremely impor- 
tant role is played by the so-called Dirichlet and the Neumann 
boundary-value problems which are also referred to as the 
first and the second boundary-value problems respectively. 

The Dirichlet problem; it is required to find a function 
u (x) of class C° (D [) S) which is harmonic in the domain D 
and satisfies the boundary condition 

u (x) = <p (*), x e S (4) 

where cp (x) is an arbitrary continuous function defined on S. 
The Neumann problem: under the assumption that the 
boundary S of the domain D is smooth it is required to deter- 
mine a function u (x) of class C 1 (D (J S) which is harmonic 
in the domain D and satisfies the boundary condition 

£ = <p {x), x £ S (5) 

where v is the outer normal to S and cp (x) is an arbitrary 
continuous function defined on S. 

Besides the Dirichlet and the Neumann problems, an 
important role is played in applications by the so-called 
mixed boundary-value problems; in these problems the values 
of the sought-for harmonic function are prescribed on one 
part of the boundary S of the domain D while on the other 
part of the boundary the values of its normal derivative are 
prescribed. 

In the theory of boundary-value problems an important 
role is played by Green's function. Green's function of the 
Dirichlet problem for harmonic functions is defined as a 
function G {x, y) dependent on two points x and y and 
possessing the following properties: 
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(1) Ihis function has the form 

G (x, y) = E (x, y) -f g (x, y) 

where E (x, y) is the fundamental (elementary) solution of 
Laplace's equation specified by formula (3) and g (x, y) is 
a function harmonic both with respect to x £ D and with 
respect to y £ D; 

(2) G (x, y) = when at least one of the points x and y 
lies on S. 

We shall begin with the case when D is a bounded domain 
with a smooth boundary S. 

161. Let u (x) and v (x) be two functions of class C x (D (J S) 
harmonic in a domain D. Derive the identity 

\[viy)^-u(y)^] d S v ^ (6) 

where v y is the outer normal to £ at the point y £ S and 
dS y is the element of area of the surface S whose position 
on 5 is specified by the coordinate y. 

162. Let u (x) be a function of class C 1 (D [} S) harmonic 
in a domain D. Derive the integral representation 

where co n is the area of unit sphere in E n \ 

2 T 

ia„ . = — —— n 2 



■(i) 



(and T is Euler's gamma function). 

163. Prove the symmetry of Green's function G (x, y), 
that is the identity 

G (y, x)ssG {x, y) 

164. Prove that for any function u (x) of class C l (D [} S) 
harmonic in a domain D the equality 

J dx 
s 
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holds where v is the normal to the boundary S of the do- 
main D. 

165. Let a ball | y — x | <! R lie within the domain of 
harmonicity of a function u (x). Prove the mean-value theorem 
asserting that 

(a) «*(*)" cojtt-i 1 J u(y)dS JI 

for the sphere \y — x \ — R; 
and 

(b) u{x)^~^ j u(y)dx v 

\V-x\<R 

for the ball \y — x\<R. 

166. From the formula expressing the mean-value theo- 
rem derive the extremum principle for harmonic functions. 

167. Using the extremum principle prove the uniqueness 
of the solution of the Dirichlet problem for] harmonic 
functions with boundary condition (4). 

168. Prove lhat, given Green's function G {x, y), the 
solution u (x) of the Dirichlet problem with boundary con- 
dition (4) where q> (x) belongs to the class C l (D \J S) can be 
expressed in quadratures: 

8 

169. Show that the formula 

G(x,y) = E(x,y)~E(\x\y,j^-) 

specifies Green's function of the Dirichlet problem for the 
ball | * |< 1. 

170. Using Green's function, derive Poisson's formula 

u (x) = — \ , ~ , L q> (y) dS,. 

expressing the solution of the Dirichlef problem for harmon- 
ic functions with boundary condition (4) in the ball | x | <C 
<1. 
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171. Construct the solution of the Dirichlet problem with 
boundary condition (4) for the ball | x — x \ <; /?. 

172. From Poisson's formula derive the formula expres- 
sing the mean-value theorem for a sphere. 

173. Prove the identity 

2n 

1 f l-li 



JtpSH*- 1 



2rt J | y-x | 


where the point x — (x 1 , £ 2 ) belongs to the interior of the 
circle ( x \ < 1 and the point y = (cos \p, sin ij;) belongs 
Lo the circumference | y | = 1 of the circle. 

174. Verify directly that the function u (x) represented 
by Poisson's formula in the ball | x | <; 1 is harmonic and 
that 

lim u (x) — cp (x ) 

x->x a 

175. Show that a nonnegative function u (x) harmonic in 
a ball | x | <C R satisfies the inequalities 

fi- 2 (Jt +7li,U » (ox •* <*> < ^"- 2 (S=^U « (0) 

176. Can a function harmonic throughout E n and different 
from a constant retain sign? 

177. Can a function harmonic throughout E n and bounded 
above be different from a constant? 

178. Prove that if for a continuous function defined in 
a domain D there holds the mean-value theorem in a neigh- 
bourhood of each point of the domain D then this function 
is harmonic in D. 

179. Prove that if u (x) is a function of class C i (D) such 

that the integral of the normal derivative — over any 

sphere lying in D is equal to zero then this function is har- 
monic in D. 

180. Find the solution u (x, y) of the Dirichlet problem 
for harmonic functions in the circle x i + y" 1 <; 1 satisfying 
the boundary condition 

a = sin 2cp (0 ■<! cp <^ 2n) 

on tho circumference x 2 + j/ a — 1 of the circle. 

4-0461 
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181. Solve the Dirichlet problem 

Au(x, y) = 0, (x, y)£D\ 

u (x, y) = 4e 3 + fix — 1, (x, y) £ dD 

where the domain D is the circle x 2, -|- # 2 -h 2.r < and dD 
ia its boundary (circumference). 

The Dirichlet problem can be stated not only for a bound- 
ed domain. When this problem is considered for an un- 
bounded domain it is required that the sough L-f or harmonic 
function should be bounded for | x | — *■ oo in the case n — 2 
and should tend to zero not slower than 1/| x \ n ~~ in the 
case n ;> 2. 

182. Prove the validity of formula (7) (see Problem 162) 
for a harmonic function u (x) in the half-space x n > 0. 

183. Prove that the expression 

G {x, y) = E (x, y) - E (x, y') 

where x = (x u . . ., x n ), y = (y x , . . ., y n ) and y' is the 
point belonging to E n which is symmetric to the point y 
about the plane y n = 0, satisfies all the requirements enu- 
merated in the definition of Green's function; also, from 
formula (8) derive Poisson's formula 

u(*) = r(fW \, n j ,_»<" '"-»> dy^-.dy^ 

expressing the solution of the Dirichlet problem for Laplace's 
equation with boundary condition (4) in the half-space 

184. Solve the Dirichlet problem with boundary condition 
(4) for Laplace's equation in the half-space x n < 0- 

185. Find the function u (x, y) harmonic in the half- 
plane y > and satisfying the condition 



u (x, 0) = ■ 



8 + l 

186. Find the function u (x, y, z) harmonic in the half- 
space z < and satisfying the boundary condition 

" ( x , y, 0) = (1+a . a+fl , )S/a 
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Let D* be a bounded domain with boundary S and let D~ 
be the complement C (D + U S) of D + (J S with respect to 
the whole space E n . The Dirichlet problems for the domains 
D + and D~ are usually referred to as the interior and the 
exterior Dirichlet problems respectively. 

187. Show that the inversion transformation 



*l ! 



reduces the exterior Dirichlet problem to the iuterior 
problem. 

188. Construct the solution u (x, y) of the Dirichlet 
problem with boundary condition 

u (x, y) = cp (x, y), x* + y 2 ~ 1 

for the exterior of the circle x* + y l -^ 1. 

189. Find the necessary condition for the existence of 
the solution of the Neumann problem with boundary con- 
dition (5) . 

190. Prove the uniqueness, to within an arbitrary additive 
constant, of the solution of the interior Neumann problem. 

191. Show that the function 

u(x, y)=—~ J In K(g-*) 2 + (Tl-,y) 2 ?(i, r\)dS + C 
s 

is the solution of the Neumann problem for the circle 
x 2 + y 2 < B? with the boundary condition 

provided that the (unction g satisfies the condition 

s 

where S is the boundary x" 1 + y z = 1 of the circle. 

192. Derive the relation 

f(z) = u(z t y) + iv(x,y)=± i j g±H®*± + tC 

4* 



52 Conditions of the Problems 



known as Schwarz 1 formula (C is a real constant) from Pois- 
son's formula 

2n 

o 
£ = cos (p, T) == sin q) 

using Goursat's formula (1). 

193. Find the function u (x, y) harmonic in the open semi- 
circle D: | z | <C 1, Im z > 0, and continuous in the closed 
semi-circle £>: [z | <1 1, Im z J? 0, whoso derivatives are 
continuous within the semi-closed region D \j d where d 
is the diameter —1 < i< 1, y — 0, of the semi-circle, 
satisfying the boundary conditions 

u = {x, y) = y (x, y), x i + jr* =. 1, y> 0; 

■M*. y) 



dy 



= 0, -1<x<1 

y-0 



194. Find the function u (x, y) harmonic in the semi-circle 
\z | <L 1, Im z > and satisfying the boundary conditions 

u(x, y) =0, | z | = 1, Im z > 0; 

u (x, 0) = <p (x), — 1 < z < 1 

195. Prove that the formula 
u (x, y) = 

2.u 
= 2JTJ U-2rcos(e-q))-|-r a — 1— 2rCOS(e+<p)+r>j X 

xH — r*)f(B)d& 

r 2 = a; 2 -\- y 2 , x = r cos (p, y = r sin <p 

specifies a harmonic function in the semi-circle | z | <. 1, 
Im z > 0, satisfying the boundary conditions 

u (5, n) - / (G), % = cos 9, r, = sin 9, < G < it 

u (x, 0) = 0, — 1 < x < 1 

where / is a given continuous function such that 

/ (0) = u (1, 0) = / («) = it (0, -1) = 
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§ 3. Potential Functions 

By a volume potential with density u. in a domain D of the 
space E n (or, more precisely, a potential function for a volume 
distribution of mass with density u) is meant the function 

u(x) = ^E(x, y)yi(y)dT,j (9) 

D 

where E (x, y) is the fundamental (elementary) solution of 
Laplace's equation and dr p is the element of volume whose 
position within D is specified r by the coordinate y. The 
potential function u (x) is harmonic in the exterior of the 
closed region D {) S where S = dD is the boundary of D. 
In case the function u, is continuous and bounded in D 
the volume potential is continuous 1 " together with its partial 
derivatives of the first order throughout the space E n . 
In case u. possesses partial derivatives of the first order 
continuous and bounded in D the volume potential has 
partial derivatives of the second order in D, and 

Aw = — «„fx (x), x£D (10) 

where ©„ is the area of unit sphere in E n . 

196. Investigate the behaviour of the potential function 
for a volume distribution of mass as | x ] — *- <x>. 

197. For a bounded domain D, find a sufficient condition 
for the potential function of volume distribution of mass to 
tend to zero as | x | -+■ oo in the case when n — 2. 

198. Show that the expression 

" (*) = ~ "5JT I G (*' y ) * M dx » 

D 

where G (x, y) is Green's function of the Dirichlet problem 
in the domain D is the solution of Poisson's equation 

Au = / (i), iffl (11) 

satisfying the boundary condition 

limit (x) = 0, x £S 
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199. Under the assumption that tho Dirichlet problem 
for harmonic functions with boundary condition 



limv(x)*=y(x ), x £S 



s.-i-„ 



is solvable, prove, using the result of Problem 198, the 
existence of the solution u (x) of Poisson's equation (11) 
satisfying the non-homogeneous boundary condition 

Hmu(ac) = q>(3: ), z £S (12) 

200. Is the solution of Problem (11), (12) unique? 

201. Prove the formula 



{~(0, 
— (0, 




■»„ for y£d 
!*£J>d, x =\ -c^/2 for -/60- 



for x£C(d\Jo) 



where E (x, y) is the elementary solution of Laplace's equa- 
tion, d is an arbitrary bounded domain in the space E n 
with a smooth boundary a and C (d \J a) is tho complement 
of d U a with respect to the whole space E n . 

202. Prove Gauss' formula 

where d i9 an arbitrary bounded domain in the space E n 
with a smooth boundary a, for the volume potential u (x) 
of a mass distributed over a domain D a E n with density 
u. (a;). 

203. Can a function harmonic in a domain D be a poten- 
tial function of mass distribution over D with a non-zero 
density? 

204. Find the density u. of distribution of mass over a 
domain D on condition that the volume potential of the 
mass is 

u = {z 2 -f y 2 4- z 2 ) 2 — 1 

205. For the conditions of Problem 204 find the total 
mass M filling the interior of a ball x i + y 2 -\- z 2 < r* 
lying in the domain D. 
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206. Find a particular solution of Poisson's equation 

n 

Au — /(J] a h x h ) where a k (A = l, ...,«) are real constants 

A = l 
n 

such that v , a\ = A z =£ 0. 

207. The volume potential of a mass distributed over a 
domain D is specified by the function 

u (a\ y) = a=V 

Determine the mass M filling the square — 1 <; x -^ 1, 
—1 -^ If -^ 1 on condition that this square lies within D. 

208. Show lhat the potential u (x, y) of a mass distribut- 
ed over the circle x 2 + y 2 < 1 with' density u. = 1 is 
expressed by the formula 

( — nlnr for r^l 

u(x, y) = { n 

( "TV— r ) * or r -^-l 

where r a = x' 1 -J- j/ 3 . 

209. Show that the function u (x, y, z) expressed by the 
formula 

[ 4jt/3r for r^sl 

W ^ f/ ' Z) = ( 2n (l-|^) for r<\ 

(where r 2 — x 2 -J- y 2 |- z 2 ) is the potential function of the 
volume distribution of mass over the ball r 2 <d 1 with 
density n — 1. 

210. The potential u (x, y) of a mass distributed over the 
circle. r 2 ~ x 2 + y 2 <C i is expressed, for the interior points 
of the circle, by the formula 

"(*> Z/) = -^<3 — '" 2 ) 

Determine the mass density u- and the values of the potential 
u (x, y) outside the closed circle r 2 <[ 1. 

211. The potential u (x, y) of a mass distributed over the 
circle r 2 -= x* + y 1 <; 1 is expressed by thB formula 
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for the interior points of the circle. Determine the mass 
M lying within the annulus 

212. Compute the integral 7~ \ " ds x where 

ii(x) is the potential of a mass distributed oyer the square 
— lO-^l, — l-<;/^l with density fi — xy. 

Lot S be a smooth or piecewise-smooth surface in the 
space E n (that is, a smooth or a piecewise-smooth (n — 1)- 
dimensional manifold in E n ); let \i be a continuous function 
defined on S. 

The expressions 

w (z) = J_ f u(v) ^M d5 (13) 



and 



u(*) = -i-f p(y)R(x,y)dS v (14) 



where E (x, y) is the fundamental (elementary) solution of 
Laplace's equation, v y is the outer normal to S at the point 
y and <j) n is the area of unit sphere in E n , are called, res- 
pectively, the double-layer potential (or, more precisely, the 
potential function for a double layer of distribution of dipoles 
over the surface S with density u) and the single-layer potential 
(or a potential function for a surface distribution of mass over S 
with density p.). 

At each point x in the space E n not lying on S the double- 
layer potential and the single-layer potential are harmonic 
functions. Expressions (13) and (14) also make sense when 
the point X varies over the surface S, and they are con- 
tinuous functions on 5. 

Let S he a sufficiently smooth closed (n — l)-dimensionaI 
surface (in the case n ~ 1 this is a curve with continuous 
curvature) and let D + and D~ he, respectively, the bounded 
and the unbounded domains with boundary 5. 

The double-layer potential expressed by formula (13) 
possesses the following two important properties: (1) when 



Ch. 2. Elliptic Partial Differential Equations 57 

the point x passes from the domain D* to the domain D~ 
the double-layer potential suffers a jump so that there hold 
the equalities 

u* (x„) = — T u (x ) + u (x ) (15) 



and 



where 



and 



u-(x )*- T n(x ) + u(x ) (16) 



»w-4;Jx»> !£ fc i! <». 



u*{x l) ) — \imu(x), u~(x ) = limu(z), x £S 

x-x„ x->*» 

XED+ x€D" 

(2) for x->x £S there exist the limits 

, . dull) , , . r)li {x) 

Iim 3 and Iim~ 

x-s. dv * *-.*. dv * 

.t£D+ x£D+ 

(they arc commonly denoted as 



\~5zr> and i"^ri 



respectively) and the equality 



I du \x t ) \ -r _ / gu(g,) y 



holds at each point x fl £ 5. 

Accordingly, the single-layer potential expressed by for- 
mula (14) possesses the following properties: (1) it remains 
continuous when the point x passes from the domain D + 
to the domain D~ and (2) there exist the limits 

for which the relations 
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(^)-=-J-,(* ) + ^ (16') 



hold. Here the expression " ° designates the normal deriva- 

tive of single-layer potential (14) for x = x g S. This expres- 
sion has quite a definite meaning. 

213. Investigate the behaviour of the double-layer poten- 
tial and single-layer potential for ) x ] -> oo. 

214. For the case n = 2 state a sufficient condition for 
the single-layer potential to tend to zero as | x | -»- oo. 

215. Write down Fredholm's integral equations of the 
second kind to which the Dirichlet and the Neumann prob- 
lems (both the interior and the exterior ones) reduce for 
harmonic functions. 

216. Find the solution of the Neumann problem for har- 
monic functions u\ (x, y) in the half-plane y > 0, the 
boundary condition being 

— — l= cp (x) , — oo <c X < oo 

To this end, roduco the Neumann problem to the Dirichlet 
problem in the same half-plane for the harmonic function 
v (x, y) conjugate to u (x, y). 

217. Find the single-layer potential u (x, y) of a mass 
distributed along the circle x 2 + y 2 = R 2 with density 

,1 = 1. 

218. Find the single-layer potential u (x, y, z) of a mass 
distributed over the sphere x 2 H- y 2 - 1 - z 2 — 1 with density 
l* = l. 

219. Find the double-layer potential u (x, y) of dipoles 
distributed along the circle x % - 1 - y 2 = 1 with density u. — x. 

220. Find the function u (x, y) harmonic in the exterior 
of the closed circle x 2 -j- y 2 -< 1 and satisfying the boundary 
condition 

u (x, y) — cos s cp — sin 2 cp — 1 

(x — cos «p, t/ = sin cp, ^ q> < 2jt) 

221. Find the solution a (x, y, z) of the Dirichlet problem 
for harmonic functions in the exterior of the ball x 2 + z/ 2 -f 
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+ z 8 ^ 1 satisfying the boundary condition 

u (x, y, 2) = z* - y 2 - 1, x 2 + y 2 + z a = 1 

222. Find the solution u (x, y, z) of the Dirichlet prob- 
lem for harmonic functions in the domain x 2 + y 2 -|- z 2 > 
>■ 1, the boundary condition being 

u (x, y, z) — z, x 2 + y* + z 2 = 1 

223. Let the formula 

express the values of a single layer potential of a mass dis- 
tributed along the circle r 2 = 1, in the exterior of that 
circle. Determine the values of this potential function inside 
the circle r 2 <; 1. 

224. Find the double-layer potential of dipoles distributed 
over the circle x 2 + ;/ 2 = 1 with density u. = 1. 

225. The values of a single-layer potential of a mass dis- 
tributed over the circumference x 2 -f y* — 1 of the closed 
circle x 2 H- y 2 <! 1 are expressed in the exterior of that 
circle by the formula 

"0, tf) = -S-(l+7r) (r 2 = ^ + j/ 2 ) 
Determine the density u. of the mass distribution. 

§ 4. Some Other Classes of Elliptic 
Partial Differential Equations 

Among the partial differential equations of elliptic type 
an important role is played in various applications by the 
HelmhoUz equation 

Aw -f- Ku = (17) 

where A is Laplace's operator and X is a real constant, and 
by Lhe biharmonic equation 

A Au - (18) 

226. Verify directly that the expression 



u (x, y)^J„ (u]/ (z — t)z) 
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(where J (r)=2j , J % - I -»• ) is BesseVs function of 

order zero, \i* = X, z — x -\- ly t z — x — iy and £ = £ + ii)), 
considered as a function of the variables x and y, satisfies 
equation (17). 

227. Using the result of Problem 226 show that the for- 
mula 

2 

u(x, z/) = Re [ J B (\i]/~(z — t)~z) j{t)dt 
b 

where / is an arbitrary analytic function of the complex 
variable / and u. 4 = X, expresses the regular solutions of 
equation (17). 

228. For an arbitrary domain D, prove the following 
extremum principle: if ),<0 then a regular solution of 
equation (17) in D cannot attain at any interior point of 
the domain D either a positive maximum or a negative 
minimum. 

229. Does the solution of Dirichlet problem (17), (4) pos- 
sess the uniqueness property in a bounded domain for 
X<_ 0? 

230. Show that the function 



E{r)= \ 



<P- rl at 



where ji 2 = —X and r s = (x — |) 2 + (y — n) 2 is a solution 
of equation (17) for n — 2 and r ^0. 

231. Using the expression of Laplace's operator in spher- 
ical coordinates prove that for n — 3 ono of the solutions 
of equation (17) which are dependent solely on the distance 
r = | x — y \ has the form 

£<r)=~ (19) 

where X —- — u 2 . 

232. For the solutions u (x) of equation (17) regular in 
a domain D a E ? and belonging to the class C 1 (D[)S) 
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prove that if K = — ^i a in that equation then the identity 

s 

holds where the function E (x, y) — E (r) is specified by 
formula (19). 

233. Fot the case n = 2 write equation (18) in the form 

^ =0 

to prove that all the solutions of this equation in a simply 
connected domain can be represented in the form 

u — He [zcp (z) + i|> (z)l 

where <p and ty are arbitrary analytic functions of the complex 
variable z = x 1 -| wr 2 . 

234. Prove that in the case n — 2 the function 

E (r) =■- r 2 In r ( r = | a; — y |) 

satisfies equation (18) for r =£0. 

235. Verify directly that the function 

u (x) = v (x) -\- \ x | 2 u, (z) 
where Uo and v i are harmonic functions and |£| 2 = 

n 

= 2 ^i satisfies equation (18). 

i-l 

236. Consider the function 

m 

u(x)= 2 U ft (») 

where u^ (x) are solutions of the equations A« A — X ft u ft = 0; 
k = i, . . ., m, and the numbers \ h are the roots of the 

m 

polynomial "51 aj,X m ~ h . Prove that every function of this 

type is a solution of the elliptic partial differential equation 
of the 2m-th order with constant coefficients of the form 

m 

>j a h A m -"u = 

A-0 



62 Conditions of the Problems 



237. Prove that the functions of the form 

u (x, y) = Re [<p (zj) + ij) (z 2 )] 

where (p and if are analytic functions of the complex variables 
z, = a — ]/ 2 (1 + y/2 and z a = x + |/ 2 (1 + J) #/2, res- 
pectively, are solutions of the elliptic equation 

d l u . d*u _~ 

238. Consider the elliptic equation with constant coeffi- 
cients 

au xx + 2bu xy + cu yv — 

where b 2 — ac <L 0. Prove that all regular solutions of tho 
equation are expressed by the general formula 

u(x,ij)=--\\cf[x — j (b + i |/ o^&*) ff ] 

where / (?) is an arbitrary analytic function of the complex 

variable t — x — (b -r i Y ac — ^ 2 ) M^ c - 

239. For the elliptic partial differential equation 

a*u xx + bPiiyy = (a = const, b = const) 

with boundary condition (4) write down the solution u (#, y) 
of the interior Dirichlel problem for the ellipse £*/a a -f 
+ yplb 2 <. 1 using Poisson's formula for the circle. 

240. Prove that for an arbitrary constant a the general 
solution u (x t y), v (x, y) of the system of partial differential 
equations 

au x — v y — 0, av x + u y — 

is specified by the relation 

" (x, y) -f iv (x, y) = / (z) 

where / (z) is an arbitrary analytic function of the complex 
variable z = x + aiy. 

241. Prove that the Gauchy problem for the system of 
partial differential equations considered in Problem 240 
with data 

" = h, " = /s 
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prescribed on any arc S cannot possess more than one 
solution. 

242. Can the Cauchy prol>lem 

a*u xs + b 2 u yy = 0, u (x, 0) = 0, u y (x, 0) = 0, 
< x < e, e. — const 

possess a nonzero solution? 

243. Prove that all regular solutions of the elliptic system 
of partial differential equations 

U X x ^yy ^xy ~ U, Uxx Vyy T ^M-xy =r " 

in a simply connected domain can be obtained from the 
formula 

u (x, y) 4- it; (x, y) = zip (z) -j- t|j (z) (20) 

where cp and tp are arbitrary analytic functions of the com- 
plex variable z = x + i#. 

244. Using general expression (20) for the solutions of 
the elliptic system of partial differential equations consid- 
ered in Problem 243, show that the homogeneous Dirichlet 
problem with the boundary conditions 

u (t) = 0, v (t) = 0, |*| = i 

for this system in the circle | j | < i possesses infinitely 
many solutions u (x, y), v (x, y) satisfying the equality 

u (x, y) + i.v (x, y) = (1 — zz) $ (z) 

where ty (z) is an arbitrary analytic function in the circle 
| z |< 1; also prove, for the same system, that the non- 
homogeneous Dirichlet problem with the boundary con- 
ditions 

u (x) = A (*), v (t) = u (0. 1*1 = 1 

has no solutions at all. 

245. Verify that the system of partial differential equa- 
tions 

"** ~ % t | 2v xu = 0, v xx — v yw — |- 2u xy = 

is elliptic, show that in the circle x* + y 2 < 1 for this 
system the homogeneous Dirichlet problem with boundary 
conditions 

u (x, y) = 0, v (x, y) = 0, r> + y 1 = 1 
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possesses non-trivial solutions u k (x, y), i/ 1 (x, y) (k ~ 
= 1,2,...) satisfying the relations 

u h (x, y) + iv" (x, y) = [(uz + ~zf - 4u i ] ft - {\xz - z) 4 " 

where z = x + i# and u = i/(l + ]/2). 
246. Verify directly that the function 

u (x, l/, z) = 



n=0 



+ 2 (~i) n - 



n = 



(2» + l)r 



(-T&+"^)"*(m.iiT) 



where t and v are arbitrary polynomials in two variables, 
satisfies the elliptic partial differential equution with con- 
stant coefficients 
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u xx + b 
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is elliptic and prove that each component of its solution 
(u, v, w, cp) is a harmonic function of the variables x, y 
and z. 

We remind the reader that, if A = || A i} || is a square 
matrix of order n and x = (x t , . . ., x n ) is a vector, then 
y = Ax is understood as a new vector y — (j/j, . . ., y n ) (the 
vector y results from the linear transformation of x, A being 
the transformation matrix) whose components are 



yi= 2 A ih*h ('=--1, • ■■>«) 



Chapter 3 

HYPERBOLIC PARTIAL DIFFERENTIAL 
EQUATIONS 



§ 1. Wave Equation 

Here and henceforth we shall denote by the symbol x 
the collection of the spatial variables ri^, . . ., x n correspond- 
ing to the (variable) point (x, t) belonging to the (n -f l)-di- 
mensional space E n+1 where t is time. 

As was mentioned in § 4, Chapter 1, under certain assump- 
tions some oscillation (wave) processes are described by the 
equation 

n 
£ «**,.*, — "<t=0 (1) 

That is why the solutions of this equation are usually re- 
ferred to as waves, and the equation itself is called the wave 
equation. 

Since the characteristic form Q (A) corresponding to equa- 
tion (1) is 

{-1 

the wave equation is a partial differential equation of hyper- 
bolic type. 

By a characteristic hypersurface of equation (1) is meant 
an re-dimensional manifold 

cp (x, t) = 

in the space E n +i on which the quadratic form Q (grad <p) 
turns into zero: 

C(gradq>) = 2 <f4-<P? = 
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One of the roosl. important problems in the theory of 
propagation of waves is the Cauchy problem. In the present 
section we shall consider the following statement of this 
problem: it is required to find the solution u (x, t) of equation 
(1) satisfying the initial conditions 

u (x, 0) = <p (.r), u, (*, 0) = if (x) (2) 

where <p and if are given functions of the variables a;,, . . ., x a . 

248. Write down the general expression for all character- 
istic curves of the equation of oscillation of a string 

u xx — u tt = (3) 

249. Find the characteristic surfaces of the second order 
for the equation of oscillation of a membrane 

u XlXl + u X!X! — u ti = Q (4) 

250. Find all the characteristic planes of the equation 
of propagation of sound 

"*,*, + »*,*, + "*,*, — «, | = (5) 

251. Show that the expression 

u (a^, x 2 , x B , t) = LM (u.) 
where 

M(n)= j ^(Xi + tyi, x 2 -\-ty 2 , x 3 -\-ty 3 )dS y 

and p, (Xj, x % ,. x 9 ) is a given function denned in the space 
E 3 of the variables # lT x % , x 3 and possessing continuous 
partial derivatives of the second order, is a solution of 
equation (5). 

252. Prove that Kirchfioffs formula 

u {x u x 2 , x 3 , t) = ± tM (^) + ^;4r W m (6) 

where q> and ij> are real functions defined in the space E 3 
and possessing continuous partial derivatives of the third 
and of the second order, respectively, and M (jx) is the 
expression denned in Problem 251, represents the solution 
of the Cauchy problem with initial conditions (2). 
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253. Consider the function 

u (x, 0=2 [(Ifcjr Akx <*" • • • » «») -r 

fc=0 

t 2fc+l 






where A is Laplace*s operator in the variables x u . . ., x n 
and t and v are infinitely differentiable functions. Verify 
directly that expression (7) is the solution of equation (1) 
satisfying the initial conditions 

u (x, 0) = x (x), u t (x, 0) = v (x) 

under the assumption that the series on the right-hand 
side of formula (7) and the series resulting from two-fold 
termwise differentiation of that series with respect toa^, . . . 
. . ., Xj, and t are all uniformly convergent. 

254. On the basis of formula (6) derive the Huygens 
principle: at any point (x lt x 2 , x 9 , t) of the space E k the 
value of the solution of the Gauchy problem (5) for wave 
equation with conditions (2) is completely determined by 

the values assumed by the functions <p, ^ and if on the 

sphere 

(Zi — x iY + (z» — ^a)* + (z 3 — z 8 ) a = t 2 

of radius | t [ with centre at the point (x t , x it x A ). 

255. From Kirchhoff's formula (6), under the assumption 
that the functions ip and ij; depend solely on the two spatial 
variables x 1 and x 2 , derive Poisson's formula 






^ In at J 



/l»-(tfi-*i) 8 -(!/i 



(8) 



where d is the circle (y 1 — Xj) 2 + (y 2 — £ 8 ) 2 <. t 2 . 

256. Show that Poisson's formula (8) expresses the solu- 
tion of the Cauchy problem (4), (2). 

257. Does the Huygens principle hold for the solutions 
of the Cauchy problem (4), (2)? 



5* 
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258. From Poisson's formula (S), under the assumption 
that the functions <p and \lp depend solely on one spatial 
variable *• — x lt derive D'Alenibert's formula 

x+t 

u(*,<)r=~[q).(* + + 9 (* — *)+ j ^(T)dxj (9) 

x-t 

expressing the solution of the Cauchy problem with condi- 
tions (2) ior equation (3). 

259. In the equation of oscillation of a string (3) pass 
to the characteristic variables I = *• -j- t and r\ = x — t and 
show, using the transformed equation, that the general 
solution of original equation (3) has the form 

u (x, t) = / (x -f t) + <j> (x — t) (10) 

where / and cp are arbitrary twico continuously differentiable 
functions. 

Find the general solution ior each of the following equa- 
tions: 

260. 2u xx — 5u xy -}- '6u y y — 0. 

261 . 2u xs + 6u xy + ku yy + u x -f u y = 0. 

262. 3u xx — IQiixy + 3u yy — 2u x + 4u y + -^ u = 0. 

x + y 

203. 3it JW +i0u M , + 3u w ,- r .u ac +»- + -^ r »-16*fi 16 =0. 



264. u yy ~ 2u xy + 2u x — u y — Ae x . 

5»+-s-!/ 

265. u xx — 6u X y + 8u V y +u x — 2uy + 4e " = 0. 

266. u xx — 2 cos xu xy — (3 + sin 2 x) u yv + it, + 

+ (sin x — cos x — 2) u y — 0. 

267. e~* x u xx - e~ iy u yv - e~* x u x + e-*»u y + Se y = 0. 

268. u xy + yu y — u = 0. 

269. u xy -j- xu x — u -r cos y = 0. 

270. cosh a; u Kp + (sinh £ + # cosh #) Wj, — cosh x u = 0. 

271 . ■£ (u, + u) + 2sc*ir (a, + u) = 0. 

272. ^.(u, + u) + a(M 3C + tt) + ^ = 0. 
Solve the following Cauchy problems: 

273. 4y*u xx + 2 (1 - y 2 ) u, xv - uyy - -^ (2u x - U y ) = 0, 
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274. u xx — 2u xy + ie v = 0, 

275. u xx 4 2 cos a; u xy — sin 2 x u yy — ain x u y — 0, 

« (*t jO lw=aln r — « + COS T, W 9 (a\ If) |, /=sIll s = Sin X. 

276. 3u rar — 4w xy 4 u vy — 3w. r 4 u u = 0, 

" (*, V)l v =n = <P (*)> u v (*< ?/)lw-o = $ (*)■ 

277. e v u xy — u yv 4 u v = 0. 

w te, ^!ty-o = — a; a /2, u„ (a;, i/)| w = = —sin a;. 

278. u xx — 2 sin a: u XIJ — (3 4 cos 3 x) u yy — cos .t u v = 0, 
u (x, .v)!^^ x = sin .r. u„ (x, y)l ?/ ^ CO s .* = e x l2. 

279. h sv . — 2 sin x u,„ — (3 + cos a x) u uu + h x 4 

4 (2 — sin x — cos a:) u y = 0, 
« fo ^)ly=cns * = 0, u y (x, jr)|j,. JC n a , = e _:r/2 'cos a;. 

280. u xx 4 2 sin a; u xy — cos 8 x u yy 4- u x 4 

- 1 - (sin x 4 cos .r 4 1) u,, = 0, 
« (*, V)l B =-cns x^l 4 2 sin x, u v (x, y)\„^ _ cm x = 

— sin x. 

281. Find the domain of dependence for Problem. '(1), (2) 
in the cases n — 1, n — 2 and n = 3. - 

2£2. Prove that for eacli solution u (x, t) of equation (3) 
there holds the following mean-value formula: 

u (t 1( f,) + h. (x 3 , f a ) = w (a; 5 , t 2 ) 4 u (,r t , f 4 ) 

where (a:,, ^), fa,, f 2 ). fa 9 , t s ) and fa 4 , t,,) are the consec- 
utive vertices of a characteristic rectangle, that is of a rect- 
angle bounded by characteristic straight lines of equation (3). 

283. Construct the solution v far,, x 9 , a;,, f, t) of equa- 
tion (5) dependent on the variables a--,, a:,, x-,.-t and on 
the parameter t which satisfies the initial conditions 

v (a:,, x 2 , x it t. x) = 0, -£- \ t _ t = j» (x { , a-,. ar 3 , t) 

284. Let i> (a:,, ,r ? , ,r s , £, it) he the solution of Prob- 
lem 283. Show that the function 

u*fa, , x ? , a:.,, if) — \ v (x it Xo, x 3 , t y T)dr 
n 

is the solution of the non-homogeneous equation 
u x,x, 4- u x,x, 4 u x , Xs — u n — — g fa , x 2 , x 3 , t) 
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satisfying the homogeneous initial conditions 

u (x u x Z y x 3 , 0) = 0, u t (x v x t , x 3 , 0) = 

285. Represent the function u (x lt x 2 , x a , t) mentioned 
in Problem 284 in the form 

u(x u x„x 3 ,t) = ± J tf( g ,,y„y„<-r) dTyi r =\y-x\ 

and explain why it is called a retarded potential. 

286. Find the solution of equation (4) satisfying the ini- 
tial conditions 

U (X t , X 2 , U) = XjX,, -Q t I = X,X 2 ox t 

287. Construct the solution of the non-homogeneous 
equation 

Uxx — u tl — g (x, t) 

satisfying non-homogeneous conditions of form (2). 

288. Show that if u (x, t) is a solution of equation (3) 
then the function 



p < x '0 = «*(9r=ti.;rhs) 



is also a solution of that equation at each point whore it is 
defined. 

289. Using D'Alembert's formula for the solution u (x, t) 
of the Cauchy problem 

u tt = a?u xx , — co < x <C oo, t > 

u(x, 0) =<p (x), u t (x, 0) = i|3 (or), — oo <, x < oo 

show that if the functions cp (x) and \J> (x) are simultaneously 
odd then u (x, t)\ x=0 = and if they are simultaneously 
even then a x (x, l)\ x = = 0. 

290. Show that if the function / (x, t) in the Cauchy 
problem 

u u = a 2 u xx + f (x, t), — oo<x<oo, t>0 

u (x, 0) — a t (x, 0) = 0, — oo"<c x< oo 

is odd with respect to x then u (x, t) I *■■=<> = and if it is 
even then a x (x, 0!*=o — 0> 
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Using the results established in Problems 289 and 290 
and extending in a proper manner the Cauchy data Lo the 
whole number line — oo <. x < oo solve the following 
problems for the half-line x > 0: 

291. u tt = a 2 u xx , x > 0, t > 0, 

u (0, t) = 0, t > 0; u (x, 0) = .cp (a;), 

U, (l, 0) = 1(5 (#), X > 0. 

292. u (( = a 3 ^*, a; > 0, t > 0, 

ii K (0, i) = 0, Z > 0, u (x, 0) = <p (x), 
u t (x, 0) = ip (#), x > 0. 

293. u, ( = a°u xx + f {x, t), x > 0, t > 0, u (0, i) = 0, 

i > 0; u (i, 0) = a t (x, 0) = 0, at > 0. 

294. u tt = a z u xx + / (a:, *), * > 0, * > 0, 
u x (0, *) = O. t> 0; 

u (a-, 0) = u t {x, 0) = 0, x > 0. 

295. a„ = a*u xx + f (x, t), x>0, t > 0, 

u (0, t) = 0, f > 0, it (s, 0) = <j> (x), 
u t (x, 0) = of Wi ^ > 0. 

296. u„ = a 2 u xx + f (x, t), x > 0, i > 0, 
u x (0, i) = 0, ■ t > 0, u (x, 0) = cp (a:), 
u< (i-, 0) = r|3 (x), x > 0.1 

Every function f (x — at) dependent on the argument 
x — at is referred to as a direct wave. 

Find the solutions of the following problems in the form 
of a direct wave generated by the propagation of the end 
point perturbation: 

297. u u — a 2 u xx , x > 0, t > 0, 

u (0, t) = u. <Z), i > 0, w (a;, 0) = «< (a:, 0) = 0, 
a->0. 

298. u tt = a 2 ^, a: > 0, i > 0, 

u, (0, t) = v (i), * > 0; u (ar, 0) = », (as, 0) = 0, 
x>0. 

299. iij t = cPiixx, x > 0, * > 0, 

u* (0, t) — hu (0, t) = x (£), i > 0, fe > 0, 
w (x, 0) = wj (a;, 0) = 0, x > 0. 

Solve the following problems: 

300. u a = a*u xx + f {x, 0, * > 0, t > 0, 

u (0, i) = fi (t), t > 0, u (a:, 0) = cp (ar), 
"t (^, 0) = i|j (a:), a; > 0. 
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301. u ti = a?u xx + f (x, t), x>0, *>0, 

u x (0, t) = v (0, ' * > 0, it (x, 0) = cp (z), 
Wi («, 0) — i|) (x), a; > 0. 

302. Find the solution w (x, y, t) of the equation 

satisfying the initial conditions 

u (x, a, 0) = 0, u t (x, y, 0) = xy 

303. Consider the formula 

2-4...(2ft + 2)l 
ftjn 



;,/_ „ a- \< . (-i)fc P «*«n*q> 

tt^x, y, [)~ Zj(2-4... (2ft + 2)lf(2n-1)(2n-3) ... [2n-(2/r- 1)1) 



where p 2 = x a + y* - t*, n = ^ + ~ - J and <P is 

a homogeneous polynomial of degree n — 2 in the variables 
x, y and f. Prove that the function u (x, y, t) satisfies the 
non-homogeneous equation 

"*x + u yy — »« = <!> (x, y, t\ 

304. Show by means of the direct verification that if 
u (x, t) (x = (Xp . . ., x n )) is a solution of equation (1) 
then the function 

V ( X > / ) == : ^2 U ( \ x \t-fl > |^|2_(S ) 

where 

|x| 2 = v x?, |x|»=^f* 

is also a solution of that equation. 

305. Find all linearly independent homogeneous polyno- 
mials of the 3rd degree in the variables x lt x 2 and t satisfying 
equation (4) 

306. What is the number of all linearly independent 
homogeneous polynomials of the fcth degree in the variables 
x 1 , . . ., x n and t satisfying equation (1)? 

307. Let u (x, t) be a function possessing continuous 
partial derivatives of the third order and satisfying equation 
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(3). Show that the function 

8x hi 



, . du du. 



also satisfies the same equation. 

308. Show that if u (x, t) is a function satisfying equa- 
tion (3) then the following functions also satisfy that equa- 
tion: 

(a) xu x ^-tu t , 

(b) u%+u* t , 

(C) -s-^-T . ^ ^ »?■ 

llX —lit 

309. Determine the value of the exponent k — const for 
which equation (1) possesses a solution of the form 

n 

"<** ? )= (f a |«- t »)> (1*1* = 2**) 

310. Show that if u (x, I) is a solution of equation (1) 
and a-i (i = 1, . . ., n -\- 1) are constants of one sign then 
the function 



\ y I fli I V | a„ 



i/i 



V l«rnl| ' 

satisfies the hyperbolic partial differential equation 

n 

311. Find the relationship between the constants m.; 
(i = 1, . . ., n + 1) for which equation (1) possesses a solu- 
tion u (x, t) of the form of a plane wave: 

u (x, t) = O (m 1 as 1 +'...+ m„a: n + m n+1 i) 

312. Prove that the most general expression for the solu- 
tions of equation (5) depending solely on r and t is of the 
form 

„ (M) .Ai!±) + M^i, r ^ 

where r 2 = x\ -\- x\ -f- x\, f 1 and / a being arbitrary twice 
continuously differentiable functions. 
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Such solutions are referred to as spherical waves. 

313. Verify directly that if a function u (x, t) possessing 
partial derivatives of the third order is a solution of equa- 
tion (1) then so is the function 

n 
V (X, t) = y, XjU x -f tu t 

i=l l 

314. Show that the expression 

«(*!, x 2 , x a , 0=D l<p(r + t) + $(r—t)] 

Qt Q2 #4 »2 

where 0=^- + ^ + ^--^-, r* = x\ + x\ + x\, and <p 

and i|> are arbitrary functions possessing continuous par- 
tial derivatives up to the third order, satisfies equation (5). 

315. Find the solution of the Gauchy problem for equa- 
tion (5) with the initial conditions 

u (x, 0) = <p (r), u t (x, 0) = t (r) (r 3 = *J + a* + a*) 

where q> and tp are given twice continuously differentiable 
functions. 

Find the solutions of equation (5) satisfying the following 
initial conditions: 

316. u (x, 0) = x 1 x i x 3 , u t (x, 0) = rfzfy^- 

317. w (x, 0) = r 2 , u, (x, 0) = XjX 2 . 

318. u(x,0) — e x icosx 2 , u t (x, 0) = a;J — x\. 

319. u(x, Q) = xl + x*, u t (x,0) = i. 

320. u(x y 0) = e x t, u t (x,0) = e- x K 

321. u (x, 0) = 1/Xl !*,(*> 0) = 0, s, gfcO, x*^* 2 . 

322. Prove the uniqueness of the solution of tho Cauchy 
problem with initial conditions (2) for the equation 

i=i * 

323. Find the velocity of propagation of the plane wave 

u (x,, x 2 , x 3 , t) = q> (nr^! -f m^ + m& a + mt) 

324. Can a function of the form ,. 
describe the process of propagation of a wave? 
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325. Show that the function 

u (x u x 2 , x 3 , I) ^ x\ + x\ + x\ + a 2 t 2 

describes a process of propagation of a wave and find the 
velocity of the wave. 

Find the domain of propagation of the waves for the fol- 
lowing cases: 

326. The velocity of the wave is a = 5, n = i and the 
initial data u (x, 0) and u t (x, 0) are prescribed on the seg- 
ment l t ^ arj <■ l 2 of the straight line t = 0. 

327. The velocity of the wave is a = 1, n = 2 and the 
initial data u (x, 0) and u t (x, 0) are prescribod in the an- 
nular domain 1 <! x\ + x\ -^ 4 lying in the plane I — 0. 

328. The velocity of the wave is a = 2, n — 3 and 
the initial data u (x, 0) and u t (x. 0) are prescribed on the 
ball x\ + x\ + a;« < 1, t = 0. 

329. The velocity of the wave is a = 1, n = 1 and the 
initial data u (x, 0) and u t {x, 0) are prescribed on the 
segments —2 -< £•,<[— 1 and 1 •< j, <! 2 of the straight 
line t — Q. Determine the set of points in the plane E 2 of 
the variables x 1 and t which is the common domain of in- 
fluence of these two line segments. 



§ 2. Well-Posed Problems for Hyperbolic 
Partial Differential Equations 

In the foregoing section wo considered the Cauchy problem 
for the wave equation with the initial data u (x, t a ) and 
a t (x, t a ) prescribed on the whole plane t — t or on its 
definite part. However, in applications an important role 
is also played by some more general problems for hyper- 
bolic partial differential equations with the Cauchy data 
prescribed on manifolds distinct from a plane t — l or 
from its part. In this connection, it should be noted that 
by far not every manifold (however smooth) can serve 
for this purpose. 

A problem stated for a hyperbolic partial differential 
equation is said to bo well-posed (or correctly set) if its solu- 
tion exists, is unique and stable. Here the stability of the 
solution is understood in the sense that to small variations 



. 7*5 Conditions of the Probler 



jpPtW initial data of the problem there correspond small 
Variations of its solution. 

In 5 1 wedefined a characteristic hypersurface as a manifold 
cp (x, t) = at whose every point the equality 



(?(grad<p)= y, <p*j-q>j=0 
i-t 

holds. A hypersurface specified by an equation i|5 (x. t) = 
= in the space E n + t is said to be non-characteristic if at its 
every point the expression Q (grad i|;) is different from zero. 
A non-characteristic hypersurface will be called a space-like 
hypersurface if for its every point the inequality 

71 

<?(gradit)= T, <|&-![>!<0 

is fulfilled. Let us denote by 5 a part of a sufficiently smooth 
space-like hypersurface. The general statement of the Cauchy 
problem reads: if is required to find the solution of equation (1) 
satisfying, on S the conditions 

u(x,t) = F{M) and -^(x,t)^0(M) "(11) 

where F (M) and O (M) are given sufficiently smooth functions 
of the variable point M running over the hypersurface S and 
N is a direction which is at no point tangent to S. It can be 
proved that this Cauchy problem is well-posed. 

It should be noted that in the special case of one spatial 
variable x x — x the hypersurface S on which the Cauchy 
data of type (11) are prescribed is a curve t|j (z, t) — 0; 
in this case not the condition ijjjj. — t]j? < but the require- 
ment that tyl — \[i\ ^= is important. 

All that has been said does not mean that when stating 
the Cauchy problem for hyperbolic partial differential equa- 
tions we cannot prescribe the data on characteristic hypei- 
surfaces. For instance, in the case when a characteristic 
hypersurface ty (x, t) — is a cone described by the equation 

7 (z,-a!$) a -('-*o) a = (12) 



u 


= <p 


for 


X 


— ^ = 


f — 


*o- 


u 


= n, 


for 


x ■ 


•*"() = 


«o- 


- f 




<p 


(■^Ot t 


») = 


= T|> (*0> 


*») 
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Ihe so-called Cauchy characteristic problem can be staled: 
it is required lo find ihe solution u {x, t) oj equation (1) regular 
Inside cone (12) and assuming on cone (12) some prescribed 
values. 

In the case of one spatial variable x x = x a cone of type 
(12) is nothing other than a pair of straight lines x — x = 
= t — t and x — x = t — t passing through the point 
(x , t ). These straight lines split the plane £ a of the vari- 
ables x and t into four angular domains. Let D be one of 
them. A characteristic problem stated for such a domain D 
is usually referred to as the Goursat problem; its statement 
reads: it is required to find the solution u (x, t) oj equation (3) 
regular in D satisfying the conditions 



(13) 



330. Show thai the problem of determining the regular 
solution u (x, I) of equation (3) corresponding lo given values 

of the function u (x, t) and of its normal derivative — = 

= (;r + ^7 )/ V^ prescribed on the characteristic a; — 1 = 

is improperly posed (not well posed). (This problem has no 
solution at all in those cases when the uniqueness property 
does not take place.) 

331. Find for what, values of the constant k Cauchy data 
(11) can be prescribed for equation (3) on the straight line 
x — kt. Also solve the following problems: 

(a) find the solution of this problem in the case when 
the direction N is specified by the vector with components 
(l/J/2 - , l/j/2) and the Cauchy data are prescribed on the 
line segment joining the points A (0, 0) and B (1, ilk) 
of the straight line N; 

(b) determine the domain of dependence, the domain of 
influence and the domain of propagation; 

(c) prove the stability of the solution. 

332. Find for what values of the positive constants (p 
and <j>! the Cauchy data in Problem (11) for equation (3) 
can be prescribed on the arc <p a ^ q> -^ q> x of the circle 
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x = cos tp, t — sin cp (O-^jcp <J 2n) and determine the solu- 
tion of this problem for the case when N coincide* with 
the normal to the circle. 

333. Let S be the arc of a curve x — j {t) joining two 
points A (z , t ) and B (x 1} t^. Let the curve x — f (t) 
possess continuous curvature and have no points at which 
it is tangent to characteristics of equation (3). Let N be 
the normal to the arc AB. Construct the solution u (x, t) 
of Problem (3), (11) for this case. 

334. Find the domain of propagation of the wave constructed 
in Problem 333 and prove the uniqueness of that solution. 

335. Find the condition of the constants a, b and c 
under which the Cauchy data of type (11) for equation (4) 
can be prescribed on the plane IT specified by the equation 
ax x + bx 2 + ct — and construct the solution of the 
Cauchy problem with the data 

a _ b da c 



c K e z " dN ' yV-j-fea + c* 

on that plane where N is the normal to II. 

336. Find the solution of the Goursat problem for equa- 
tion (3) with the data 

u (x, x) — q> (x), O^J-C « 

u (x, — x) = i|) (x), < x < b 

«P (0) = o|> (0) 

prescribed on the characteristics x — t = and x -\- t = 0. 

337. Find the domain of propagation of the wave deter- 
mined in Problem 336 and prove the uniqueness of that solu- 
tion. 

338. Prove the uniqueness of the solution u (x, t) of the 
Cauchy characteristic problem for equation (4) with data 
prescribed on the lower part of the characteristic cone 

x\ + xf- (t- l) 2 = 

339. Let us denote by S the part of the characteristic 
cone x 2 + J/ 2 — i s = lying between the origin (0, 0, 0) 
and the plane t = — h (h > 0). Find the solution u (x, y, t) 
of the following Cauchy characteristic problem: 

u X x + u yu — u u =-- xyt, it | s = 
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340. Determine the domain of propagation for the wave 
found in Problem 339 and prove the uniqueness of that solu- 
tion. 

341. Consider the Dirichlet problem for equation (3) in 
a characteristic rectangle, the data for u (x, t) being pre- 
scribed on all the sides]of thejirectangle. Is this problem well- 
posed? 

The problem of determining the solution of equation (1) 
from given values of u [x, t) is well-posed not only in the 
case when these data are prescribed on characteristic hyper- 
surfaccs of the equation but in some other cases as well. 
To demonstrate what has been said we shall limit ourselves 
to the consideration of equation (3). 

Let D be a domain lying in the characteristic angle be- 
tween the straight lines x — x = t — t and x — x — 
— to — t (x ^ x ) and bounded by some curves 

S J :t = s 1 {x) and S 2 : t = s 2 (x) {x^x , s 1 (x„) = s a (x )) 

which possess continuous curvature and satisfy the condi- 
tions 

~l<^-<-^-<l 

dJ ax 

It can be proved that the following problem is well-posed: 
The Darboux problem: it is required to find the solution 

u (x, t) of equation (3) regular in the domain D and satisfying 

the conditions 

u,| Sl = cp(z), u\ S2 = ty(x), x>x 

where cp and i|; are given twice continuously differentiable 
functions satisfying the condition 

<P (*o) = ^ (*o) 

342. Consider the following problem: it is required to deter- 
mine the solution u (x, t) of equation} (3) regular in the 
first quadrant of the if-plane and satisfying the conditions 

u (x, 0) = <p (x) , -^ j < oo 
u(0, *) = t (0, < t < oo 

q> (0) - <p (0), <p" (0) - a* (o) 

Is this problem well-posed? 
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343. Let us denote by D the angle bounded by the straight 
lines x = 0, £;=x/2, t ;> 0, x ^ 0. Find whether the prob- 
lem of determining the solution of equation (3) in the 
domain D satisfying the conditions 

u (0, t) = <p (t), u (x, x/2) = op (x), t^0, x ^ 

<P (0) = * (0), cp" (0) - i|>' (0) 

is well-posed. 

Problems 344, 345, 347, 350, 353, 354, 355 and 374 reduce 
to a functional equation of the form 

P {x) + \iP [X (x)) = / (x) (14) 

whose solution, for instance, under the condition 
| \i m f [X m (x)\ | < M m , can be constructed by the iteration 
method in the form 

p(*)= fw-irv/^wi (i5) 

Here M is a constant such that < M < 1, by \y m is meant 
the ordinary mth power of \x while K m (x) is understood in 
the sense that 

X m (x) = X m ~ 1 [X (x)l X° (x) = x 

344. Let D be the angular domain lying between the 
straight lines t = k x x and t = k^x (x ^ 0) where — 1 <1 
<; kj < k 2 <; 1 . Find the regular solution of equation (3) 
in the domain D satisfying the conditions 

u (x, k x x) — cp (x), u (x, fcjX) = \p (x), fej = 0, 

/cj = 4 > 

where cp and ip are given twice continuously differentiable 
functions such that <p (0) = ip (0). 

345. Put ^ = —1/4, k 2 = 1/4, < x < a, cp (,r) = x 
and ip (x) = x in Problem 344 and prove the existence and 
the uniqueness of the solution u (x, t). 

346. Determine the domain of propagation of the wave 
corresponding to the solution u (x, t) of Problem 345. 

347. Let us denote by D the angular domain between the 
straight lines t — x/4 and t = (x ^ 0). Find the regular 
solution u (x, t) of equation (3) in the domain D satisfying 
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the conditions 

u (x, cc/4) — x and u (x, 0) = sin x 

348. Determine the domain of propagation of the wave 
found in Problem 347 on condition that O-^a; <! 1. 

Find the solutions of equation (3) and the corresponding 
domains of propagation for the following conditions: 

349. u (x, 0) = <p (x), u (x, x) = rp (x), < x < a, 
<p (0) = * (0). 

350. u (x, 0) = <p (jc), it (x, x/2) = ip (x), < x < 2/3, 
9 (0) = * (0). 

351. u (0, t) = t 2 , u (t, = **. < < < 2. 

352. u (0, = sin *, < / < 1; u (i, J) = 0, 
< * < 2. 

353. u (a;, 0) = cp (x), u [x, x (x)] = i|; (2), < x < 1, 
<P (0) = rp (0), 

where x is a given twice continuously differentiable function 
satisfying the condition 

"<£<' 

354. Consider the solution u {x, t) of equation (3) with 
the data prescribed on the following two arcs of the curves: 

f = sin x, <; x ^ n/4 

and 

/ = —sin x, -^ x -^ n/4 

Let the data be 

u (x, sin x) = x and u (a - , —sin x) = x 

Determine the wave u (x, t) and its domain of propagation. 

355. Let the data for the solution u (x, t) of equation (3) 
be prescribed on the arc of the parabola t = x a /4, ^ x ^ 1, 
and on the segment <! x < 2 of the straight line t — 0, 
Let the data be 

u (x, x 2 /4) = x 3 and u (x, 0) = 

Find this solution u (x, t) of equation (3) and its domain 
of propagation. 

6-0461 
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356. Find the solution u (x, t) of equation (3) satisfying 
the conditions 

u(x,x)**ip(x), (4j--5r )!,__, = *(*). 0<*<°° 

and prove the uniqueness of the solution. 

357. Determine the solution u (x, t) of equation (3) 
satisfying the conditions 

-£-\ —(p(x), 0<z<a 

and 

u(x, x) = ty(x), 0<a:<i> 

and determine the domain of propagation for this solution. 
• 358. Find whether the problem of determining the solu- 
tion of equation (3) satisfying the conditions 

u (x, x) = <jp (x), -^ x <C oo 
and 

(■£+■$-) L-*^ °<*<~ 

is well-posed. 

§ 3. Some Other Classes of Hyperbolic 
Partial Differential Equations. 
The Cauchy Problem for Laplace's Equation 

The problems considered in the foregoing section can 
also be stated for the general hyperbolic partial differential 
equation of the form 

As a manifold on which Cauchy data (11) aro prescribed for 
equation (16) we can take the one specified by an equation 
of the form <p (x, t) = where the function <p (x, t) satisfies 
the condition 
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As iii the foregoing section, in the Cauchy characteristic 
problem for equation (16) the data are prescribed on a charac- 
teristic hypersurface tp (x, t) = where, by definition, the 
function cp (x, t) satisfies the condition 



2 ^(^<P«,-(P? = 



In the case of one spatial variable x = x 1 it is most conve- 
nient to write equation (16) in the form 

(17) 

In the theoretical study of equation (17) an important 
role is played by the so-called Riemann function R {£, tj; 
£i» Hi) dependent on two points (i, tj) and (| lT r^) and pos- 
sessing the following properties: 

(a) the expression R (i, tj; in Hi) considered as a func- 
tion of the variables i and T) is a solution of the equation 

adjoint to (17); as a function of the variables ^ and t^ 
this expression is a solution of the equation LR = in 
which instead of | and x\ are meant the variables £ x and r^; 

(b) dR(l u ti;6„ % ) _ a (| ^ n) R {lu Wt gi) %)== o, 
afl (£,%;£,,%) _ b{lt ^xfa ^ lit ^ = 

and 

^(Ei, hi; li, %) = i; 

(c) ^L^Ji) + a(i,T ll )fl(|,rj;l f Tj 1 )=0, 

and 

/?(£, i|; I, n) = l. 

8* 
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These conditions uniquely specify the function R (|, T|; 
§1, rii) in case the coefficients a and b are functions of class 
C 1 and the coefficient c belongs to the class C°, 

If the fiiemann function is known it is possible to express 
in quadratures the solutions of equation (17) both for the 
Cauchy problem and for the Goursat problem. 

The solution of the Goursat problem for equation (17) 
with the conditions 

« (6, •no) = <p (E)» u do. *)) —■ ■* 0i)> «p (£o) = ^ (io) 

where q> and tJj are given continuously differentiable func- 
tions, is given by the formula 

u (l, n) = * (E, %; g, tj) «p(g)-J-7? (Eo, tj; |, T|) t (*]) ~ 

— Rfa, tio. St *i) T (6») H- 

+ ) [&(M,)fl(*, m>;6,»i)— £*(Mk>; S. »o]«p(0* + 

+ j [«(&>, x)i?(g„T; £, n)— £•*(&>,*; 5, n)]^(t)dx + 

* i 
+ ]<ftj fl(<, t; 6, i\)F{t,i)dx. (18) 

59 Tift 

Let a be a non-closed Jordan curve possessing continuous 
curvature which is not tangent to the characteristics of 
equation (17) at any of its points. The solution of the Cauchy 
problem for equation (17) with prescribed values of u and 

tt} = ^ J£ _i_ 3 Jf on a where v is the outer normal to 

dN dv dx\ ' dv d\ 

a at the point (1, n) has the form 
« (/>) = -| u «?) it (<?, P) + 4 u (<?') R (Q\P) + 
+ \F(P')R(P',P)dl 1 dy ]l - 

QQ' 

- J [ a( P')^ + fe(P')-^]^^'.P)"(n^ (19) 
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where Q' and Q are the points of intersection of the arc a 
with the characteristics ^ = £ and ■% = n issued from the 
point P (g, r\) and G is the finite domain in the plane of the 
variables g, n bounded by the part QQ' of the arc a and by 
the segments PQ and PQ' of the characteristics. 
The expression 

\F{P')R(P\P)dl l dr ] , 

c 

is a particular solution of non-homogeneous equation (17). 

359. Show that the Riemann function R (g, rj; £ If tji) 
for equation (3) expressed in terms of the characteristic 
variables is identically equal to unity. 

360. Using Riemann's function mentioned in Problem 359 
write down the solutions of the Cauchy problem and of the 
Goursat problem for equation (3). 

361. Verify directly that the formula 

where (i 2 = — X specifies the Riemann function for the equa- 
tion 

u xx — u tt + Xu = (20) 

expressed in terms of the variables \ — x + t and n = 
= x — t. 

Using Riemann's function mentioned in Problem 361 
express in quadratures the solutions of equation (20) satis- 
fying the following conditions: 

362. u (x, 0) = q> (a:), u t (a:, 0) = i|j (x). 

363. u (x, x) = q> {x), u (x, —x) — ty (x), ■< x < oo, 

q> (0) = ty (0). 

364. Construct the solution of the equation 

w** — u tl + Xu = 1 

satisfying the conditions u (x, x) — u (x, —a:) = 0. 

Find the solutions of the Cauchy problem with the data 

i/ (0, t) = «P (t), w,. (0, f) = i|> (0 
and of the Goursat problem with the data 
u {x, x) = q> (x), u {x, — x) =it (x), x > 0, <p (0) = i|?(0) 
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for the following partial differential equations: 

a i 

365. u xx — u tt -\-au x -\ — t-_ = 0, a == const. 

b z 

366. u xx — Uu + bu t r-u = 0, b = const. 

367. u xx — u tt + au x + bu t + ^-u — £-" = 0, 

a = const, 6 = const. 

368. For the equations indicated in Problems 365-367 
find the solutions satisfying" the conditions _____ 

u (x, 0) = cp (x), u (x, x) = t|> (x), cp (0) = ip (0) 

369. Show that the general solution of the system of par- 
tial differential equations 

du dv _ fl 9u di; ^ 

8x dy ~ ' di/ 3x ~ 

has the form 

« (*i i/) = / (* + tf) + A (* — V), v (x, y) = 

= f(x+y) —h(x — y) 

where / and f t are arbitrary continuously differentiable 
functions. 

For the system of partial differential equations indicated 
in Problem 369 construct the solutions satisfying the fol- 
lowing conditions: 

370. u 0, 0) = cp (_■), u (x, 0) = tp (x). 

371. u (a:, x) = cp (x), v (x, —x) = ijj (x), x ^ 0. 

372. it (x, 0) = cp (a:), v (x, — x) = ip (a;), x > 0. 

373. a (x, 0) = cp (x), i> (x, x) = ip (x), x ^ 0. 

374. u (x, 0) = cp (x), v (x, — x/2) — ip (i), x > 0, 
cp (0) = 0, ip (0) = 0, 

Where cp and ip are given continuously differentiable func- 
tions. 

375. Prove that the system of partial differential equations 

du . dv n du , dv - 
dx ■ dy ' 9ff w 
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is hyperbolic if and only if a > 0; also show that for a = 
--= const > its general solution has the form 

u(x, y)=.——f{x + yay)-\-— F =-f 1 (x—Vay) 

y a y a 

v(x,y)=—f(x + Vay) + fi{x— V,ay) 

where / and f t are arbitrary continuously diSerentiable 
functions. 

376. For the system of partial differential equations 
indicated in Problem 375 find the solution satisfying the 
conditions 

u (x, — — x) = y(x), v[x ) — x) = tJ?(x), x^O 

> V" ' ^ Y a ' 

where cp and ij> are given real continuously differentiable 
functions. 

377. Find the relationship connecting the real constants 
a, b and c for which the hyperbolic partial differential 
equation 

a?u xx + Wiiyy — c z u zz = 

possesses solutions of the form 

u(x, y, z) = f {ax + f>y + yz) 

where a, (J and y are real constants and / is an arbitrary 
twice continuously difierentiable function. 

378. Show that the equation indicated in Problem 377 
possesses a solution of the form 

^Zj c^ 1 (2n + l)\\ a dx^^ U dy* ) V \a' b) 
n=0 

where % and v are polynomials. 

379. For the equation indicated in Problem 377 find the 
solution of the Cauchy problem with the data 

u {x, y, 0) = x 3 — i/ a , u z (x, y, 0) = xy 
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380. Verify directly that the function 
i a 



""It) a 



3r s 









3 1 _1_ 

6 



+4(-^) 2 (2i-i)]r fi (i-^ 



dt 



is the solution of the Gauchy problem with the data 
u(x, 0) = t(z), du{X g 0) =v(x), 0<z<l 

for the Tricomi equation 

yu xx + u, jy = 
for y < 0. 
381. Show that the function 

u (x, t) = / (t + ax) + cp (f + for) + op (t 4- m) 

where /, <p and ty are arbitrary functions possessing contin- 
uous partial derivatives up to the third order, is a solution 

of the hyperbolic partial differential equation 

d 3 u . , , , \ d 3 u i , t , , j \ d 3 u r. 3 9 u r, 

■(a + b + c)- g — + (ab + ac + bc)- s —-abc- S z- = 



382. For the equation considered in Problem 381 solve 
the Gauchy problem with the data 

u [x, 0) = cp x (x), u t {x, 0) = tp a (x), u tt {x, 0) = y 3 (x) 

383. Determine the type of the system of partial differen- 
tial equations 

and show that the functions 

" (*. V) = (x — y) cp (x + y) + (x + y) <p x (i — j/) + 

+ S> (* +.»)-H-"«J»i {« — ir) 
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and 

v (x, y) = \x — y) <p {x -f y) — (x + y) <p t (x — y) + 

+ H> (* + y) — *i (* — y) 

where q), cpj, \|) and \p x are arbitrary twice continuously 
differentiate functions, form a solution of that system. 

384. For the angular region bounded by the straight 
lines y = x/2 and y = — x/2 (x > 0) find the solution of 
the system of partial differential equations considered in 
Problem 383 satisfying tho conditions 

u (x, x/2) = t (z), u (x, —x/2) = v (x) 

v (x, x/2) = T t (x), v (x, —x/2) = v 2 (x), X ^ 

T(0)=V(0), T 1 (0)=V 1 (0) 

where t, t^ v and v x are given twice continuously differen- 
tiable functions. 

385. For the system of partial differential equations indi- 
cated in Problem 383 construct the solution of the Cauchy 
problem with the data 

U (X, 0) = Xy (x), v (x, 0) = T a (x) 

Uy (x, 0) = V! (x), Vy (x, 0) = v a (a;) 

386. Find for what values of the real constants a, b, c 
and k the system of partial differential equations 

au x + buy -j- kcv x = 



\-/ccv x = V i 
■T»* = °J 



av x -j- bv y -f 

is hyperbolic and construct the general solution of the system. 

387. Find for what values of the constants a, ft, c and k 
guaranteeing the hyperbolicity of the system of partial 
differential equations considered in Problem 386 the Cauchy 
data can be prescribed on the straight line y = 0. 

388. Construct the solution u (x, t) of the Cauchy prob- 
lem for Laplace's equation u xx -\- u yy = with the condi- 
tions 

u (x, 0) = p n (x), u y (x, 0) = q m (x) 

under the assumption that p n (x) and q m (x) are polynom- 
ials of degrees n and m respectively. 
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389. For Laplace's equation u xx + u yv = construct the 
solution u (x, y) of the Cauchy problem with the data 



u(x, 0) = 0, u v (x, 0) ■ 



and prove the instability of that solution. 

390. Let D be the domain in the plane of the variables 
x, t bounded by the line segment with end points A (0, 0) 
and B (1, 0) lying on the straight line t = and by the 
characteristics x + t = and x — t — 1 = of equation 
(3). Show that the regular solution u{x, t) of equation (3) 
in the domain D which is continuous in D and is equal 
to zero on the characteristic x -f t = attains its extremum 
in D on the line segment AB. 

391. Show that the Cauchy problem for the equation 

y 2 ^xx + yu uy + Y u y = ° 

with the data 

u (x, 0) = <p (x), u a (x, 0)=yp(x), - x < 1 

is improperly posed (not well posed) for j<0. 

392. For the equation considered in Problem 391 find, 
for y <C 0, the solution u (x, y) satisfying the conditions 

b(*,0)=t(i), lim(-yy i/2 du( *' y) ==v(x), 0<z<l 

y--u °y 

393. Show that the general solution of the partial differen- 
tial equation 

Uxx — yU V y— Y«j, = 0, l/>0 

has the form 

«* (*, y) =/,(* + 2»v») + M* - W 2 ) 

where f t and / 2 are arbitrary twice continuously differen- 
tiable functions. 

394. For the equation considered .an Problem 393 find 
the solution u (x, y) satisfying the conditions 

u {x, 0) = x (x), 0<a;<l; | lim u y |<: <». 

y->+0 
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395. For y > find the solution of the equation considered 
in Problem 393 satisfying the conditions 

u(x, 0)=x(x), lim y 1 ' 2 -£- = v (x) 

396. Show that the general solution of the hyperbolic 
partial differential equation 

"" 2^ + ^ = (21) 



dx* dx i dyi l dy 

has the form 

u (x, y) = (x + y) cp (x — y) + (x — y) i|> (x + y) + 

+ Pi (* — y) + *i (a + J/) 

where tp, tp^ \p and \pj are arbitrary functions possessing 
partial derivatives up to the fourth order. 

397. For equation (21) find the solution of the Cauehy 
problem with the conditions 

U (X, 0) = T (x), Uy (x, 0) = 

Uyy {X, 0) = 0, Uyyy (X , 0) ~ 

398. Determine the solution u {x, y) of equation (21) 
satisfying the conditions 

u (x, x) = t x (x), u (x, — x) = t 2 (x) 

xi(0)=t 2 (0), x;(0)=t;(0) 
t;(0)=t,(0)=t 4 (0), t;(0) = t;(0) ;js 

., - / 3N 

399. Show that the general solution of the partial diff8$«lf 
tial equation 

i!fL £!fi— =0 (22) 

dx 3 dxdy* v ^ ' 
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has the form 

"■ (z, y) = A <* + y) + ft & — y) + f s (y) 

where / n / 2 and / 3 are arbitrary sufficiently smooth functions. 

400. Is the problem of determining the solution of equa- 
tion (22) with the data 

u (x, 0) = <p x (x), Uy (x, 0) = <p a (x), u yy (x, 0) = cp 3 (x) 

well-posed? 

401. Determine the solution u (x, y) of equation (22) 
for the data 

" (0, y) = <Pi (y), u x (0, y) = q> 2 (y), u xx (0, y) = cp s (y) 



Chapter 4 

PARABOLIC PARTIAL DIFFERENTIAL 
EQUATIONS 



§ 1. Heat Conduction Equation 

As was mentioned in § 4 of Chapter 1, under certain 
assumptions the study of such phenomena as conduction 
of heat, diffusion etc. leads to the equation 

n 

2 u x . Xi —u t -^o (i) 

known as the heat conduction equation; this is a typical exam- 
ple of a parabolic partial differential equation. 

Let D be a domain in the space of the variables {x, t) 
possessing the property that its intersection with every 
plane t=T where T a ^i T <! T x is a simply connected 
rc-dimensional domain in the space of the variables x ly . . . 
. . ., x n . Let us denote by S the union of the lateral part 
of the surface bounding the domain D and its lower base 

t = r . 

The so-called first boundary-value problem or the Dirichlet 
problem for equation (1) is stated as follows: it is required 
to find the solution u (x, t) of equation (1) regular in the do- 
main D including Us upper base t — T x and assuming pre- 
scribed values on S: 

u \s = <P (2) 

where <p is a given function. 

The so-called second boundary-value problem (the Cauchy- 
Dirichlet problem) can also be stated for equation (1): it 
is required to determine the solution u (x, t) of equation (1) 
regular in the half-space t > and satisfying the condition 

u (x, 0) = <p (x) (3) 

where (p (a: lt . . ., x n ) is a given function. 
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402. Derive a partial differential equation for the function 
v (1, n) = u (rj, % — ar\) where a is a constant and u (x, t) 
is a solution of equation (1). 

403. Show that the function u (x, t) defined as the sum 
of the series 

oo 

u (x, = 2 TT A " T (*!• ■•••*») ( 4 ) 

ft-0 

such that it can be differentiated termwise the required 
number of times is a solution of equation (1). 

404. Verify directly that the function 



£ to<) = 77=W exp 



2 (zi-yt)* 

i-l 

4 ('-'.) 



where y lt . . ., y n are real parameters, is a solution of equa- 
tion (1) for t > t . (This function is called the fundamental 
(elementary) solution of equation (1).) 

405. Show that if u (x, t) is a solution of equation (1) 
then so is the function u (kx, kH) (k = const) in the whole 
domain of its definition. 

406. Prove that for equation (1) there holds the following 
extremum principle: a solution of equation (1) regular in a do- 
main D with boundary S and continuous in D (J S attains 
its extremum on the boundary S of D. 

407. Prove the uniqueness property for the solution of 
Problem (1), (2). 

408. Prove that for n — 2, in the prismatic domain D: 
< t < T, < Xj < l v < x % < l 2 , the function 

u(x x , x 2 , = exp[— n 2 (-p- + ir) ^ j sin-^^- sin -^£L 

where i and ;' are natural numbers, is the solution of equa- 
tion (1) satisfying the conditions 

u(x lt x 2t 0) — sin }' sin ' * _ , u|cj = 



where o is the lateral part of the surface bounding of the 
domain D. 
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409. For the rectangle < tf < T , 0<x<n construct 
the solution it (x, i) of the equation 

u xx — u t = (1') 

regular in that rectangle and satisfying the boundary condi- 
tions 

u (0, t) = u (Jt, t) =0, < f'< T 

u {x, o.) = (p (x), o <; x <; it 

where cp is a given sufficiently smooth function. 

410. Show that the function 

u(x,t)= T ±=-\<p(y)e 4f dy, t>0 

— oo 

where cp (i/) (— oo <; y < oo) is a given bounded contin- 
uous function, is the solution of equation (1') satisfying 
the condition 

u (x, 0) = q> (x), — oo <j<oo (3') 

411. Show that for a solution u (x, t) of equation (1') 
regular in the half-space t > there hold the inequalities 

ro< u (x, *)•< M 
where 

m = inf u (x, 0), M = sup w (x, 0), — oo < a; < oo 

412. Prove the uniqueness of the solution w (x, i) of 
Gauchy-Dirichlet problem (1'), (3'). 

413. Verify directly that the function 

i 
u(x, t)= \ v(x t t, x)dx 

i) 
where 

» («— v) a 

« (x, t, t) = JL - f e~ 4ct - x) g (», T) dy, * > T 

— OO 

and g {x y t) is a given bounded continuous function defined 
for — oo <; x < oo, — oo < t< oo, satisfies the equation 

u xx — u t = —g (x, t) 
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414. For the rectangle < i < T , < x < 1 reduce 
the first boundary-value problem for the equation 

u xx — u t ~f <x, t) (5) 

with non-homogeneous conditions 

u (0, t) = a (t), u (1, *) = p (*), < t < r 

on the sides x — and 2 = 1 of the rectangle to the first 
boundary- value problem with new homogeneous boundary 
conditions on these sides. 

415. Construct a particular solution of equation (5) for 
the case when 

f (x, t) — sin nx f n (t) 

where f n (t) is a given continuous function. 

416. For t > T construct the solution of the Cauchy- 
Dirichlet problem for equation (1) with the condition 

w (x, T) — e*i cosh x 2 

Extend the given data to the whole x-axis in a proper 
manner and solve the following problems: 

417. u t = a?u xx , 0<x<oo, t > 0, 

u (0, t) = 0, t > 0; u (x, 0) = <p (x), 0<x <ao. 

418. u t = a?u xx , <; x <; 00, t > 0, 

u x (0, t) = 0, i > 0; w (x, 0) = <i> (x), 0<x< 00. 

419. u t = a a «a; X — ftu, < a; < 00, £ > 0, 

u (0, = 0, t > 0; u (x, 0) = (p (x), < x < 00. 

420. u< = a 2 ^ — hu, <c x <; 00, t^>0, 

u x (0, = .0, t > 0; ii (x, 0) = cp (x), < x < 00. 

421. U| = a 2 u xx + f(x, t); 0<x<oo, t > 0, 

u (0, = 0, i > 0; u (z, 0) = 0, < a; < 00. 

422. u t = o 3 ^ 4- / (x, f), < a; < 00, t > 0, 

u x (0, = 0, t > 0; u (x, 0) = 0, < a; < 00. 

423. u t = cfiuxx — /m + / (x, 0, 0<x<oo, t > 0, 
u (0, = 0, * > 0; u (x, 0) = 0, < x < 00. 

424. u* = a l u xx — hu + f (x, t), < x < 00, * > 0, 
u x (0, = 0, £ > 0; u (3, 0) = 0, < x < 00. 

425. u t = a 2 u xx — hu + f (x, t), < x < 00, t > 0, 
: u (0, t) = 0, t > 0; u (a:, 0) = q> (x), < x <oo. 

426. u, = a?u xx — hu + f (x, t), < x <! 00, 2 > 0, 
w x (0, = 0, <> 0; u (x, 0) = (p (a:), < x < 00. 



427. u 

428. u 

429. u 

430. u 
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Let D be the domain in the space of the variables x, y, t 
bounded by the planes t = and t = T > and by the 
circular cylinder S: X s + y 2 = 1. Determine the solutions 
u (x, y, t) of the equation 

U XX + Uyy — U t ~ . 

regular in D and satisfying the following conditions: 
s = — At, u {x, y, 0) = 1 — x 7 - — y 2 . 
i s = -32t a - 16t, u (x, y, 0) = 1 - (x a + f/ 2 ) 2 . 
8 = 1 + 4i, it (x, y, 0) = x* + y*. 

, s — e 2(+C0«H.+ 3 in V) o < cp < 2ji; 
u (x, v, 0) = e x+v . 

431. «J a = J'7, (1), u'(x, i/, 0) = /„ (r), r* = x* + ff «, 
where / (r) = / (ir) and J is Bcssel's function of order 
zero. 

Construct the solutions of the Cauchy-Dirichlet problem 
for equation (1) satisfying the following conditions: 

432. u (x, 0) = sin lx x . 

433. a (x, 0) = cos lx x . 

434. u (x, 0) = cosh Zij. 

435. u (x, 0) = sinh lx t . 

436. u (x, 0) = sin l^ sin Z a x 2 . 

437. u (x, 0) = sin l x x x cos l t x % . 

438. u (x, 0) = cos l 1 x 1 cos Z n x n . 

439. u (x, 0) = cos l i x 1 sin Z 2 x 2 . 

440. u (x, 0) = sin l x x t sin Z 2 x 2 . . . sin l n x n . 

441. it (x, 0) = sin l^x^ -\- cos l n x n . 



§ 2. Some Other Examples of Parabolic 
Partial Differential Equations 

442. Find the general solution of the equation 

a z u xx -f- 2au xg -\- u yy = 0, a = const 

443. Show that the function 

7-0481 
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where A = -^-7- H- -3-5- and x(x, y) is an arbitrary polyno- 
mial in the variables x and t/, satisfies the equation 

U X x + u yy — P u t = 0» P ~ Const 

444. For t > 1 solve the Cauchy-Dirichlet problem 

"** -H "yy — "< = 
U (X, y, 1) - 1 - (Z 2 + # 2 ) 2 

445. Express in quadratures the solution u (cc, i) of the 
Cauchy-Dirichlet problem 

Ujj — pu t = 0, p — const > 
u (x, 0) = (f (x), —00 < a: < 00 

in the half-plane t > 0. 

446. For the half-plane x < by find the solution of the 
Cauchy-Dirichlet problem 

b 2 U XX + 2bU X y + Uyy + lU X = 

w (z> -f-) -fW' — oo<a;<;oo 

where <p is a given bounded continuous function. 

447. Consider the equation indicated in Problem 446 in 
the parallelogram bounded by the straight lines y — x/b, 
y = xlb -|- 1, y = and y = 1. For this parallelogram find 
the solution u (x, y) of the equation satisfying the bound- 
ary conditions 

u (x, ~\ = qj(#), 0<><;& 

u (x, 0) = 0, — b < z < 0; u (it, 1) = 0, < x < 6 

where tp is a given sufficiently smooth function. 

448. For the rectangle bounded by the straight lines 

.z = 0, iE~JT,jr = and y = T > find the solution 

u (x, y) of the equation 

p 2 
Uxx + pux — u 3 + J j-u = 0, p = const 



Ch. 4. Parabolic Partial Differential Equations 99 

satisfying the conditions 

»(0, y) = «(n, y) = 0, 0<y<r 

— £■* 
w (£, 0) = sina>e 2 , 0-^.x^n 

449. For the equation considered in Problem 448 express 
in quadratures the solution of the Cauchy-Dirichlet problem 

u (x, 0) = cp (x), — oo < x < oo 

and find the conditions on cp (x) guaranteeing the existence 
of the integral in the expression of the solution obtained 
in a formal manner. 

450. Show that the functions 

e~ ht Jh ftr) cos ky 
and 

e~ M J k (Ir) sin &cp (k = 0, 1, . . .) 

satisfy the equation 

u xx + u yi/ — ■ hu t — 0, A, = const 

where a; = r cos q>, y = r sin <p and / fc is Bessel's function 
of an integral order k. 

451. For the domain D lying in the space of the variables 
x, y, t and bounded by the planes t = and i = T > 
and by the circular cylinder x 2 + y a = (VA) 2 nnt * the solu- 
tion u (x, y, t) of the equation considered in Problem 450 
which satisfies the conditions 

u [x, y, 0) = J (%r) 

u\x'+y2=(%J},y- = 

where / (2) is Bessel's function of order zero and J^ is its 
root. 

452. Determine the type of the equation 

AAu-^- = (6) 

and show that the function 

CO 

fc-0 
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where % (x) is an arbitrary infinitely differentiate function 
and the series on the right-hand side can be differentiated 
termwise the required number of times, is a solution of 
equation (6). 

Construct the solutions of equation (6) satisfying the fol- 
lowing boundary conditions: $ 

453. u (x, 0) = P n (x) where P n (x) is a polynomial of 
tbe nth degree in the variables x lt . . ., x n . 

454. u (x, 0) = sin J^ cos l n x n . 

455. Determine the type of the equation 

AA»— J£- = (T (7) 

and show that the function 

ft-0 ft-0 

where x and v are arbitrary infinitely difierentiable functions 
and the scries on the right-hand side CRn be differentiated 
termwise the required number of times, is a solution of 
equation (7). 

Find the solutions of equation (7) satisfying the following 
conditions: 

456. u (x, 0) = P„ (x), u t (x, 0) = 0, where P n (x) is 
a polynomial of the reth degree. 

457. u (x, 0) = sin x lt u t (x, 0) = cos x±. 



Chapter 5 

BASIC PRACTICAL METHODS 

FOR THE SOLUTION 

OF PARTIAL DIFFERENTIAL EQUATIONS 



§ 1. The Method of Separation of Variables 
(The Fourier Method) 

The Fourier method of -separation of variables is used for 
the construction of the solutions of the so-called mixed 
problems for a wide class of partial differential equations. 

Let us denote by D a domain in the space of the variables 
x lt . . ., x n , t bounded by the plane t = and by a cylin- 
drical surface S, whose generators are parallel to the it-axis, 
which lies in the region where the equation 

ii n 

+ C(x)u— a («)«« — P(*)»t — y(t)u = (1) 
is defined. 

n 

Let us suppose that the quadratic form 2 -^ */ ( x ) ^t^j 

is positive definite and that the coefficient a (t) is either 
greater than zero or identically equal to zero; in the latter 
case we shall assume that the inequality fJ (t) > is fulfilled. 
Under these assumptions equation (1) is either hyperbolic 
or parabolic respectively. 

The general mixed problem (the boundary-initial-value pro- 
blem) for equation (1) is stated as follows: it is required to 
determine in the domain D the regular solution u (x, t) of 
the equation satisfying th# boundary condition 

n 

y. a i {x)u xt + b{x)u = Q 1 x£S, *>0 (2) 

and the tnitial conditions 

u(x, 0) = <f (z), u t (x, 0) = i|) {x) (3) 
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in the case of a hyperbolic equation and the initial condition 
u (x, 0) = cp* (x) (4) 

in the case of a parabolic equation. 

For the sought-for solution to be continuous in D includ- 
ing its boundary, the data in conditions (2), (3) and (4) 
should be coherent in a certain sense. 

The basic idea of the method of separation of variables 
is the following. 

A non-trivial solution u (x, t) of equation (1) satisfying 
boundary condition (2) is constructed in the form of a pro- 
duct of two functions T (t) and X (x) — X (x v . . ., x n ): 

u (x, t) = T (x) X (x) (5) 

On substituting expression (5) for u (x, t) into equation (1) 
and into boundary condition (2), we obtain 

rt n 

-Y17j-[ 2 A l] (x)X Xiaj +y : B i [x)X x . + C(x)X] = 

"i, j = l 1=1 

±r- [a (t) T" + f> (t) r + Y (*) T] = - X = const, (x t t)£D 



- T(l) 

(6) 
and 

\f.a t (x)X Xi + b(x)x\T(t) = 0, x£S, t^O (7) 

Since X (x) and T (t) are ot identically equal to zero, 
equalities (6) and (7) yield 

a (t) T" + P (t) T' + [y it) + X] T = 0, t > (8) 
1: A u (x)X XiXi + j\B t (x)X Xi + 

i, j = l i = i 

+ [C{x) + X]X = 0, xed (9) 
and 

S a l (x)X Xi + b(x)X = l . x£s (10) 

i=l 

where d and s are the projections of the domain D and of 
the surface S on the plane t — respectively. 



Ch. 5. Solution of Partial Differential Equations J03 

A value of X for which boundary-value problem (9), 
(10) possesses a non-trivial solution X (x) is called an eigen- 
value and Hie solution X (x) itself is called an eigenj unction. 

The set of all eigenvalues of problem (9), (10) is called 
the spectrum, and the problem of the determination of the 
spectrum and of tbe system of oigenf unctions corresponding 
to the spectrum is referred to as an eigenvalue problem. 

In many cases the spectrum of problem (9), (10) is count- 
able: 

^i < K, < • • • < ^h < • • • , lim X h = <x> 

ft-»oo 

and the corresponding linearly independent system of eigen- 
functions 

X, (x), X 2 (x) (11) 

is complete. Only these cases will be considered in what 
follows. 

Let us denote by T k (t) the general solution of ordinary 
differential equation (8) corresponding to X = X h in the 
case when a (t) > 0: 

T h (I) = a h T hl (t) + p ft T ft2 (t) (12) 

where a h and p% are arbitrary real constants and T hl (t) 
and T k2 (/) arc the solutions of equation (8) satisfying 
the conditions 

Tki (0) = 1, n, (0) = 0; T ki (0) = 0, T h , (0) = 1 (13) 

For oc (t) » 0, (} (t) > the general solution T h (x) of 
equation (8) has the form 

T h (t) = at T kl (t) (12') 

where 

T kl (0) = 1 (13') 

and a k is an arbitrary constant. 

It is evident that a function u (x, t) of the form 

u{x,t)=y i T k (t)X h {x) (14) 

is a solution of equation (1) satisfying boundary condition 
(2) provided that the series on the right-hand side of equal- 
ity (14) and the series obtained by means of the termwjse 
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differentiation of series (14) the required number of limes 
are all uniformly convergent. Let us impose on formula 
(14) the condition that the function u (x, t) should also 
satisfy initial conditions (3) or (4); then we obtain 

S a h X h (x) = q> (x) , ■ S B ft X ft (x) = i|> (x) (15) 

ft-l A-l 

or 

SoUk(*) = <P*(*) {(^') 

ft-i 

respectively. 

In the case when system of eigenfunctions (11) is complete 
and orthonormal we obtain the following formulas for the 
coefficients a A , p ft and a% from (15) and (15') respectively: 

a k = j <p (*) Jf k (*) dr„ p ft - j 4 ft X ft (x) dT x (16) 

arid :■' 

<rf=j<P* (*)**(*)<&, (16') 

d 

On substituting the values of a&, (3 ft and dj determined 
by the formulas (16) and (16') into (12) and (12'), respective- 
ly, we find T h (t). Consequently, formula (14) expresses 
the solution of the mixed problem stated above. 

In the case n = 1 equation (9) is an ordinary linear differ- 
ential equation of the form 

A (x) X" + B (x) X' + W (x) +1]X«0 ; 

(17) 
A (x) = A lt (xj), x 1 = x 

and the domain D coincides with the half-strip < x < Z, 
t > while boundary condition (10) assumes the form 

aiX'W) + b x X{0) = 0, a^X' (1) + b^X (t) = (18) 

where a h and b h (k •= 1 , 2) are constants because in this 
Case boundary condition (2) has the form 

a lUx (0, t) +.&,!». (0, *=0. 

. (19) 
aji x {I, t) +.b t u (/, t) = k 
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The spectral problem determined by (17), (18) is referred 
to as the Sturm-Liouville problem. In the general case the 
investigation of Sturin-Liouville problem (17), (18) is rather 
intricate. It becomes still more difficult in the case when 
the coefficient A {x) turns into zero at separate points of 
the interval of variation of the variable <c. In such cases 
it is necessary to introduce the so-called special functions. 
If n = 1 and the coefficients of equation (1) are constant 
the solution of Sturm-Liouville problem (17), (18) can be 
expressed explicitly. For instance, in the case of the equa- 
tion of oscillation of a string 

"** — ■£»• «u = 0. « = const 

equations (8) and (17) have the form 

T" (t) + a 2 Xr (<) == (8') 

and 

X' (a?). + XX (z) = 0, < x < / (17') 

respectively. For the sake of simplicity, we shall assume 
that the coefficients in boundary conditions (18) are a x = 
= a 2 = 0, b t = & 2 = 1 and that I = n, that is 

X (0) =0, X (it) - (18') 

The spectrum of Problem (17'), (18') coincides with the 
sequence of all natural numbers, and the corresponding 
system of linearly independent eigenfunctions X^ (x) = 
— sin kx (k — i, 2, . . .) is complete in the interval (0, ji). 
As to the solution T h (t) of equation (8') corresponding 
to % = fc 2 , it is given by the formula 

T h {t) =• a h cos akt + (5* sin akt 

Under the same assumptions, in the case of the heat 
conduction equation 

a^Uxx — Wj = 

the eigenfunctions are again equal to X k (x) = sin Itx 
(ft =1,2,...) and 

T h {t) = ate-»° i \ /fc = l,2, ... 

since in this case equation (8) has the form T + a*&*T = 0. 
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The method of separation of variables also makes it pos- 
sible to construct the solutions of mixed problems in those 
cases when the given partial differential equation and the 
boundary conditions are non-homogeneous. 

We shall limit ourselves to the study of the following 
non-homogeneous mixed problem. Let us consider the par- 
tial differential equation 

Ux X -^u a = f(x,t) (20) 

with the boundary conditions 

a i u x (0, t) + b t u (0, t) = u. (t) 

a 2 u x (l,t)+b 2 u(l,t) = v(t) (21) 

al + bl^0, fc = l,2 
and the initial conditions 

u (x, 0) = <p (a;), u t (x, 0) = if (x) (22) 

It should be noted that under some additional assumptions 
concerning a lt b 1 , a 2 and 6» there exist constants y\, y 2 , 
y 3 , 6,, 5 2 and 8 3 sucK that the transformation of the sought- 
for function expressed by the formula 

u(x, t) = v (x, t) ~\- w (x, t) 
where 

w (x, t) — {y^x 2 -|- y^x + y. 6 ) u. (t) + (o> 2 + b 2 x + 6 3 ) v (t) 

reduces problem (20), (21), (22) to the mixed problem for 
the equation 

v xx -±v u = F{x,t) (20') 

with the homogeneous boundary conditions 
a l v x (0, + bfi (0, t) = 0, 



(21') 
a 2 v x (I, t) + b z v (I, t) = 

and the initial conditions 

v (x, 0) - ^ (x), v t (x, Q) = ti (x) (22') 

where 

\ 

y (X, t) = f (x, t) — W xx + ^!f„ 
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and 

"Pi (*) = cp (a;) — w (x, 0), ij)j (a;) = tp (x) — «?, (x, 0) 

We shall assume that there exists a complete orthonormal 
linearly independent system of eigenfunctions X k (x) (k — 
— 1, 2, . . .) of the Sturm-Liouville problem 

X' + XX = (23) 

ayX' (0) + \X (0) = 0, a t X' (Z) + ft„X (0 = (24) 

Let us represent the functions F (x, J), <p x (a 1 ) and tJ> x (z) 
as the sums of the series 

F(x,t)=y i c k (t)X h (x) (25) 

and 

<Pi (*> = § d fc X k (x) , % (*) = § e*X fe (*) (26) 

We shall construct the solution of Problem (20'), (21'), 
(22') having the form 

i>(x t t)=%T h (t)X h (x) (27) 

On substituting the expressions of F (x, f), cp x (a:), ipj (a;.) 
and v (x, t) given by the formulas (25), (26) and (27) into 
equation (20') and conditions (22'), we obtain 

2 [ T h (0 XI (x)—^n (t) X h (*)] = 2 c h (t) X h (x) (28) 

fe=i ft-i 

and 



2 7\(0)X ft (z)= SttW, 

§ n(0)X h (*)= 5 e k X k (*) 
fc=l ft=l 



(29) 



On the basis of (23) we can rewrite equality (28) in the 
form 

f. [Tk{t)+a^J h (t)]X k {x) = -at § M'W*) ( 28 ') 



108 Conditions of the Problems 



By virtue of the linear independence of the system of 
the functions X h (x) (k = 1, 2, . . .) we obtain from (28') 
and (29) the following problem for the determination of 
the function T h (t): 

n m + <n u T h (t) = ^a* Ch (t) 

T h (0) = d k , T h (0) = e h 

The solution of the last problem can easily be found and 
expressed in quadratures. 

On condition that the functions F, <pj and i^ are such 

that the series 2 ^a (*) %k ( x ) and the series obtained 

by means of the termwise differentiation of 2 ^ft (*) ^s (*) 

the required number of times are uniformly convergent, 
the substitution of the values of T h (x) found above into 
the right-hand side of (27) results in the sought-for solution 
of Problem (20'), (21'), (22'). 

Let us consider the special case when the right-hand 
member of equation (20) is a function dependent solely 
on one variable x: 

/ (x, t) « / (*) 

We shall also suppose that the right-hand members in 
conditions (21) are constant: u, = u = const and v = v = 
= const, and that the condition 

aj> x — a t bj, — bjb t l =/= (30) 

holds. Then the change of the sought-for function expressed 
by the formula 

w (x, t) — v (x, t) -f ip (x) 
where 

w" {x) = / (ar) (31) 

ajw' (0) -f bjW (0) — (i , a 2 w' (l) + b^w (I) — v 

reduces Problem (20), (21), (22) to the mixed problem for 
the homogeneous equation 

v«r— Tr^l^O 
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with the homogeneous boundary conditions 

fliVx (0, + b x v (0, t) = 0, 0,1?,. {I, t) + b 2 v (I, = 
and the initial conditions 

v (x, 0) = cp (x) — w (a;), v t (x, 0) = tp (x) 

Finally, in the case when condition (30) is fulfilled the 
new problem (31) is always solvable. 

The method of separation of variables is also used for 
constructing solutions of certain classes of elliptic partial 
differential equations. 

1°. Problems for Wave Equation 

458. Construct the class of the solutions u (x, t) of the 
form u (x, t) = v (x) w (t) for the equation of oscillation 
of a string u xx = u tt . 

459. For the half-strip a < x < b, t> construct the 
solution of the boundary-value problem 

u xx = u,i, u (a, t) = u (b, t) = 

Is the solution of this problem unique? 

460. For the half-strip < x <c n t t > solve the prob- 
lem 

u xx = u u , u (0, t) = u (it, = 

u (x, 0) = cp (x), u-t (x, 0) = ip (x) 
where cp (x) (cp (0) = cp (n) = 0, cp" (0) = cp" (ji) = 0) and 
ip (x) (tJj (0) = ip (ji) = 0) are sufficiently smooth functions 
(this is the so-called basic mixed problem for the equation 
Uxx = u tt ). 

461. Does the solution of Problem 460 possess the 
uniqueness property? 

462. For the strip < x < it, — oo < t < oo find the 
natural vibrations (harmonies) corresponding to boundary- 
value problem 

U xx = u tt , w (0, t) = u x (n, *) = 

For the equation w i( = a^u xx find the solutions of the mixed 
problems in the half-strip' <; x < Z, £ > satisfying th6 
following conditions: 

463. u(0,£) = u(i,0 = 0, 

u (x t 0) = 0, w, (x, 0) = sin — x. 
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464. u(0,t) = u(l,t) = 0, 

u (x, 0) = cp (x) , u t (x, 0) — \p (x). 

465. u(0,t)=u x (l,t) = 0, 

u (x, 0) = sin -si- x, u, (x, 0) ^cos-^j-x. 

466. u(0, t) = u x (l, t) = 0, 

u(x, 0) = x, u ( (x, 0) = sin -^j-x + sin-^-x. 

467. u s (0, <) = »(/, = 0, 

w (x, 0) = COS -^r X, u t (x, 0) = COS -^r- X + COS -^t- x. 

468. w s (0, = u (J, f) = 0, u (x, 0) = rp (z), 
w, (a:, 0) = ■$ (x). 

469. u a (0, = u x (I, t) = 0, u (a;, 0) = x, 
u t (ar, 0) = 1. 

470. u x (0, t) <= u* (I, ()rrO, u (x, 0) = <p (ar), 
u t (x, 0) = ip (a;). 

471. a (0, <) = u x (I, t) + hu (I, t) = 0, 

u (x, 0) = <p (x), u ( (x, 0) = ij) (x), /i > 0. 

472. u x (0. *) = u x (/, t) -!- hu (I, t) = 0, 
u (x, 0) = 0, u t (x, 0) = 1, ft > 0. 

473. u* (0, i) — to (0, t) = u x (I, t) = 0, 

u (x, 0) — cp (x), u t (x, 0) = lp (x), ft > 0. 

474. u x (0, i) — hu (0, i) = w K (I, t) + hu (I, t) = 0, 
u (x, 0) = cp {x), u t (x, 0) = ip (x), ft > 0. 

For the half-strip < x < Z, f>0 solve the following 
mixed problems: 

475. u tt = atuxx + f (x), u (0, t) = a, u (Z, *) = p, 
it («, 0) = u t (x, 0) = 0. 

476. u n = a 2 ««* + / (s)i w« (0. <) = a, u x (I, t) — p\ 
u (x, 0) = <p (x), w, (x, 0) = ip (x). 

477. u, t = aX, + /(x), 

u s (0, f) — hu (0, f) = a, 

u (J, f) = JJ, u (x, 0) = cp (x), w t (x, 0) = \p (x), 

ft>o. 

478. u u = a 2 "** -h / (x), 

u x (<J, = a, «* (J, £) + ftu (J, £) = p, 
u (x, 0) = w, (x, 0) = 0, ft > 0. 
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479. u tt = u xx , 

u x (0, t) — hu (0, t) = a, 

u x (I, t) + hu (I, t) — — a, 

u (x, 0) = 0, u ( (x, 0) = 0. 
Using the substitution u (x, t) = v (x, t) -\- w (x, t) choose 
the function w (x, t) in such a way that the problems below 
reduce to the corresponding problems for a non-homoge- 
neous equation of the form v xx — v n = F (x, t) with homo- 
geneous boundary conditions and with initial conditions 
changed in tho adequate manner: 

480. u xx = u tt , 

u <0, t) = (X (0, u (I, t) = v (t), 
u (x, 0) = cp (x), u t (x, 0) = if (x). 

48i. u xx = u lt , u x (0, t) = p. (f), « (*, = v (0. 
u (a;, 0) = (jp (x), u t (x, 0) = 0. 

482. u xx = u it + f (x, t), 

u (0, t) = n {t), u x (I, I) + hu (Z, t) = v (i), 

w (a:, 0) = 0, u t (x, 0) = o|> (x). 

483. u xx = u tt + j (x, t), 

"■x (0, t) — hu (0, t) = \x {/), A > 0, u x <Z, = 

= v (t),- 
u (x, 0) ■-= cp (a;), u t (x, 0) = \|) (a;). 

484. w^j. = Uj(, 

u x (0, i) - to (0, t) =ii (t), u x (I, t) + gu {I, t) = 

- v (t), h > 0, g > 0, 
u (a, 0) = 0, u t (a, 0) = 0. 

For the half-strip <; x <C Z, £ > solve the mixed 
problems for the equation u tt — a?u xx + / (a:, £) with the 
initial conditions u (x, 0) = 0, u t (x, 0) = and with the 
following boundary conditions: 

485. u (0, t) = u {I, t) = 0, / (x, t) = Ae~ l sin -j- a?. 

486. u (0, t) = u (J, = 0, / (x. = 4xe-*. 

487. u (0, = u x (I, t) = 0, / (x, f) = 4 sin f. 

488. u (0, = u x (I, t) = 0. 

489. u x (0, = u (I, t) = 0, / (x, i) = /le- f cos £ x. 

490. Ul (0, t) ■= u x {l, t) -0. 
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Solve the following mixed problems: 

491. u xx — u u , u (0, t) = i a , u (n, t) ■= f, 

u (x, 0) = sin x, u t (x, 0) = 0, < x < n, t > 0. 

492. u xx = u tt , u (0, t) = e~\ u (it, f) = f, 
u (x, 0) = sin x cos a, 

u, (a:, 0) = 1, 0<o:<jx, t > 0. 

493. u ia: = Wjj, u (0, i) = t, u x (it, £) = 1, 

u {x, 0) = sin -j £, u 4 (x, 0) — 1, < a: < n, 

t>0. 

494. w« = a 2 */**, Mi (0, *) = 0, u x (I, t) = Ac'*, 

Aa cosh — i4a cosh — 

u(x,0)= *-*-, M*,0) = 



sinh — ■ ainh — 

0<x<Z, *>0. 

495. u ti — a?u xx + sin 2t, 

2 21 

u x (0, t) = 0, u x (Z, i) = — sin — sin 1i , 

u (x, 0) = 0, u t (x, 0) = — 2 cos — , 

0<x<Z, i>0. 

496. State the problems to which the separation of vari- 
ables of the form u (x, y, t) = v (x, y) w (t) reduces the 
boundary-initial-value problem for the equation 

U XX + Uyy — U U = (32) 

with the conditions 

u (x, y,t) = 0, * > 0, (x, y) 6 C 

(33) 
u (x, y,Q) = <p (x, y), u t (x, y, 0) = \p (x, y), (x, y) £G 

where G is a domain in the xz/-plane with boundary G, and 
<p (a:, y) and ty {x, y) are given continuous functions. 

497. Prove the uniqueness of the solution of the mixed 
problem indicated in Problem 496 (see (32), (33)). 

Consider the equation 

v xx + v va -f A,i> = 0, (x, y) € G (34) 
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with the condition 

v (x, y) = 0, (x, y)£C (35) 

where G is a domain in the zy-plane with boundary C and X 
is a constant parameter. For Problem (34), (35) prove the 
following facts: 

498. The eigenvalues of the problem are positive. 

499. Any two eigenfunctions v h (x, y) and v m (x, y) of 
the problem corresponding to two different eigenvalues A, A 
and % m are orthogonal, that is 

j v h (x, y) v m (x, y) dxdy = for X h =£ X m 

G 

500. For the cases enumerated below, neglecting the 
resistance of the surrounding medium, determine the trans- 
verse oscillation of the rectangular membrane ^ x ^ s, 
0-^y-^P with a rigidly fixed edge: 

(a) the initial deflection of the points of the membrane 
is described by the function sin nx/s- sin ny/p and the initial 
velocity is equal to zero; 

(b) at the initial instant t = the membrane receives 
a concentrated transverse impulse / at a point (x , y ) 
(0 <; x <c s, < t/ <C p) and at that initial moment the 
membrane is at rest; 

(c) the oscillation of the membrane is produced by a trans- 
verse force distributed over the membrane with the density 

/(x, y, t) = e r xsin — y 

501 . Consider a rectangular membrane <; x ^ s, -^ 
< y •< P tne parts x = s, <; y < d and y = p, 0<x<s 
of whose boundary are free while the other partiof thejbound- 
ary is rigidly fixed. Neglecting the resistance of the sur- 
rounding medium, determine the transverse oscillation of 
the membrane for the following cases: 

(a) the oscillation is produced by the initial deviation 
Axy; 

(b) the oscillation is produced by a concentrated impulse / 
received by the membrane at the initial instant t — 
at a point (x , y ), < x < s, < y < p. . 

8-0461 
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2°. Problems for Parabolic Partial Differential 
Equations 

For the half-strip < 2 < Z, / > solve the mixed 
problems for the equation u t = a-u xx with the following 
conditions: 

502. u (0, t) — u {I, t) = 0, u {x, 0) = Ax. 

503. u (0, = u x (I, t) — 0, u (x, 0) = cp (a;). 

504. u x (0, t) - u (?, = 0, u {x, 0) rr-. A (I — x). 

505. u x (0, =- w* (Z, -- 0, u (x, 0) = V. 

506. u,. (0, = a* (/, t) + hu (I, i) = 0, 
ii (x, 0) — <p (x), h > 0. 

507. u x (0, — Aw (0, I) = u (I, = 0, u (a-, 0) = £7, 
fe>0. 

508. u x (0, — hu (0, = w x {I, I) -|- ftu (Z, t) = 0, 
a (ar, 0) = U, h> 0. 

For the half-strip <C x < I, 2 > solve the following 
mixed problems: 

509. u t == a 2 tt KX — [3«, 

u (0, = " ( l i = 0, " (*. 0) ^ cp (x). 

510. u t = a 2 w IJ(: — [iu, 

w(0, t)=.» T (Z, i)==0, w(x, 0) = sin-^-. 

511. u t = « 2 w^ t — (iw, 

u x (0, = w x (I, t) = 0, u (#, 0) = <p (ct). 

512. u t = a 2 ^ — P«, 

m* (0, — hu (0, = "* (I, = 0. " (*. 0) ■■= (/, 
ft>0. 

513. u f — a 2 u xx , 

u (0, = T, u (I, t) = U, u (x, 0) = 0. 

• 514. u t = a z u xx -f / (#), 

u (0, = 0, Wj. (Z, = ?. « (*, 0) = rp (a.). 

515. uj = aV^, 

w x . (0, = u x {I, t) = q, u (x, 0) = Ax. 

516. u t = a 2 u xx , 

■ u (0, = T, u x (I, t) + hu (I, t) = U, u (x, 0) = 
= 0, k > 0. 

517. u t = a 2 u xx — pu + sin-j- r 

u{0, t) = u(l, = 0, £i(x,0) = 0. 
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518. u t = a?U xx , 

u (0, = 0, u x (I, t) = Ae~ f , u (i, 0) = T. 

519. u t = a*u xx , 

u x (0, t) = At, u x (l,t) = T, u(x,0) = 0. 

520. The initial temperature of a homogeneous hall 
^ r < H of radius R with centre at the origin is equal 
to T. Determine the temperature of the ball for the following 
cases: 

(a) on the surface of the ball a zero temperature is per- 
manently maintained; 

(b) there is a constant heat influx of density q into the 
ball through its surface. 

521. The initial temperature of an infinite bar ^ x 4^ p, 
O^y-^s, — oo <C z ■< oo with a rectangular transverse cross- 
section is described by an arbitrary function / (x, y). Deter- 
mine the temperature in the bar for the following cases: 

(a) the part x — 0, <i y <i s ol the lateral surface of 
the bar is heat insulated while on the other part of the bound- 
ary a zero temperature is constantly maintained; 

(b) on the part x = p, < y ■< s of the surface of the 
bar there is convective heat exchange with the surrounding 
medium having zero temperature, the part y = 0, 0<i< 
•< p of the surface is heat insulated and on the remaining 
part of the surface of the bar a zero temperature is main- 
tained. 

522. In a cube <; x, y, z ^ I there is diffusion of 
a substance whose particles disintegrate at a rate propor- 
tional to the concentration of the substance. Determine the 
concentration of the substance within the cube on condition 
that the initial concentration of the substance in that cube 
is of a constant magnitude U while on the boundary of the 
cube the concentration of the substance is permanently 
equal to zero. 



3°. Problems for Elliptic Partial Differential 
Equations 

523. Find the solutions u (x, y) of Laplace's equation in 
the rectangle Q < x < p, 0<j/<s satisfying the following 
boundary conditions: 

8* 
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(a) u (0, y) = u x (p, y) = 0, u (x, 0) = 0, u (x, s) = 

= /(*): 

(b) Uj; (0, y) = it,, (p, y) = 0, u (a;, 0) = A, i* (a;, s) = 
= Bx\ 

(c) u (0, y) = U, u x (p, y) = 0, u y (x, 0) = T sin ^ , 
u (a:, s) = 0. 

524. Find the solutions of Laplace's equation in the half- 
strip < x < oo, <c y <. I for the following boundary 
conditions: 

(a) u (x, 0) = u. (x, 0=0, u (0, .v) = / (y) t 
u (oo, j/) = 0; 

(b) u ff (x, 0) = u y (x, l)+ku (x, I) = 0, u (0, y) = / (i/); 
u (oo, y) = 0, ft > 0. 

525. Find the functions u (r, cp) harmonic within the 
ring a < r < b and satisfying the following boundary con- 
ditions: 

(a) u (a, cp) = 0, u {b, <p) = cos cp; 

(b) u (a, cp) = A, u (b, cp) = B sin 2<p; 

(c) u r (a, y) = q cos cp, u (6, cp) = Q -f- T sin 2cp. 

526. Find the functions u (r, cp) harmonic in the circular 
sector 0<r<i?, < cp <; a and satisfying the following 
boundary conditions: 

(a) u (r, 0) = u (r, a) = 0, u (R, cp) = Aip; 

(b) u 9 (r, 0) = » (r, a) = 0, u (R, cp) = / (cp). 



§ 2. Special Functions. Asymptotic Expansions 

1°. Some Problems Involving Special Functions 

As was already mentioned earlier, a number of mixed 
problems with one spatial variable often reduce to ordinary 
linear differential equations of the second order whose 
coefficients in the highest derivatives turn into zero at some 
separate points. The solutions of such equations are usually 
referred to as special junctions. 

For instance, the following ordinary differential equations 
belong to the class of equations whose solutions are special 
functions: 
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1. BesseVs equation: 

iV + xv' -f (x* — (i 2 ) v — 0, (A = const 

The solutions of this equation are called BesseVs (or cylin- 
drical) functions of order \i. 

2. Chebyshev's equation: 

(1 — x a ) v" — xv' + rc 2 v = 0, n = const 

The solutions of this equation are referred to as Chebyshev's 
functions. 

3. Laguerre's equation: 

xv" + (i — x) v' 4- Xv = 0, A,"= r const 

The solutions of this equation are called Laguerre's functions. 

4. Legendre's equation: 

(1 — x*) v" — 2xv' + m (m + 1) v — 0, m — const 

The solutions of this equation are called Legendre" s functions. 

5. The equation for the associated Legendre's functions: 

(1 - 1*) v" — 2xv' + ("m (m -f- 1) - j^] *> = 
m = const, tt = const 

527. Prove that Bessel's functions 

CO 

J n(x) = 2i ( — 1) 2»«kfcK»+t)i • »- 1.2, ... 

ft=0 

satisfy the following identities: 

^n.l (*) - '„+! (*) = 2/; (X) 

and 

xJ' n (x) = — 1/„ +1 (a:) + nJ n (x) 

528. Verify the validity of the following integral repre- 
sentation for Bessel's function /„ (x): 

i 



t i \ 2 f cos tx ,. 

/ (x) = j- \ . at 
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529. Prove that 

./; (x) = —j x ( x ) 



and 



1 



530. Verify the validity of the identities 
{a?-Sfi)xJ n {<xx)J n {$x) = 

= "35" [ X/n fc*) "to 7 " (P*) — ^n (P*) "gj ^n («*)] 

and 
2cAc/» (as) = ^ {( a 2 x 2_ w 2) yi (aJB) + [x ~ / n (ax-)] 2 } 

where a and |3 are constants and n > — 1. 

531. For n > —1 prove the following assertions: 
if J n (a) = /„ (p) = then 

l 

\ xJ n (ax)J n (f>x)dx = 0, a=?^=p 

o 
and 

l 

j xJl(ax)dx^~Jl +l (a) 

o 

and if / n+1 (a) = then 
i 

\ xP n (ax) dx — -^J\ (a) 
o 

532. Using the results established in Problem 531, show 
that the roots of the equation J n (x) — (n = 0, 1, . . .) 
can only be real; also prove that the equations J n (x) — 
and /„, (x) = (re, m = 0, 1, . . .) cannot have common 
roots different from zero for n > 0, m- > 0, n =£m. 

533. Prove that the functions 

u n (r, 6) = I n (\xr) cos nQ 
and 

v n ( r i 8) = /„ (|xr) sin w9 
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(n = 0, 1, . . .) where /„ (x) is Bessel's function of a pure 
imaginary argument, that is /„ (x) == i~ n J n (ix) (the func- 
tion 7 n (x) is called a modified Bessel junction of the first 
kind), satisfy the equation 

Au — fi a i/ = (x 2 + y % = r 2 , x = r cos 6, y = r sin 9) 

534. For an arbitrary index re, express Bessel's function 
/„ (x) as the sum of the series 

■M*) = Zj (" -1 ) 2 n+2 ftJtir(« + A+1) 
fe=0 

and derive the formulas 

J i (x)=y — sin a; and ■/ t (a;) — J/ -^- cos a: 

2 2 

535. Show that the change of the variable x — cos 6 
brings Chebyshev's equation 

(1 — x 2 ) v" — xv' + n 2 v = 

to the form 

where « (9) = v (cos 0). 

536. Using the formula 

cos nQ = cos" — ( \ ) cos n " 2 9 sin 2 9 -f . . . 
show that Chebyshev's function 

T n (x) = -i 1 (x + iVT=0) n + {x - i /r^i) 71 ] 

is a polynomial of the «th degree. 

537. Construct Chebyshev's polynomials 

T (x), 7, (z), T 2 (a;) and T 3 (x) 

538. Prove that Chebyshev's polynomials are orthogonal 
with weig' t function 1/]/"! — £ 2 in the interval (—1, 1), 
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that is 

l 



539. Compute the norm 



J Vis* 



of Chebjshev's polynomial T n (x). 

540. Prove that the functions 

£»(*) = -^-£r<* n O; n = 0, 1, ... 

are solutions of Laguerre's equation 

xv" + (1 — x) v' + nv = 

541. Compute the coefficients of Laguerre's polynomials 

L (x), L r (z), L 2 (x) and L 3 (x) 

542. Show that 

\ e~ x L n (x)L m (x)dx = 0, n=&m 
o 

543. Prove that 



H-tJP=j e- r L , „(t)<f*=l 



o 
544. Using the formulas 

uS{x, y t z) = % (-lr-g^-A*^-"); a = 

and 



m 
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find all linearly independent solid spherical harmonics of 
degree 3 dependent on the variables x, y, and z. 
545. Using the formula 



y*( 9i 9) = r m «r (-£-,£,-£-); ft-0, 



2m 



and the results established in Problem 544, find Laplace's 
(surface) spherical harmonics Y% (<p, 8), A = 0, . . ., 6. 

546. Show that Laplace's surface spherical harmonics 
Y* (tp, 8) (for instance, Y\ (tp, 0)) satisfy the equation 

1 d*Y , 1 d i . n 3Y 



9in 2 8 dtp* ^sinQ dQ 



( 8in0 ^) + i 2 r = o 



547, Check that the expressions 

?!(*)-* and ^ (*) = -*-* In -£±i-l 

are Legendre's functions of the first and of the seconl kind 
respectively, that is they satisfy Legendre's equation 

(1 _ (i) v " — 2tv'+m(m + l)v^Q (36) 

for m = 1. 

548. Verify directly that the expressions 

1 -i/3 S)„ l + ^ 

V- 
— l<t<l 



P[(t) = Vi-t 2 and Q\{t) = \ yi_fij„i±*. + _L= r 



are Legendre's associated functions, that is they are solutions 
of the equation 

(l_*2) y "_2*w' + [i»(m + l)- T 2L r ]i; = (37) 

for m = 1, w — 1. 

549. Show that the functions 

are Legendre's polynomials, that is they are solutions of 
equation (36), 
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550. For Legendre's polynomials derive the recurrence 
relations 

(n + 1) P n+1 (t) - (2re + 1) tP n [t) + nP n _, (t) = 

and 

551. Prove that for m = 0, 1, ... the functions 

m 

Pm {t) = 2 (H^nX [(1 - *>* + ( - 1)m (1 + t)h] (38) 

are Logendre's polynomials. 

552. Using the expression tor P m (t) indicated in Prob- 
lem 549 check the orthogonality of Legendre's polynomials, 
that is prove the equality 

i 

jP m (t)P n (l)dl^0, m^n 
-l 

553. Verify that the norm of P m (t) (see Problem 549) 

is expressed by the equality 

554. Show that the product by 15 of the factor dependent 
on which is contained in the expression of Laplace's spher- 
ical harmonic Y!j (<p, B) (see Problem 545) is equal to Legen- 
dre's associated function of the first kind P 2 S (cos 6) = PI (t), 
that is this product is a solution of equation (37) for m — 3, 
re = 2. 

555. Show that if v (t) is n solution of Legendre's equation 

(36) then Iho function y -- -t-j is a solution of the equation 
(1 _ t z ) y" — 2 (n + 1) ty' + (m — n) (m + n + 1) y = 

556. Verify directly that for Legendre's functions of the 
second kind there holds the representation 
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557. Chock directly by computation that the function 
P\ [t) = 3i |/l — t 2 , — 1 < t < 1, is Legendre's associated 
function of the first kind. 

558. Using the result established in Problem 555, show 
that the functions 

P^(t) = {i-t*r^P m {t), -V<t<l 

where m is a nonnegative integral number, are Legendre's 
associated functions, that is they are solutions of equa- 
tion (37). 

559. Show that Legendre's associated functions of the 
second kind Q% {t) can be represented in the form 

Ql (t) = (1 - tT<* ^r <?»« (0, - K *< 1 

560. Check directly that 

ji 
p m (cos 9) = -i- f (cos 9 + 1 sin cos t) m dt (39) 

o 

561. Using representation (39), show that 

\P m (t)\<U -l<t<l 

for any integral m ^ 0. 

562. Show that Legendre's polynomial P m (x) is orthog- 
onal to any polynomial of degree less than m in the interval 

(-1, !)• 

563. Show that P m (1) = 1, P m (-1) - (-l) m ; m = 

=-- 0, .1, . . . 

564. Using the result established in Problem 560, compute 

Pm (0). 

565. Verify directly that the functions of the form 



u(x, y, z)= \ f (z-\-ix cos t + iy sin t, t) 



dt 



where / (t, t) is an arbitrary fuuetion analytic with respect 
to t and continuous with respect to t, are harmonic. 
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566. Prove that there holds the equality 

~ \ (z -J- ix cos t + iy sin t) m dt = r m P m (cos 0) 



—n 
where x = r cos <j> sin 0, y = r sin q> sin 9, z = r cos 6. 
A solution y (z) of an ordinary differential equation 

L (y) « p (z) z," + g(i)j'-fr(!)j = 

can sometimes be conveniently found in the form of an 
integral 

y{z)^\K{z,t)v{t)dt (40) 

c 

where C is a piecewise smooth contour, K (z, t) is an analytic 
function of the variables z and t satisfying a partial differen- 
tial equation of the form 

p (z) K 2Z + q (z) K z + t (z) K = 

= a (t) K u + h (I) K t + c (t) K 

and v (t) is a solution of the equation 

(ao) 1t - (bv)t + cu = (41) 

567. Show that Bessel's equation 

*V + *y' + (z a - * 8 ) y = (42) 

possesses a solution expressed by formula (40) in which 
K{z, *) = =F — e-" aln ' 

For this case write down equation (41) and its solutions. 

568. Let the contour C (see formula (40)) lying in the 
complex plane of the variable t — £ -f- in. be expressed by 
the relations 

6 = 0, -oo < i\ < 0; -n < I < 0, n. = 0; 

£ = — JX, < T] < OO 

or 

| = 0, -oo < T) < 0; < I < ji, n = 0; 

| = «, 0< T) < OO 
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and let K (z, t) = — e - izaint /n or^K (z, t) = <?-«<"* */n re- 
spectively. Find the solutions of equation (42) in the form 
of integrals. These solutions are called UankeVs functions 
(or Bessel's functions of the third kind) and] are denoted 
H£'(z) and H'f{z) respectively. 

569- Using the fact that Bessel's function J n (z) is ex- 
pressed in terms of Hankel's functions in the form 

j n {z)=\uw(z)+m l {z)\ 

and taking into account the result established in Problem 
568, derive the integral representation 

Jn (z) = — J cos (z sin I — n|) di 

for Bessel's function J n (z) with integral index n. 

570. Prove that for integral indices n we have 

/_„ (z) = (-ir Jn (*) 

571. Using the representation 

y„ (z) =— j cos (z sing — nl)d% 

show that Bessel's functions with integral indices are uniform- 
ly bounded for the real values of z. 

572. Prove the harmonicity of the function 

31 

u (x, y,z)—-^- [ e^+i* 8tl > t+iv C03 ^e tmi dt 
-n 

and the validity of the equality 

u {x, y, z) = W*j_ m (Xp) 

where X is a real constant, m is an integral number, x = 
— p cos <p and y = p sin q>. 

Using the method of separation of variables (and special 
functions) solve the following problems: 

573. Neglecting the resistance of the surrounding medium, 
consider a process of transverse oscillation of a homogeneous 
circular membrane of radius R with a rigidly fixed edge 
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and centre at the origin. Determine the oscillation of the 
membrane for the following cases: 

(a) the oscillation is produced by the initial deflection 
/ (r) = A (R 2 — r 2 ) of the membrane; 

(b) the oscillation is produced by a constant initial 
velocity U of the points of the membrane. 

574. For the cases enumerated below find the distribution 
of temperature in au infinite homogeneous circular cylinder 
of radius R whose initial temperature is equal to Ur 2 : 

(a) the surface of the cylinder is heat insulated; 

(b) on the surface of the cylinder there is convectivejheat 
exchange with the surrounding medium having a zero tem- 
perature; 

(c) on the surface of the cylinder a constant temperature 
of T is permanently maintained. 

575. Let the initial temperature in the homogeneous 
bounded cylinder O^r^yf, 0-^cp^2jx, 0<; z^ / 
be equal to A (R 1 — r l ) z. Determine the distribution of 
temperature in that cylinder at an arbitrary time instant 
t > for the following cases: 

(a) a zero temperature is maintained on the lateral surface 
and on the lower base of the cylinder while the upper base 
is heat insulated; 

(b) a zero temperature is maintained on the upper base 
of the cylinder, the lower base is heat insulated and on the 
lateral surface there is heat exchange with the surrounding 
medium having a zero temperature. 

576. Determine the distribution of temperature in a 
homogeneous ball of radius R and centre at the origin on 
condition that a zero temperature is maintained on the 
surface of the ball and the initial temperature of the ball 
is equal to / (r, 6). 

577. Find the stationary distribution of temperature in 
a homogeneous cylinder (O^r-^/?, <[ <p 4j 2;rc, -^ 
<^ z <1 I) for the following cases: 

(a) the lower base of the cylinder has a temperature of T 
while the temperature of the other part of the surface of the 
cylinder is equal to zero; 

(b) the lower base of the cylinder has zero temperature, 
the upper base is heat insulated and the temperature of the 
lateral surface of the cylinder is equal to / (z); 
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(c) the cylinder contains heat sources with volume den- 
sity Q while the temperature of the surface of the cylinder 
is equal to zero. 

578. A cylindrical hole of radius R is drilled in the un- 
bounded homogeneous plate <; r < oo, -^ cp -^ 2xc, 
-^ z ^ I, the axis of the hole coinciding with the coordi- 
nate axis z. Determine the stationary distribution of tem- 
perature in that plate on condition that the temperature 
of the wall of the cylindrical hole is equal to T and the 
faces of the plate have zero temperature. 

579. The concentration of a gas on the boundary of a 
spherical vessel of radius R with centre at the origin is 
equal to / (9). Determine the stationary distribution of the 
concentration of the gas (a) inside the vessel and (b) outside 
the vessel. 

2°. Asymptotic Expansions 

In applications it is sometimes very important to obtain 
a precise, in a certain sense, description of the behaviour 
of functions in the neighbourhood of some points we are 
interested in (for instance, the description of the behaviour 
of special functions in the neighbourhood of their singular 
points). For this aim the so-called asymptotic expansions 
of functions are used. 

We shall denote by £ a set of points in the complex plane 
of the variable z for which the point at infinity is a limit 
point. Let there be a function / (z) defined on E, and let 
us consider finite sums of the form 

h-a 

where a h are some given numbers. 

If for any fixed n there holds the relation 

lira z n [/ (z) - 5„ (z)] =0, z£E (43) 

we say that the series 

a + ^+...+^ + ... (44) 
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provides an asymptotic expansion of / (z) on E, irrespective 
of whether or not series (44) is convergent, and write 

fc-OJ 

In this case expression (44) is called an asymptotic series. 
If the behaviour of the function S n (z) is known then 
relation (43) provides important information about the 
behaviour of the function / (z) on the set E in the neigh- 
bourhood of the point at infinity. Equalities (43) imply the 
following formulas for the determination of the coefficients 
of asymptotic expansion (44): 

a = lim f (z) 

z-+ao 

and 

a n = limz n [f(z)-S n _ l (z)]; n = l, 2, ... 

Z-t-X 

580. For the set E = {0 < z < oo} find the asymptotic 
expansion of the function e~ z . 

581. Demonstrate by examples that one and the same 
series can serve as asymptotic expansion for various different 
functions. 

Using integration by parts, derive the following asymp- 
totic expansions: 



582. [ e »'-<'<ft~J-+V (-1)" *-8---fl*-l) 
z<2<oo, £ = {0<z<oo}, z-»-oo. 

rx> 

583. j e *-*J£.~± + -£., z<*<~, 

Z 

584. t-^A-S '-^V*- 1 * 1 , 

z->-oo, |argz|-^Ji — 5<n. 



585. [ e-'i 11 " 1 dt~e z ^ 



r (a) za-fe 






0<;z<oo, z-v-l- 00 ! a is a real number. 
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586. \ f*e" dt ~ ■!%■ Y m±$- , 

< z < oo , z->-\-oo, a>0. 

587. Using the result established in Problem 582, derive 
the following asymptotic expansion for the error function*: 



V 



=- \ c-v dz — e~ z * y. — -^ -, 0<2<oo, z-^ + oo. 



588. Separate the real and the imaginary paits in the 
result obtained in Problem 586 to find the asymptotic 
expansions of FresneVs integrals 

oc 

(a) j cos G2 dQ 

U 

and 

(b) j sin 6^6 

u 

for u -> + oo. 

With the aid of integration by parts find the asymptotic 
expansions for the following functions: 

2 ,. 

-j-d£, — oo<z<0, z-»- — oo 

— 00 

(the exponential integral). 

590. Ciftz)= j -^|ldE, 0<z<oo, z^oo 
(the cosine integral). 



* Any of the functions AV/ (z) = f e~ T2 d-c, #r/c(z) = [e^ z dx 

z 

z 

and A>/i (z) = \ e di is also called the error function. — Tr. 



9-0461 
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Si (z) = j ™±1 dl, — 00<Z<00, [z 



591. 



(tlio sine integral). 

In order^to obtain asymptotic expansions for various 
classes of functions the so-called saddle-point method and 
the Watson method are most frequently used. 
^Below we present the basic idea .of Watson's method. 

Let (p (t) be a continuous function defined in an interval 
0j< I < TV, < TV < oo. Then the function F (z) repre- 
sented by the integral 

y 
F(z)=\ ry(t)e-* ta dt, a>0, m>— 1 
o 
is aualytic. 

If the function cp (t) is equal to the sum of a power series 
in some interval ^ t -^ h l ^ TV, that is 

cxi 

and if for a fixed value z = z > there holds the inequality 

JV 

[ r|q>(*)|e- J! » tB dt<M = conaL 

o 

then on the set E — {0 <; z <c oo} the asymptotic expan- 
sion of the function F (z) f or z -> 00 is given by the formula 

fW~2-£ r ( J!L± ir t± )*" ° (45) 

A = 

where T is Euler's gamma function. 
To obtain the asymptotic expansion of the function 

JV 1 

F(z) = cp(i)e dt, A = const >0 

-A 

on coudition that 

00 

(p<0= zJ c ft f\ c ^0, 0<*</i<min(,4, TV) 
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it is sufficient to represent F (2z) in the form 
w A 

F (2z) = \ cp (t) e-' t1! dt + f q) ( — t) e~^ dt 

and use the following Watson formula: 

F (&) ~ >] c 2k T (-?*+L) z~^ - 

Using Watson's method derive the following asymptotic 
expansions: 

CO OkJ 

592. [ c u dt -~ V (-1)" (2 "* )! 0</<oo 

u ft=n 

0<z<Coo, z— koo, n. >0 (n is an integer). 

i 

593. f t p - l r lt dt ~ -^L 



0<Z<1, 0<z<oo, z^-oo, p>0. 

594. f sin*e- J ' s {ft~0, 4>0, #>0, 

-A 

0<z<oo, z— *-oo. 

595. 1 cos < e " <i/ ~ 

i 

-*i 

°° 2/1 + 1 

ft-0 

— 1<*<2, 0<Z<OO, 2-J-CX). 

596. Find the asymptotic expansion of the function 

F(z)= f e- 2=(3 df 

o 
for z-voo, 0<<z<oo. 

a* 
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597. Prove that 

Z 

e-** \ e6 a dg = JL[H-o(l» for z- 



■ oo. 



§ 3. Method of Integral Transformations 

We shall begin with the definition of the transform (or 
image) of a given function / (t) under an integral transfor- 
mation. 

By the transform (or the image) of a function / (t) is meant 
a function F (z) determined hy the formula 



F{z)-\k% t)f(t)dt 



where K (z, t) is a given function called a kernel. The 
transformation from / (t) to F (z) is called an integral trans- 
formation. The given function / (t) is called the original 
(or the preimage or the inverse transform) of its transform 
{image) F (t) corresponding to the integral transformation 
expressed by the above formula. The integral transformation 
of functions / (i) belonging to a certain class of functions 
is specified by the choice of the kernel K (z, t) of the trans- 
formation and of the interval of integration (a, b). 

Let a given real or complex function / (t) dependent on 
the real variable t, <1 t < °°» satisfy the following con- 
ditions: 

(1) / (t) is continuous everywhere except, possibly, a 
finite number of points at which it can have discontinuities 
of the first kind; 

(2) there exist some constants M ' > and | > such 
that 

\f(t)\<Me*o l for all t 
Given a function / (t) of this kind, the integral 



F(Z)=-je-VHt)dt 
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exists for all values of % whose real parts satisfy the in- 
equality Re £ > \ Q ; besides, this integral is an analytic 
function of the complex variable £ = | •+- ir| in the half- 
plane Re £ > | . 

The fuDction F (£) thus defined is called the Laplace 
transform (or image) of the function f (t) and the function 
/ (<) is the original (corresponding to the transformation 
expressed by the last integral; the transformation defined 
in this way is called the Laplace transformation; the original 
/ (t) is also called the inverse image or the preimage or the 
inverse transform of F (£) under the Laplace transformation). 

Under certain conditions, the original / (t) corresponding 
to a kDown Laplace transform (image) F (£) can be found 
from F (£) by means of the Laplace inverse transformation 
expressed by the formula 

f(t) = ^- f tf a +™F(a + iy\)dr\ (46) 

where the constant a satisfies the inequality a z> lo- 
in the case when the function / (t)'is defined for all real 
values of t the so-called Fourier transformation can be defined 
by means of the formula 

no 

JS-OD— -!=■ j e-Wftfdt (47) 



In. this case F (n) is called the Fourier transform of f (t) 
and F (n) is the Inverse Fourier transform (or the original 
or the preimage) of the function F (n) corresponding to the 
Fourier transformation. 

If Condition (1) is fulfilled then for'the existence of the 
Fourier transform it is sufficient that the integral 



net 

J f(t)dt 



should be absolutely convergent. 
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Fourier'' s Inverse transformation (that is Fourier's inversion 
formula) corresponding to (47) is expressed as 

/(0 = -7=- j eWF(r\)d n (48) 

— oo 

It should be noted that if / (t) is an even function then 
Fourier transformation (47) and Fourier inverse transforma- 
tion (48) go into the so-called Fourier cosine transformation 

F(r\)-]/'-l-^ cos r\tf(t)dt 

o 

and the Fourier inverse cosine transformation 

tv 

/W = ]/"|- Jc08t|/f{T|)dtl 



respectively. Similarly, if the function / (t) is odd then (47) 
and (48) go into Fourier's sine transformation 

/-'M=^!- j«riT]f/(Ocfc 

ii 

and Fourier's inverse sine transformation 

/ 0=1/ 4- J ^^'(i)^ 



respectively. 

Among other integral transformations we mention here 
the Hankei transformation (also referred to as the Fourier- 
Bessel transformation) 

IX 

C»(i|) = j U n {r\t)g{t)dt 

(i 

and the corresponding inverse transformation 
g(t)~\r\J«(i\t)G n {r\)di\ 
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and also the Mellin transformation 

oo 

G (z) = ( f^g (t) dt, Re z = b 

o 

and the corresponding inverse transformation 

b+ioo 
b— too 

Accordingly, the function G n (n) is HankeVs transform 
of g (t) and the function g (t) is HankeVs inverse transform 
of G„ (tj). Analogously, the function G (z) is Mellin's trans- 
form of g (?), the function g (t) being Mellin' s inverse trans- 
form of G (z). 

Integral transformations make it possible to find the 
solutions of a. number of problems of mathematical physics. 
As an example, let us use the Laplace transformation in 
order to find the solution u (x, t) of the mixed problem 

a (x) u xx + b (x) u tt -f c (x) u x -j- d (x) u t + e (x) u — 

u {x, 0) = tp (x), u t (x, 0) = \|3 (x) (49) 

u (0, = f x (t), u (I, t) = /, (0 

in the half-strip t > 0, < x < I. 

Let the parameter £ and the class of functions among 
which the solution u (x, t) of this problem is sought be 
such that the integrals 

v(x,X)=\ e-Uu(x, t)dt 

(50) 

OO CO x f 

F t (£) = j e-S'u {0, d*. F 2 (0 = j c-t'u (I, di 
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exist and the following operations on them are legitimate: 

00 CO 

v x ( x < £) — ] e ~ ltu x (*. t) d ^ Vx* (*. £) = J e~ lt u xx (x, d< 



DO TO 

h o 

= lv{x, l)-u{x, 0) (51) 

f e-W« u (x, di = p» (x, I) - & (x, 0) - «j (x, 0) 



On multiplying both sides of the given equation and the 
last two conditions of Problem (49) by e~^ and integrating 
over the interval (0, oo) of variation of t, we arrive, by 
virtue of (49), (50) and (51), at the equation 

a (x) v xx + c (x) v x + \e (x) + %d (x) + t?b (x)] v — 

= lb (x) ¥(*) + & (*) i|> (x) + d (x) <p (x) (52) 

with the conditions 

v(Q t C) = F,a), v(l, C) = *",(£) (53) 

Thus, the solution of mixed problem (49) has been reduced 
to the determination of the solution v (x, £) (which depends 
on the parameter £) of the boundary-value problem (52), 
(53) for ordinary differential equation (52), After the solu- 
tion v (x, £) of Problem (52), (53) has been constructed, the 
sought-for solution of Problem (49) can be found by means 
of the Laplace inverse transformation: 

u(x, t)=~^- j v(x, a + in) ei a + iT »' di\, a > | 

. In applications, when solving some concrete problems for 
partial differential equations, it is preferable to use the 
Fourier transformation because the conditions guaranteeing 
the existence of the inverse Fourier transform are in many 
cases naturally fulfilled. 
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When using Fourier's transformation, it is very convenient 
to resort to the notion of a convolution. By the convolution 
f*(p (or German faltung) of two functions / (x) and tp (x) 
defined in the interval — oo <c x <z oo is meant the func- 

tion of x equal to the integral \ f (t) <p (x — t) dt: 

—90 

oo 

/•q>— j f{t)<9(x — t)dt (54) 

— OO 

If Fourier's transforms 



'<»-tW J*-"™* 



and 



0> (£)=-—• j e-*<f(t)dt 

— uo 

of the functions / (t) and (p (t) exist and if Fourier's inverse 
transformations 

OO 

— oo 

and 

oo 

make sense, convolution (54) can be written in the form 
/*<P= J F(Od>(0^-dC (55) 

— oo 

Lengthy calculations encountered when the Fourier trans- 
formation is applied can be considerably simplified by using 
the so-called Dirac delta junction 6 (x). The 6-function 
can be defined formally as the Fourier transform of the 
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constant l/|/2n: 

CO 

6 (*>=-sr 5 eixldl (56) 

— cc 

The transformation inverse to (56) is expressed (also for- 
mally) by the formula 



2n /2jv J V ' 



/2ji /2; 

In the ordinary sense, transformation (56) does not exist, 
and therefore the definition of the 8-function stated above 
is purely formal; in modern mathematical analysis a rig- 
orous definition Wthe 6-function is stated in the theory 
of tne so-called generalized functions. 

598. Let f (x) he 'a function defined for — oo < x <. oo. 
Suppose that / (x) satisfies the conditions under which 
the Fourier transformation and its inversion can be applied. 
Prove the following basic property of Dirac's 6-function: 

/*e = / (x) 



599. 



oo 

Prove the equality \ 6(t)dt = i. 



It should be mentioned that in physics Dirac's function 
is sometimes formally denned as a function which is equal 
to zero for all real values of x different from zero, turns into 
infinity at x = and satisfies the condition 



\ 8(t)dt = i 



Using the Fourier integral transformation solve the 
problems stated below. 

For the half-plane — oc •< x < oo, t z> find the solutions 
of the following problems: 

600. u t t = a z u xx , u (x, 0) = (p (a:), u, (x, 0) = ip (x). 

601. u tt — °^ u xx + / ( x -> 0? u ( x i 0) — u t (x, 0) — 0. 

602. u t — a 2 u xx , u (x, 0) = <p (x). 

603. ut = a % u xx + f (x, t), u (x, 0) = 0. 
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For the quadrant < .x < oo, £ ;> find the solutions 
of the following problems: 

604. u t — a 2 K ia: , u (0, = |x (t), u (x, 0) = 0. 
R05. u t = a % u xx , u x (0, t) = v (t), u (x, 0) — 0. 

606. u t = a 2 u a * -|- / (x, t), u (0, «) = u (x, 0) = 0. 

For the naif-space — oo < £, j/< oo, f ■>- find the solu- 
tions of the following problems: 

607. u t = a 2 (u xx -i- u y!/ ), u (x, j/, 0) — tp (x, y). 

608. w ( = a 2 (uj. r 4- «;,,,) -j- / (#. ^: *)> w ( x < I/7 0) = 0. 
For the part —00 < x <_ 00, •< y < oo, t >0 of the 

space of the variables x, y, t find the solutions of the follow- 
ing problems: 

609. u t = a 2 (u ss + Uyy), u> (^1 0, t) — 0, 
« (z, y, 0) = / (*,' J/). 

010. w ( = a 2 (u xx -|- w ff9 ), u (a;, 0, i) = / (a;, t), 

u (a;, y, 0) = 0. 
(ill. u t = a 2 (u xx + u, Jy ), u v (x, 0, = 0, 

u (x, y, 0) ,— - 1 (x, y). 

Using the Laplace integral transformation solve the 
following problems: 

612. Uy = u xx + a 2 u + f (.r), u (0, y) = u x (0, y) = 0, 
< x < 00, < // < 00. 

613. j< tf — u xx -\-'~u \- B cos x, u (0, 1/) — Ae~ VJ , 
u x (0, j/) - 0, 

0< z< 00, 0< y< 00. 

614. The initial temperature (at t = 0) of a thin homo- 
geneous bar is equal to zero. Determine the temperature 
u (x, t) in the bar for t > for the following cases: 

(a) the bar is of a finite length (0 < x <c I) and 

u (-[-0, t) =: 6 (0, . u {I — 0, *) = 0; 

(b) the bar is semi-infinite (0<;r<<oo) and 

u (0, t) = 6 (0, " (00, = 0; 

(c) the bar is semi-infinite (0 < x <C 00) and 

u (0, = |i (*), u (00, i)-0; 

where 6 (£) is the Dirac delta-function and \n {t) is a given 
(ordinary) function. 
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615. Starting with the initial instant t = 0, an electro- 
motive force E (<) is applied to the end x = of a semi- 
infinite insulated wire (0 -^ x < oo). For t > 0, find the 
voltage u (a;, i) in the wire on condition that the initial 
voltage and the initial current in the wire are equal to zero 
for the cases enumerated below: 

(a) there are no losses in the wire, that is R — G — 0; 

(b) the condition RC = LG is fulfilled (the absence of 
"distortion"). 

616. Solve the following problem: 

u H — a*u xx = 0, 0<a;<oo, < f < oo 

Ux (0, t) — hu (0, f) = <P (*)> w (oo, f) = 0, < i < oo 

u (x, 0) = u t (x, 0) = 0, < a; < oo 

Using Hankers integral transformation solve the 
problems stated below. 

617. It is required to find the stationary distribution of 
temperature in the half-space 0-^r< oo, -^ <p ^ 2n, 
z > for the following cases: 

(a) the temperature of the boundary z — is equal to /(r); 

(b) the temperature of the boundary z = is equal to T 
for r <i R and to zero for r > R; 

(c) the half-space is heated by a heat flux of constant 
density g incident on the part r ^ R, z = 0, -<[ <p <! 2ji 
of the boundary.? On the whole boundary there is heat 
exchange (obeying Newton's law) with the surrounding 
medium having zero temperature.] 

§ 4. Method of Finite Differences 

Let the variables x and^i/ be the orthogonal Cartesian 
coordinates of a point in] theTplane. Let us cover this plane 
by the grid x = mh, y = nh (m, n — 0, ±1, . . .) of 
points where h is a given positive number. The vertices of 
each square cell of that grid are referred to as grid-points 
and the number h is called the grid-size. 

On condition that the six grid-points (x, y), {x — h, y), 
{x u fe, y), {x, y — h), (x, y + h) and {x + h, y -|- h) 
belong to the domain D where a function u (x, y) of class 
C (2> (D) is defined, we can approximate the values of the 
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derivatives of u (x, y) at the grid-point (x, y) according 
to the formulas 

„ _, M*> y) — u(x — h, y) u(x, y) — u(x, y — h) 

U x ~s 



h ' ~v ~ 

u(x + h, y)-{-u(x — k, y)~2u(x, y) 



(57) 



u (x + k, t/ + fo) — u(j-|-ft, y) — k(j, j/ + fe)+M(^, i/) 
u(x, y-\-h)-\-u(x, y — h) — 2u(x, y) 



U 



vv ~ n z 

Proceeding from formulas (57), for each grid-point (x, y) t 
we can approximate a partial differential equation of the 
form 

a (x, y) u xx + 2b (x, y) u xy + c (x, y) u vv + d (x, y) u x + 

4 e (x, y) u y + / (a;, y) u -- g (x, y) 

defined in a domain D by the finite difference equation 

a (x, y) [u (x + h, y) 4 u (x — h, y) — 2u (x, y)] + 
4 2b (x, y) [u (x -\-h, y + h) — u (x -|- h, y) — 

— u (x, y 4 h) 4 u {x, y)) 4 
4 c (x, y) [u (x, y 4 k) + u (x, y — h) — 2u (x, y)] + 

4 hd (x, y) [u (x, y) — u (x — h, ;/)] 4 
+ he (x, y) \u (x, y) — u (x, y — h)] -|- 

4- A 2 / (x, y) u (x, y) = h*g (x, y) (58) 

Let the point (x, y) range over the grid-points belonging 
to the domain D. Then, using formula (58), we obtain 
a system of algebraic linear equations with respect to the 
values of the function u (x, y) at these points. Some of 
these values can be found directly, independently of sys- 
tem (58), from the initial and boundary conditions, or these 
conditions generate some additional algebraic linear equa- 
tions, and then system (58) together with the additional 
equations form a finite-difference approximation to the 
whole original problem. 
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The solution of the system of algebraic linear equations 
thus derived is taken as an approximate solution of the 
problem in question. 

As an instance, let us consider tho finite-difference ana- 
logue of the Dirichlet problem for harmonic functions. In 
this case the boundary conditions are taken into account 
as follows. Let us denote by (? 6 the collection of all those 
square cells of the grid lying within the domain D at least 
one of whose vertices lies at a distance not greater than 8 
from the boundary S of the domain D where 6 > h is a 
fixed number and h is the grid-size. For each grid-point 
(x, y) coinciding with a vertex of a square belonging to the 
collection Q & we take as the value of u (x, y) the value of 
the function <p (x, y) (which describes the values of the 
sought-for harmonic function on S) assumed at the point 
of the boundary S lying at the shortest distance from (x, y). 
In the case when there are several such points on S we 
choose arbitrarily one of the values of the given function 
<p (x, y) assumed at these points and take this value of cp 
as an approximation to the corresponding boundary value 
of u (x, y). 

618. Construct the finite-difference approximation to the 
Laplace's equation u xx + u yy — for a domain D with 
boundary S. 

619. For the circle x % -\- y 2 < 16, putting /* — 1 and 
6 — h + 1/8, find the approximate solution of the Dirichlet 
problem 

u xx + "yy = 0, (a;, y) 6 {x 3 + y 2 <C 16} 

w (*. y) = «p (** y), (*, y) 6 {** + y 2 = 16} 

for each of the following cases: 

(a) 9 (x, y) = 0; 

(b) <p (x, y) = 1; 

(c) cp (x, y) = x. 

For the problems stated above compare the approximate 
solutions obtained with the aid of the finite-difference 
method with the exact solutions which cau readily be 
found directly. 

620. In the rectangle Q with vertices at the points 
A (-3, 4), B (3, 4), C (3, -4) and D (-3, -4) find the 
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approximate solution of the Dirichlet problem 

u xx + Uyy = 0, (x, y) 6 Q 
u (x, y) = <p (x, y), (x, y) £ S 

where S is the boundary of the rectangle 0; for this problem 
put h = 1, 5 = h + 1/8 and consider the -following cases: 

(a) (p (x, j/) = 1; 

(b) (p (ar, y) = !/; 

(c) <p (x, #) = x + y. 

Compare the approximate solutions found for these cases 
with the corresponding exact solutions. 

Let D be a domain in the xf-plane bounded by segments 
OA and MN of the straight lines t = and t = H (H > 0) 
and by smooth curves OA/ and AN each of which intersects 
every straight line t = const at not more than one point. 
We shall denote by £ the part of the boundary of the domain 
D consisting of OM, OA and AN. Let us consider the approx- 
imate solution of the first boundary-value problem for the 
heat conduction equation: 

u xx - u ( = 0, (*, t) e D (59) 

u (x, t) = ip (x, t), (x, t) £S (60) 

In order to take into account boundary condition (60), 
let us denote by Q h the collection of all square cells of the 
grid with grid-size h which do not fall outside the closed 
region D and by dQ h the boundary of Q h . 

Let q h be the collection of all squares belonging to Q h 
at least one of whose vertices lies on dQh with the exception 
of the internal squares belonging to the uppermost row of 
square cells adjoining the upper part of the boundary of 
the domain D. For the values of u (x, t) at the grid-points 
which are the vertices of the squares belonging to q h we 
shall take the values of cp (x, t) at the points of the boundary 
S lying at the shortest distance from the corresponding 
grid-points. The unknown values of u (x, t) at the other 
grid-points lying within D can be found by solving the 
algebraic linear system of equations resulting from the 
finite-difference approximation of equation (59). 

621. Construct the finite-difference analogue of the heat 
conduction equation u xx — u t = in the domain where 
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the solution of the first boundary-value problem (59), 
(60) is sought. 

622. Putting h = 1, find the approximate solution of the 
first boundary-value problem 

u xx — u-i = 0, {x, t ) E Q 

u (x, I) — • cp (x, t), {x, t) g S 

for the rectangle Q with vertices at 'the points A {0, 0), 
B (0, 5), C (4, 5) and D (4, 0) (5 denotes the boundary of (?) 
where the function cp (#, i) is such that 

cp (x, 0) = x, <p (0, *) = 0, cp (4, £) = 4 

623. For the rectangle Q with vertices at the points 
A (0, 0), 5 (0, 3), C (5, 3) and D (5, 0) find the ap- 
proximate finite-difference solution of the problem 

«„ — itj = 0, u (0, f) = t, u (5, if) = f -(-- 25/2, 

u (x, 0) = z 2 /2 
for h — 1. 

Compare this approximate solution of the problem with 
its exact solution u (x, £) = £ + x i /2. 

624. Use the finite-difference scheme with grid-size h — 1 
to find the values of the approximate solution u (x, y) 
of the Goursat problem 

U xy = 0, < X < OO, < 1/ < 0O 

" (0, J/) = <P (z/), < y < oo; u {x, 0) = \p (a), < ar < oo 

at the grid-points (2, 2), (2, 3) and (2, 4) for the following 
cases: 

(a) cp (y) = 0, if (x) = x; 

(b) q> (y) = y, i|> (z) - 0; 
O) cp 0) = y, ij» (*) = *. 

§ 5. Variational Methods 

Partial differential equations which are encountered in 
applications can often be regarded as Euler's equations for 
the corresponding variational problems. 

As is known, Laplace's equation Au = can serve as 
Euler's equation of the minimum problem for the Diricklet 
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integral 

D{u) = ^(ui + ui)dxdy (61) 

D 

taken over a domain D with boundary S. 

Let us consider the class of continuous functions defined 
in D [J S and possessing piecewise continuous partial deriv- 
atives of the first order in the domain D for which Dirich- 
let's integral (61) is finite and which assume on the boundary 
S of D prescribed values equal to a given continuous function 
cp (a:, y). The functions of this class will be referred to as 
admitted junctions. The problem of determining the function 
belonging to the class of the admitted functions for which 
Dirichlet's integral (61) attains its minimum is called the 
first variational problem. 

If d is the minimum value of Dirichlet's integral or, 
generally, of an arbitrary functional O (w), a sequence 
{u n }; n = 1, 2, . . ., of admitted functions possessing the 
property 

lim <J> (u n ) = d 

is referred to as a minimizing sequence. 

The main role in the theory of variational methods is 
played by the construction of a minimizing sequence. One 
of the methods for the construction of such a sequence was 
suggested by Ritz. The essence of Ritz' method is the follow- 
ing. 

Let {cp n }; n — 1, 2, . . ., be a complete system of func- 
tions belonging to the class of admitted functions for a 
functional O (u). Such a sequence {<f n } is referred to as a 
system of coordinate functions. Let us construct a new sequence 
of the form 

n 

where c h are indeterminate coefficients; let us choose these 
coefficients in such a way that the expression <£> n = O (u^) 
considered as function of the variables q, . . ., c n assumes 
the minimum value, For some classes of functionals it is 
possible to prove that such sequences {iO are minimizing 

10-0'i61 
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sequences and that the limits of these sequences are the 
solutions of the variational problems under consideration. 

625. Let a function cp (x> y) denned on the boundary S 
of a domain D be such that the class of admitted functions 
assuming on S the values equal to cp (x, y) is not void. 
Prove that in this case the Dirichlet problem 

Aw (x, y) = 0, (x, y) £D 

u (x, y) = cp (x, y), (x, y) g S 

and the first variational problem are equivalent. 

626. Show that among the admitted functions y (x), 
<; x -^ 1 satisfying the conditions y (0) = and y (1) — a 
the function y (x) = ax n minimizes the functional 



where n is a positive integer. Compute min /„ (y). 

627. Consider the class of admitted functions u {x, y) 
defined in the square Q: <! x -^ it, <1 y ^ it, which 
turn into zero on the boundary of that square. The function 

u {x, y) = — sin x sin y belonging to this class minimizes 

the functional 

'M-Sg- < 62 > 

where D (u) — I (u% -{- iiy) dx dy and H («) = 1 u a dx dy. 
Using this fact prove that the inequality 
H(u)<£±D(u) 

holds for all the admitted functions. 

628. Among the continuously differentiable functions 
y (x) defined on the interval < x ^ n and satisfying 
the conditions 

l/(0)«=jr(w)«0 and H (y) = J y*(x)dx = 1 
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find the one which minimizes the functional 

it 

o 

629. Prove that the admitted functions y (x) indicated 
in Problem 628 satisfy the inequality 

H(y)<D (y) 

630. Find the first approximation to the solution of the 
minimum problem for the functional 

i 
D(y)= \(y'*+y* + 2xy)dx, y (0) = y(i)=0 
o 

in the case when the coordinate functions are of the form 
<p„ (x) = 0, 9„ (x) = x n (x ~ 1); n = 1, 2, ... . 

631. Reduce the Dirichlet problem 

Au (x, y) = —1, (x, y) £D; u (x, y) = 0, (x, y) £ S 
to the minimum problem for the functional 

D(u)= J (u% + u*-2u)dxdy, u[ s =0 

D 

where the domain D is the square — l<x< 1, — i < 
■< y <; 1, and find the first approximation u x (x, y) to the 
solution of the latter problem for the case of the coordinate 
functions 

v, (x, y) = (x* - 1) (jr> - 1), 

»t <*, y) = (* a - i) 0/ a - i) (* a + y 2 ) 

(according to Ritz' scheme in this case u x (x, y) is construct- 
ed in the form u± (x, y) = cv 1 (x, y)). 
632. Reduce the Dirichlet problem 

Au (x, j/) = xy, (x, y) £D; u (x, y) = 0, (x, y) g 5 

to the corresponding variational problem and find the approx- 
imate solution Uj (x, y) = cxy (a; — 1) (# — 1) for the 
case when the domain D is the square <; x <; 1, 0<i/<; 
< 1. 

10* 
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633. Let us consider the admitted functions for functional 
(62) which are denned in the circle Q: x z + y 2 < 1 and 
turn into zero on the boundary of the circle. Using Ritz' 
method find the function which minimizes functional (62). 

634. Using the result established in Problem (333, derive 
the inequality 

H (u) < CD (u) 

and determine the exact value of the constant C for the 
case when the domain Q is the circle x 2 -\- y 2 <; 1. 
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Chapter 1 

1. No. 2. Yes. 3. No. 4. No. 5. No. 6. No. 7. The first. 
8. The second. 9. The first. 10. The first. 11. The second. 
12. The second. 13. Non-lineax. 14. Quasi-linear. 15. Non- 
homogeneous linear. 16. Homogeneous linear. 17. Non- 
homogeneous linear. 18. Non-linear. 19. Linear (and non- 
homogeneous for h (x, y) s£ 0). 20. Quasi-linear. 21. Quasi- 
linear. 22. Quasi-linear. 23. Quasi-linear (linear with re- 
spect to the highest derivatives). 24. Homogeneous linear. 
25, Hyperbolic. 26. Elliptic. 27. Parabolic. 

28. The equation is of parabolic type. Indeed, the form 

<?<*i, h, X,)=4*j + 2X;- 6^ + 6^ + 10^3 + 4^ = 

= \ (4A, + 3^ 2 + 5)0 2 - -J- (*2 + ™ a ) 2 

corresponding to this partial differential equation reduces 
to its standard form K (£ l5 £.,, £ 8 ) = \\ — \\ under the 
non-singular linear transformation of variables 

*1 = 4-*1— r^ + 4 k' ^=2^-763, ^ = ^3 

whence it follows that the equation is parabolic. 29. Hyper- 
bolic. 30. The equation is elliptic because the corresponding 
characteristic form 

Q (l lf % v X,) = l\ + 2^*, + 2%\ + 4X^ 3 + 5*» 

is positive definite. In this problem and in Problems 33 
and 35 it is advisable to use Sylvester's theorem which 
implies a necessary and sufficient condition for a symmetric 
quadratic form 

Q = a n\ ~^~ 2o 18 A.jA, 2 -f- 2a 13 ?i 1 A, 3 4- flggJij + 2a 2 3h i \ a J ra sg Xl 
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to be positive definite; this condition states that it is neces- 
sary and sufficient that all the principal minors 



A n = a 



in 



of the matrix 



A i7 = 



Hi 



a 



12 



a 2l *22 



A M = 



«11 «12 


<*13 


°21 a 22 


a 23 


<*31 a SZ 


c 33 



«11 


«12 


«13 


«21 


«22 


«2S 


«31 


a 32 


a 33 



should be positive. 



31. The equation is of hyperbolic type. Indeed, the cor- 
responding characteristic form 

Q (^lt ^3! ^3) = 

= A" - i^K -I- 2?^ 3 + W 2 +% = 
= (fc, - 2J. a + l 3 )* + (k z + l 3 )* - (K, - A- 3 ) 2 

reduces to its standard form K ([A^ |x„, li 3 ) = ^ + H* — Ha 
under the non-singular linear transformation of variables 

13 1 1 

ki = Hi + — te + T^' ^^T^ 2 + ,i3 ^ ^3 = T^ 2 ^ fA ^ 

32. The equation is of hyperbolic type because the cor- 
responding characteristic form 

= 4- (^1 + *a + 2^ - 4- (*i- **>*- *; 

reduces to its standard form X (m, n„, p 3 ) = jj,J — u.* — (if 
under the transformation of variables 

^1 = H-i "I" V-2 — , u 3> ^2 = M-i — 1*2 — (*3* ^3 ~ Us 

33. Elliptic. 34. The equation is hyperbolic. Indeed, the 
non-singular linear transformation of variables X t — \i t — 
— u-2 — |x 3 , A. a = m -f V-3* ^s = \^3 brings the correspond- 
ing characteristic form 

Q (A 1; a s , % 3 ) = Xj + ZAqAg 4' 2a, 2 — 2a 2 a 3 = 

= (K + W + (*. - ^)* - K 

to the standard form K (\i u n a , jx 3 ) = nj + u.J — u.§. 
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35. Elliptic. 36. The equation is of parabolic type for y — 0, 
of hyperbolic type for y < and of elliptic type for y > 0. 
37. The equation is of parabolic type for x = 0, y =£Q 
aDd for y = 0, x =^0; it is of hyperbolic type when sgn x =^ 
^ sgn y and of elliptic type when sgn x = sgn y. 38. The 
equation is of hyperbolic type. 39. The equation is of elliptic 
type for u = x* + y* an. I of hyperbolic type for u = 2 V2xy. 
40. The equation is of elliptic type for u = (a: -f- J/) 2 i of 
hyperbolic type for u. = x and of parabolic type for u = 
= x % + j/ a /4 + 17^/16. 41. The equation is of parabolic 
type for u = 2j/ a , of elliptic type for u — bxy and of hyper- 
bolic type for u — x. 42. The equation is of parabolic type 
for u = (x 2 + y 2 )/2 and of hyperbolic type for u = 2j/ 2 . 
43. The equation is of hyperbolic type. 44. The equation 
is of hyperbolic type. 45. The equation is of hyperbolic 
type. 46. The equation is of elliptic type. 47. The equation 
is of hyperbolic type for u -• (x + y) 2 /2 and of parabolic 
type for u = V^ x% - 48. The equation is of elliptic type. 
49. The equation is of parabolic type. 50. For the solution 
u = x a ~ y z the equation belongs to none of the three 
types because K (X u X % ) = 0; for the solution u = x the 
equation is of elliptic type. 

51. The equation is hyperbolic, elliptic or parabolic 

■t »i. • dF dF 1 / dF \2 . , ,, 

if the expression -^ ^ T \!hi — ) ia s tnan > 

greater than or equal to zero respectively. 

52. Elliptic. 53. Hyperbolic. 54. Parabolic. 55. Hyper- 
bolic. 56. Hyperbolic. 57. Elliptic. 58. Parabolic. 59. Ellip- 
tic. 60. Parabolic. 61. Hyperbolic. 62. Hyperbolic. 63. Hy- 
perbolic. 64. Parabolic. 

65. The equation is of hyperbolic type for k < 0, of 
parabolic type for k = and of elliptic type for k > 0. 
66. The equation is of hyperbolic type for —0.5 < k < 0.5, 
of parabolic typo for k — ±0.5 and of elliptic type for 
I k | > 0.5. 67. The equation is of parabolic type for k = 
and for k = 4, of elliptic type for < A; < 4 and of hyper- 
bolic type for ft < and for k > 4. 

68. The equation is elliptic everywhere; the normal form 
of the equation is 

v w + y nn — 8 y - 0; t = y — x, t\ = 2x 
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69. The equation is parabolic everywhere; the normal form 
of the equation is 

!>„„ + 18t>| + 9i>„ — 9i> = 0; £ = x + y, r\ = x 

70. The equation is hyperbolic everywhere; the normal form 
of the equation is 

i>l„ + Zv % — v v -f 2v = 0; £ = y — x, r\ = 2y — x 

71. The equation is hyperbolic everywhere; the normal form 
of the equation is 

Vln J rV l — 2v ri + t-\-j] = 0; £ = 2x — y, r\ = x + y 

72. The equation is parabolic everywhere; the normal form 
of the equation is 

27p„„ - 105y 4 + 30i>„ - 150i> — 2£ + 5n = 0; 
| = x + Zy, r\ = x 

73. The equation is elliptic everywhere; the normal form of 
the equation is 

"it + v w + 15v 6 — 4 1/6 v n + -j I + 

+ -^T] = 0; l = y — 2x, r\=[ r 6x 

74. The equation is elliptic everywhere; the normal form 
of the equation is 

y ll + f fltl - 2i>- + w„ - v + n - I = 0; 
5 = 2x — y, r\ = 3x 

75. The equation is elliptic everywhere; the normal form 
of the equation is 

v l% + u t)T> = 0; I = 0. "n = arctan x 

76. The equation is parabolic everywhere except the origin 
(at the origin the equation degenerates); the normal form 
of the equation is 



^-sirfe^+^r-* '-""-*- -=* 



; u 5+ -57-^=0; 1 = !/ 2 — x 2 , »i = x 2 
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77. The equation is hyperbolic everywhere; the normal 
form of the equation is 

t>|„ = 0; \ = x + arctan y, r\ = x — arctan y 

78. The equation is elliptic everywhere; the normal form 
of the equation is 

wu + Wmi-2w«=0; | = ln (x+ |/T+V 2 ), 
T, = ln(.v+l/T+y) 

79. The equation is parabolic everywhere except the origin 
(at the origin the equation degenerates); the normal form 
of the equation is 

80. The equation is parabolic everywhere except the coordi- 
nate axis x — (on the axis x — the equation degenerates); 
the normal form of the oquation is 

u ™ + fir^a y s— -fp^^ ' £ = a:2 + .'/ 2 < *\--= x 

81. The equation is hyperbolic everywhere; the normal 
form of the equation is 

i>e„ — 0; £ = x + V — c o s x, r\ = — x -ft/ — cos x 

82. The equation is parabolic everywhere; the normal form 
of the equation is 

yr " 1_ 7TTli^ _T l e " 2,,l ' = 0; l^e-v~e-\ y\ = x 
l-He 1 ' 

83. The equation is parabolic for x — 0, the normal form 
being u xx — 0; the equation is hyperbolic for x =£0, the 
normal form being 

rVi^O; s = z 2 + .y, i) = y 



84. The equation is parabolic for x = 0, the normal form 
being u vy = 0; the equation is hyperbolic for x p- 0, the 
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normal form being{ 

"»*! + 2<|=^j) ( p 6 — ^n) = °; l = V— x + 

-j-2]/x, t) = y — x — 2]/x 
The equation is elliptic for x < 0; in this case its normal 
form is 

Vih + Vtm — — y„ = 0; | = z/ — z, T| = 2 1/ — x 

85. The equation is parabolic for j/ = 0, the normal form 
being u yy = 0; the equation is hyperbolic for y < 0, the 
corresponding normal form being 

The equation is elliptic for y > 0; in this case the normal 
form of the equation is 

its + *nn + -3g- ^ = 0; l = -3-^ 3/2 ' r i = x 

86. The equation is parabolic for :r = 0, j/=?^=0 and for 

2 
jr^O, j/ = 0, the normal forms being u yy -\ (u x -\-u y ) = 

2 
= and u xX -\ (u x -\-u y ) = respectively (at the origin 

the equation degenerates). The equation is hyperbolic for 

x>0, y<.0 and for £<0, j/>0, the normal form being 

3 
ti — ta_ a (^S ~ ^n) — (the corresponding transforma- 
tions of variables are: £ — V — y + V x , r\ = V — y — Y~x 
for x>0, y<0 and l^Vy + V^x, r\ = V^-V' 1 ^ 
for a:<0, #>0). The equation is elliptic for x>0, y>0 
and for x<0, i/<0, the normal form being i>« + i>nn + 

(1 1 ' \ 
-T-t>|-| p„]=0 (the corresponding transformations 

of variables are: \=YH, n=i|/x for £>0, y>0 and 
| = V — y, T] = ]/ — a: for x<0, y<0). 87. The equation 
is parabolic on the straight lines x = (2k + l) ?t/2; A; = 0, 
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± 1, . . . . The equation is hyperbolic everywhere except 
the straight lines x = (2k-\-i) jt/2, k = 0, ±1, ..., the 
normal form being 

v t* + 2 t 4— "(fe — it)*] ^ ~ "*> = ° 

^ = j/ + cos £ + sin Z, T] = y -\- cos a; — sin x 

88. The equation is parabolic on the coordinate axes x = 
and y = where it reduces to z/ Ia . = 0. The equation is 
hyperbolic for x > 0, y < and for .x < 0, i/ > 0, its 
normal form being 

^In — 3( p_ ll i ) [(21— t])^s — (2t) — g)t; 1 ,] = 

(the corresponding transformations of variables are: | = 
^— 2(— t/) 1/2 +2x 3 / 2 /3, i] =— 2( — #) 1/2 — 2i3/ 2 /3 for x>0, 
!/<0and | = 2.i/i/2 + 2(-x)' V2 /3, u = 2y 1 / 2 -2 (- *) 3/2 /3 
for a;<;0, j/>0). The equation is elliptic for ar>0, y>0 
and for a; < 0, y < 0, the Jnormal form being i?^ + "nn — 

— t* y s H~ "5~ y ti = (the corresponding transformations of 
variables are: t= = 2y 1/2 , rj = 2a; 3/2 /3 for x>0, y>0 and 
E = 2{ — y) 1/2 , n = 2(_s) 3/2 /3 for *<0, y<0). 

89. U ? a + ,^ I)T) __ U? = 0, 

| = 2x + !/ ( y| = j;, y(l, TiJ^ufn, 1— 2i)) = 

= e 2 w(|, n). 

90. u^titi — W| = 0, 

| = 3ar-|-#, n\ = x, v(l, v\) = u(y\, I — 3n) = 

-Sv2ti 



= e 4 u;(E, n). 

91. u> 8r , + -l «, + -£.« 2=0, 

| = 2x + j/, r\ = x, u(£, t)) = w(t), | — 2t)) = 
= <? 2 a>(£, n). 
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92. u>| n — 7w = 0, 

| = 2a: — y, ti = j:, w (I, tj) = » (tj, 2t|— £) = 
= e-e-6iu>(l, ^ 



E+T|\ 



= e-e-6iu>(l, ny 

3 

93. io K 4-io r7 ,— -yio = 0, 

t = 2y — x, i\ = x , v(l, t|) = u(t|, - 1 ) 
= e-*-iu>(S, ti). 

94. u-'titi — 2«J| = 0, 

«,(l lt ,) = a (^=i, Sp)=e « "(1, ti). 

95. u>i n — w = 0, 

l^x — y, r\ = x + y, 

96. wj, + 0w + 4 (6 - t|) e5 +T i - 0, 

l = y — X, Tl = y, ip (|, Tj) = u (¥| — I, T|) = 

= e-*-*w (l, tj). 

97. io s , - w 4 Ee*n = 0, 

£ = {/, T) = a; — 3y, v (|, tj) = u (k) + 31, 1) = 

= e-"io (1, t|). 

98. w lt + u;^ — u; = 0, 

= 2z — y, t] =^ x, v (I, tj) = u (tj, 2t} — 1) = 

= eJ + "u; (£, ti). 

i.. J. in L 9.IH — fl 



98. io | 

1 



99. ton + io,,,) + 2w = 0, 
l = V, T) = 4ar — 2i/, 

»(!,,,) = « (ILhM, g)= c t-nwd.t,). 

100. io u + t0„ = O, 

1=2* — y, T| = a; + j/, 

101. i? ss + i>„„ 4- % = 0, 

| = x , r\ = — a; 4 i/, £ = 2a; — 2i/ 4- z. 
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The characteristic quadratic form corresponding to the 
original equation is Q -= A.J + 2XjA, 2 + 2A;j + 4A,j,>. 3 + 5Xf. 
This form can be brought to the form Q — (A^ 4- A, 2 ) 2 + 
+ (^a + 2X 3 ) Z + A,| (for instance, by using Lagrange's 
method). Let us denote u^ = A, t -j- A. a , [i 2 = ?v 2 4 2A. 3 and 
(i 3 = X, a ; then <? assumes the standard form Q — \i{ 4 
-|- p,* 4 u-i- Hence, the non-singular (n on- degenerate) affine 
transformation ^ — u^ — |ii a + 2(x 3 , A- t — \i 2 — 2ji 3 , X 3 = 
= jx a whose matrix is 

1 -1 2 

M= 1 -2 

1 

reduces Q to its standard form Q = ;xj 4 u-| 4 ja|. 

The matrix of the non-degenerate affme transformation 
under which the original partial differential equation reduces 
to its normal form is the transpose of the matrix M , that is 

1 

m*= — 1 i ;o 

2 -2 1 

and the transformation itself is written as 
I = x , r) = — x + y, £ = 2x — 2y + z 

Using this transformation and denoting u (x, 

— v {I, T], £) we find: 

Uxx = vn + v nr] + 4v K — 2v^ + 4v& — 4v„ e 



V, *) = 



u BH = I Vi4-4i>i 



"tt" 



-Av. 



'nC» w zz = V K 



u xy = — v^ n — 4y ec + y £T1 — 2v %l + 4w„ t , w Efr = — 2v a + v„ c 

On substituting the expressions of the derivatives thus found 

into the original equation we obtain v*^ 4 v^ 4 v^ = 0. 

3 9 

102. i? tt + Pl|I1 — i^. + 3i/ 6 + -5-i7, 1 -— jj-u t = 0, 



l = x, v\ = ^-(x + y + z), 1= — ^(3x + y — z). 



103. 



l = a5 + y, r|=— z4y, 



£= — x— y+z- 
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104. v n — v t , TI +v a + v = Q, 

105. UnTi + i'tc — &> = 0, 

1 I * 



S = * + -5-tf + -5-*. 1= 5"<y + *), 



106. Utt _ u , 1 „ + l , tt + 2M B -V 2^+V2w 6 H-4w = 0, 

107. D85 + p „ 1 ,_3i; + -l=(|-t|)-2C = -0, 

l = -r|a:, I = -7= z + V^J/, £ = * + 2- 

108. i/„- y„„ + 4i> = 0, 

I = » + »i 1 = — ff — 2z, C = * — *• 

109. v tl + 2v = 0, 

\ = x, ti = —2a: + j/, £ = — x + 2, 

110. u ES — 2i; s = 0, 

| = x , i) = —2a: + y, £ = — 3x + z. 

111. (a) Jf»Y(p(*)«i(*, *)<**; 

o 



(b) if - -~ j p (*) U{ (*, *) dx + -j- 2 "*!»? (**» *)■ 

1=1 

J 

112. (a) (7 = 7* j (]/1 + i4(*, 0-0 Ac; 

o 
t 

(b) i/-- 1- j«i(*. *)***; 

o 

(c) U = -j- j i4 (*, *) dar_ v, (0 u (0, - v 2 (/) w (J, *); 
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(d) tf = -§- ju£(z, t)d* + -r" a (0. *) + -?■"*(*. 0; 
o 
where T is the tension of the string and 0j and o 2 are the 
stiffness factors of the elastic fixing. 

113. |(a) K = ~2^ p(x, y)ut(x, y, t)dxdy; 

D 

(b) K = -j- J p (x, y) u 2 t (x, y, i) dx di/ + 

n 

114. (a) E7 = 7 j IV 1 + »£(*, If, + «5<*. tf, *)-*] «**«*»; 

D 

(b) £/ = -- j [!*■(*, y, *)+«}(*, tf, 01 <**<*« 

(c) £/ = T j iyi + ^(x, y, t) + ul(x, y, t)-l\ X 

X dx dy + \ a (s) u z (s, t) ds\ 
L 

(d) V = \ JK(x, j/, + "»(*. J/- 0]rf*dff + 

D 

+ j f (as, ff, O"^. V" t)dxdy, 

D 

where T is the tension per unit length of the membrane, L is 
the boundary of the domain D, s is the variable point on 
the curve L, ds is the element of length of the curve L and 
a (s) is the stiffness factor of the elastic fixing. 

115. (a) pw, ( = Tu xx , < x < I, t > 0, 

u (0, t) = « (J, 0=0, * > 0, 
u (x, 0) = <p (x), a, (x, 0) = t|3 (x), < x < Z; 
(b) pu, ( = ru,,, < x < /, t > 0, 
u x (0, o = w x (I, = 0, * > 0, 
u (x, 0) = (p (x), u ( (x, 0) = i|> (x), < x < Z; 



160 Answers, Hints and Solutions 



(c) p« (( = Tu xx , < x < Z, t>0, 

Tu x (0, = -F (Z), Tu x (I, t) = <b (t), t > 0, 
u {x, 0) = cp (x), u t (x, 0) = ip (x), < x < Z; 

(d) puj; = 7^, < a; < Z, £ > 
Tu x (0, - OiU (0, t) = 0, 

7X (z, *) + o- 2 u (J. t) = o, z > o 

w (#, 0) = cp (a;), ut (x, 0) = ip (a:), < a: < I 

where o^ and o 2 are the stiffness factors of the elastic fixing 
of the ends of the string; 

(e) pu u = Tu xx + F (x, t), < x < I, t > 

u (0, t) = 0, Tu x {I, t) -h era (Z, t) = 0, Z > 
it (a;, 0) = cp (a), iif (a;, 0) = if? (x), Q <. x < I 

where a is the stiffness factor of the elastic fixing; 

(f) pu tt = Tu xx + F (t) 6 (x — x ), < x < Z, * > 
u (0, Z) = w (Z, J) = 0, Z > 

u (x, 0) = tp (x), u t (a:, 0) = ip (x), < x < I 

Here and below 6 (x — £) denotes the Dirac delta function 
(see Chapter 5 §3); 

n 

(S) [p(«)+2 m.,6(a; — a;j)]w f j = 7 , w sx , 

< x < Z, it > 

Tu x (0, Z) — cTj u (0, Z) = 0, Tu x {I, t) + 

+ o z u{l, *)«=0, z>0 

« (x, 0) = <p (x), u, (x, 0) = ip(x), 0<x<;Z 

where c^ and c 2 are the stiffness factors of the elastic fixing 
at the ends of the string. 

116. (a) ut t = a^Au, {x, y)£D, t>0, a* = ~- 

u(x, y, Z) = 0, (x, y)'£L, t>0 
u {x, y, 0) =' cp (x, y), u t (x, y, 0) =ip (x, y), (x, y)£D 

(b) ui t = a*&u, (x, ?/)£», Z>0, « 2 = y 
du ( ^ v ' ° = 0, (x, y)£L, Z> (v is the outer normal to L) 
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u (x, y, 0) = cp {x, y), u t (x, y, 0) = \p (a;, #), 

(c) «„ = aSAu, (*, z/) £ Z5, £ > 0, a 2 - y 

(v is the outer normal to L) 

« (^, </. 0) = tp (a;, y), u t (x, y, 0) = 

= if (s, J/), (a:, y) £D 

(d) u„ = a 2 Au, (*, y)£D, t>0, a 2 = y 

«(*> .V, 0) = (p(ar, ;/), u t (x, y, 0)=ty(x, y), (x, y)£D 

where v is the outer normal to L and a is the stiffness factor 
of the elastic fixing of the edge of the membrane; 

(e) u lt + aZAu + -~F(x y y,t), (x,y)£D, t>0,a*=~ 

u(x, y, () = 0, (*, y)£L, t>0 
u(x,y t 0) = fp(x,y), u t (x,y,Q) = ty(x,y), (*, y)^D 

(f) u tt =a 2 Au— aw, (z, y)£D, t>0, a z =y, a=£ 

"O, y, t) = 0, (x, y)£L, t>0 
u(x,y,Q) = y(x,y), u t (x, y, 0) =y(x, y), {z, y)£D 

where (i is the proportionality factor in the .expression 
— (iw of the resistance force of the medium; 

(g) [p + mb (x — 3 , y — y )\ u tt = 7 1 Au, 
fei/)^, t>0 

w (a, y, f) = 0, (or, y) 6 i 

w (*, J/, 0) = <p (a:, z/), u< {a;, y, 0) = tJj (.r, J/), 

11-0461 
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117. (a) u it = a?u xx , Q<x<l, <S>0, a 2 = — 

u x {0,t) = u x (l,t) = 0, *>0 

u (x, 0) — <p (x) , Ut (x, 0) — vp (x), < a; < / 

(b) u u ^a 2 u xx , 0<.x<l t t>0, a 2 = — 

u x (0 1 t)=-j E F(t), u x (l,t) = ±4>(t), t>0 

u(x, 0) — (f(x), Ut (x, 0) =. op (a;) , 0<;x<i 

(c) u u = a 2 u xx , 0<x<l, t>0, a2 = ~r 

SEu x (0,t)-~ cr I u(0, i)^0, SEu x (l,t) + a 2 u(l, £) = 0, i>0 
u (,r, 0)— • cp (z), ii( (x, 0) =ij) (a:), 0<a:</ 

where a x and a 2 are the stiffness factors of the elastic fixing 
at tlie ends: 

(d) u t , — a 2 u xX , <#<;/, 2>0, a 2 — -^~ 

<xu t (Q, t) + SEu x (0, t) = 0, u(l,t) = 0; t>0 
u(x, 0) = q>(x), ut (x, 0) = \p(x), 0<ix<.l 

where a is the proportionality factor in the expression 
— o»i (0, t) of the resistance force acting on the end x = 0; 

1 /? 

(e) u u =-a 2 u xx ——F(x, t), 0<x<l, £>0, « 3 = y 

u(0, t) = u{l, = 0, £>0 
u.(j;, 0) — q> (a:), « t (;£, 0) — ip(z), Q<.x<_l 

p; 

(f) u il = a 2 u xx — au t , 0<.x<il, <>0, a 2 = — j- 

u(0, O^M-W. «(M) = v(£), £>0 
14 (a;, 0) ~ q> (x) , u t (x, 0) — ip (_x) , 0<.x<zl 

where a is the proportionality factor in the expression 
— au t of the force (resisting the deviation) which acts on 
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unit mass; 

(g) u ti = a 2 u xx , 0<x<J, t>0, a 2 = ~ 

u(0,t) = Q, —SEu x (l, t) = mu, t (l, t), t>0 
u(x, 0) = <p(x), u ( (x, O)^ip(x), 0<x<Z 

no. w f r+ H f a|,j\ 1 _4i{[,+ffl ? 3,i'.,} 

0< x< I, t>0 

u (0, t) = u(l, t) =0, t > 

u (a:, 0) = cp (a;), u ( (x, 0) = 1|) (x), < x < i 

(b) pSu it = E-^(Su x ), 0<x<Z, t>0 

S (0) £u A . (0, t) — au (0, I) = 0, Ek, (Z, = F (t), t > 

u (x, 0) — cp(x), u t (x, 0) = r|) (x), 0<x<Z 

where o is the stiffness factor of the elastic fixing. 
119. On denoting 

f Uj (x, £) for — co < a: < 

U ( X ' t)= \u 2 (x, t) for 0<x<oo 

we arrive at the following problems: 

(a) Pi^uf = £>!**, — oo<x<0, i>0 
p 2 u 2 </ — E 2 u ixx , < x •< oo, t > 

w, (0, = u, (0, I), E,u lx (0, t) - E 2 u ix (0, 0, 

f >0 

u (x, 0) — cp (x), u ( (x, 0) = i|3 (x), 

— oo < x < oo 

(b) p x U lH = /?!«!„„ — OO<X<0, i>0 

p 2 i/ 3 (( = E 2 u 2xx , 0<x<oo, Z>0 

u x (0, t) = w 3 (0, t), t > 
S£>w« (0 + 0, *) - Stf^, (0 - 0, t) = 

= mu ltt (0, t) — mu 2tt (0, t), t > 

u (x, 0) = cp (x), Uj (x, 0) = r|) (x), < x < I 

n* 
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120. (a) v x + Li, = 0, i x + Cu, =- 0, < x < /. t > 
y (0, *) = £ (*). i> (J, *) = 0, t > 
v (x, 0) = if> (x), i (x, 0) = <p (x), < x < Z 



whence 



v xx = CXw„, 0< x < /, t > 
i> (0, i) = £ (t), v (I, t) = 0, * > 
V (x, 0) = ij) (x), Cv t (x, 0) - -<p' (x), 
<x< I 



and 



i xx = CZ,i, ( , < x < I, z > 

t x (0, <) = -CE' (t), i x (I, t) = 0, * > 

£ (x, 0) = <p (x), Li t {x, 0) = — tJj' (x), < x < Z" 

(b) u x f Lij = 0, i x \- Cv t = 0, < x < J, t > 
O (0, i) + t (0, = 0, 

v (I, t) - /? r (I, t) = E (t), t > 
v (x, 0) = t|? (x), i (x, 0) = ip (x), < x < Z 
whence 

v xx = CLuj,, < x < Z, i > 
LC v tt (0, *) - v x (0, = 0, 
Lv t (I, t) + R v x (I, t) = E' (t), t > 
v(x, 0) = i|)(x), y t (x, 0)= — £-q>'(*), 0<x<Z 

and 

i xx = CLi u , 0< x < Z, Z>0 

<V* (0, «) - Ci (0, = 0, 

i x (I, t) + CR i t (I, t) = E' (t), t > 

»(*, 0) = q><ar), i t (x, 0) = - ~- xp' (x) , 0<x<Z 

(c) v x + Lit = 0, i x + Cv t = 0, < x < 2, i > 
L i t (0, t) + y {0, t) = is 1 <*), 
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LiU (Z, t) — U (I, t) = 0, t >0 
i (x, 0) = q> (a:), y (x, 0) = ij? (x), < x <C Z 
whence 

v xx = CLv, ( , < x < Z, * > 
L v x (0, f) — i» (0, t) = — L£ (0, 
L t v x (I, t) + Lv (I, t) = 0, * > 

v (x, 0) = cp (x), v«(x, 0)--=--^-cp'(a;), 0<x<Z 
and 

iaca: = CLi, t , < X < Z, * > 

L,C*„ (0, - i x (0, = CE' (i), 
CLii tt (I, t) + i x (I, *) = 0, t > 

i(x, 0) = <p(x), t t (x, 0)=— -j- *'(*). 0<x<Z 

121. (a) y* -f Li, + tfi = 0, i x + Cv, + Gv = 0, 
< x < J, * > 

v (0, t) -r R i (0, t) = 0, 

i> (I, t) — R t i (I, t) =-- E (0, t > 

i (x, 0) = (|; (x), t> (x, 0) = i)3 (x), < x < Z 

whence 

v xx = CLvu + (Ci? + GL) v t + GRv, 
0< x< /, t >0 

•#<>*>* (0. - M (0, - Rv (0, o = o 
fl,i> x (Z, i) + Li;j (I, i) + fly (/, t) = 

= LE' (t) J ,- RE (t), t > 

y(x, 0) = i|)(x), U( (j, 0)=—-g-9' (*) — *§■*(*). 0<x<Z 
and 

i xx + CLij, + (C'fl + <?/,) i, + Cfli, 

< x < /, £ > 
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i x (0, — CRuii (0, I) - GR l (0, t) = 
i x (I, t) + CRii t (I, t) + GR x i (I, t) = 

= —CE' it) - GE (*), < > 

i(z, 0) — <p(z), i t (x, ()) = — -j-ty' (x) ^cp(z), 0<x<l 

(h) w a + Li f + iii = 0, i x + Cv t + Gv = 0, 
< x < Z, t > 

y(0, t) f V, (0, 4- tf i(0, *) =0, 
y (/, t) — L t i, (/, i) = E (t), t > 
i (x, 0) — <p (x), v (x, 0) — \p (x), <c x < / 

To determine the current intensity i (a:, i) we can set the 
following problem: 

i xx = CLi (f + (CR + GL) i t + CRi, 

< a: < i, Z > 

CL i (( (0, f) 4- (C/J, -I- GL ) i t (0, t) - 

- i x (0, 4- 6R D i. (0, t) =-- 0, « > 
CM (( (J. *) + GL L i t (2, t) + i x {I, t) + 

+ CE' (t) + GE {t) -= 0, t > 
{(*, 0)=-q>(a:), i t (*, 0) = —~ [<p' (a;) 4 -i*q> (a;)], 0<ar<Z 

122. (a) ^ = .^(.?£), 0<,<Z, *>0, «■ = -£ 

«_ t (0, t) - w x (/, t) ^ 0, ( > o 
m (r, 0) =-- cp (.x), < x < i 

W^-«»^(^),o<x</, *><>,*»-£ 

«(*, 0) = <p(:c), <>•<:/ 
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u x {l, t) + h z [u(l, t) — 6(01-0, Z>0 



u (x, 0) = cp (x) , < a; < J 



A, = -=*., ( = 1,2, 



where x t is the fteaf. transfer coefficient characterizing heat 
exchange at the ends; 

w (0, = u. (0 , AS (Z) u x (I, t) + cmu t (I, = 0, if > 
w (or, 0) = cp (a;) , <C £ < Z 

AsS (0) it* (0, — cmw t (0, = 0, t > 
fcS (Z) u., (Z, + emu t (Z, = 9 (0. t > 
u (a;, 0) = cp (x), < as < I 

123. (a) u f = a2u a:t , 0<x<l, t>0, a 2 = ~ 

u (0, t) = \i (0, u. x (Z, 0^0, t > 
a (i, 0) = cp (a-), < as < Z 

where a is the porosity coefficient of the cross-section of the 
tube which is equal to the ratio of the area of the pores in 
the given section to the area of that cross-section; 

(b) u t = a z u xx , i)<x<zl, i>0, a 2 - — 

u x (0, = -^ q (0> »* (I, t)+±u(l,t)=*0, t> 

u (x, 0) = <p (x), < x < Z 

where a is the porosity coefficient of the cross-section equal 
to the ratio of the area of the pores in that section to the 
area of the cross-section and d is the coefficient characterizing 
the diffusion through the porous diaphragm. 
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v ' ! rp cpS cpS w epS ' 

0<x<i, £>0 

/cSl^ (0, it) = CUi (0, 0) ^"a; (*> *) ~ 

u (x, 0) = (f (x), 0<i< I 

where p is the proportionality factor in the formula q --. 
= pY 2 /? Ax expressing the amount of heat generated by the 
electric current in unit time within the element (x, x + Ax) 
of the wire; 

(b) Ut = ±u xX -^u + ^v(t) + -±F(x, t), 

0<x</, t>0 
kSu x (0, t) = cu t (0, i), kSu x (1, t) = 

= Qu t (I, t), i > 
u (x, 0) = <p (ac), < x- < I 

/ v' A » 540 . 5<(J ... 

v ' l cp * x cpS cpS cpi v " 

0<x</, *>0 

kSu x (0, t) =-- cu t {0, *), /cS^ (Z, t) = 

= pit, (J, 0, t > 
a (x, 0) = cp (x), <c x <c I 

whure a is the proportionality factor in the formula q — 
- au t S Ax expressing the amount of heat absorbed within 
the volume S Ax of the element (x, x -f- Ax) of the bar. 

125. (a) u t = Du xx -yuW-^-[u~v{t)], 0<x<l, i>0 
«*(0, t)—±-[u(0, *)-i>(*))=0, 

«* (/, «) + -g- [it (i, — i; (*))--= 0, ! > 

u (s, 0) = <p{x), 0<x<Z 
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where y is the proportionality factor involved in the expres- 
sion for the law of the disintegration and d is the coefficient 
characterizing the diffusion through Lhe porous diaphragm; 

(b) Ut = Du xs -\-^uu i —^-[v.~v(t)\, 0<a;<J, 

u x (0, t)— l[a(0, t)-v(t)] = 0, 

u x (I, t) + ±[u(l,t)-v(t)]=0, t>0 

u (x, 0) = cp (x), < x < I 

where y is the proportionality factor characterizing the 
multiplication and d is the coefficient of diffusion through 
the porous diaphragm. 

126. (a) u ( = a 3 A r u— 0u, 0<r<fi, *>0, 

cp • r cp 

u(r, O)^, 0<r<7* 

where A r u = -^--!- — ~K^r — ~-g; ( r2 ^~) is the part of the 
expression of Laplace's operator in spherical coordinates 
dependent solely on ?■ and a is the coefficient characte- 
rizing the absorption of heat; 

(b) u i = a^A r u + -^~, 0<r</?, a? = ~ 

ft ^ u( ^' ° + cm(fl, = 0. *>0 
u(r,0)=T t 0-<r<fl. 

where jjA r it = — -^7 /r 2 -^- J is the part of the exprdssioB 

of Laplace's operator in spherical coordinates depending 
solely on the radius r and a is the heat-exchange coeffi- 
cient. 
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127. (a) kAu— yu + Q = 0, 0<Cr<r , 0<z<h, t>0 
u (r, 0) = u (r, h) = 0, 0<r<r , 

where y is the coefficient characterizing the rate of the 
disintegration of the particles of the gas; 

(b) kku — yu-]-Q = 0, 0<r<r , 0<z<ft, t>0 

D aa< £ 0) -du{r, 0) = Q, D du{T d l h) +du{r, ft) = 

0<r <?- , M (r , z) = 0, 0<z</s 

where d is the coefficient of diffusion through the porous 
diaphragm and y is the disintegration coefficient of the gas. 

130. The formula ij; (x, y) = const describes the set of 
the stream lines. 

131. (b) The function / (x, y) is proportional to the 
force acting at the points (x, y) £ S in the direction ortho- 
gonal to the plane in which the membrane lies when it is at 
rest. 

Chapter 2 

132. As is known from the course of mathematical analy- 
sis, the expression 



goes into 

under the transformation from the Cartesian orthogonal 
coordinates x x , . . ., x„ to arbitrary curvilinear coordinates 
Ih, . . ., y n where, g = det || g jh ||, g* = G jk /g, G jh = &> 
is the cofactor of the element gi h (or g hi ) of the determinant 
det || g ik || and 

71 
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In the case when y lt . . ., y n are orthogonal curvilinear 
coordinates we have gj h — for ;' =/= k. 
(a) the expression of Laplace's operator is 

where g = (x t y n — z^j$\ g n = g" 1 {x\ + jfl), # 12 = 
= g»i = _ r i (s^ + j/^,) and g 22 = u- 1 (^ + iff); 
,,, . 1 5 / 5u \ . 1 <P\i 

(c) Aa = 7 ^-(r^ r )+ 7rli ^-f^; 

1 9% 



r>sin a drp 2 ' , 



■[/££*>-*]■ 



^ Lr g 2 -l "' at] 

fl f £,' — V 1 du m n 



+ 



3(p L &r] 1 /(M_i)(i_ T] a) ?cp 

133. (a) Harmonic; (b) harmonic; (c) harmonic; (d) har- 
monic; (e) not harmonic; (f) harmonic; (g) not harmonic; 
(h) harmonic; (i) harmonic. In this problem the direct com- 
putations are rather lengthy. Here it is advisable to take 
into account that, given a harmonic function u = u (x x , £ 2 ), 
we can take it as Re / (z) (z — x x -\- ix 2 ) where / (z) == 
— u + iv is an analytic function, alter which the function 
v (z t , x 2 ) = Im / (z) can be constructed. The Cauchy-Rie- 
mann system of partial differential equations corresponding 

to the function / (z) has the form -^- — -^- , -^- = — -r— . 
It is evident that the function w (z) = -A- -\- i-r— ■ is a ' so 

w <fx, dx x 

analytic, and, according to the above Gauchy-Rieroann 
system, it can be written in tbe form w (z)~- i-% — . 
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The function 

du L . du 
1 1 dij ' dx t 



u>{z) du . du I du \2 / du \2 

is also analytic and its real part y— j (-aj-) "•"( &T") I 
is a harmonic function; (j) harmonic; (k) not harmonic. 

134. (a) k = —3; (b) /c =. —2; (c) A: = ±2t; in this case 
cosh fcc 2 = cos 2x 2 ; (d) k = ±3; (e) /r = and k = n — 2 
for n > 2. 

135. Since A | z I 2 " 71 = for x =#0, wo have 

n 



i=l 



fli; ' ~ I dxi 



whore A = 2-&> £ = */|*| 2 . 1*1 = 1/111 andli-Xi/l*!*. 

Now, taking into account the harmonicity of tho function 
u (£) and Ihe equalities 



i-l i— 1 

n 

= (|l| 2 -2^) 2 + 4I?2 «- 

i = l 

n 

and 

v ik_?k = ilLik4-iliikj- v *e< dl ' - 

^-' faj d-r; dx t dx t ■ dxj dxj ' £-1 dxi dx t 

2<| £| a — 2£?) Sjgi - 2 (|'i |i - 2«) S/Si + 

+ 4i,S; 2 a ■-' - 4 ^< I s I 2 + 4 ^« 2 a = ° 



we obtain 

n 
9 V 8 I % l n "2 &U ^ — 

i=1 



— v -i- 1 p i"-2 9 »^) il/i Ml 

-* Zl _ dlj ' 5 I ag; dXi dXi 

d itin-a °MS) 



i, J, !=i 



j-i 



=,2(»-2)|S|»2 I, 



ft* (6) 

i-. * 
and 

,wn-V£l®- V a / a*, as* \ as, 

t-1 % i, i, (=1 

n n 

_itnvi!ix v g " a * ( x > \ — 
- \ « I Zj *m f Z: ag ; to? I ] * |» / ~ 

- V du [ d * ( X J \ . V d% i x > VI 

' Z ag, I fcj \ 1 * p ; -r Zj fat \ 1 x |i M - 

i"\ i=l 

7i n 

;'=l " j-l 

n 

-=2(2-»)|6|»2^-Sr 
i-i ' 
Consequently, Au (a;) — 0. 

136. They can. 

137. y = x, 

138. The function cos x sinh y tends to —00 when the 
point (x, y) recedes to infinity along the part of the level 
line sin x cosh y — — 1 of the function u ~ sin x cosh y 
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the -tangent line al whose point (— ji/2, 0) forms an angle 
of 3jt/4 with the .r-axis. The coordinate y of the variable 
point (x, y) on that part of the level line sin x cosh y = —1 
decreases from +oo to — oo when the coordinate x decreases 
from — ji to 0. 

139._u max = 1/2 at the points (l/J/2, 1/1/2) and (—1/1/2, 
-1/1/2); u min = —1/2 at the points (-1/1/2, 1/1/2) and 
(1/^2, — 1/1/ 2). 

140. u max — 4 at the points (—2, 0) and (2, 0); u^n — 
= —9 at the points (0, —3) and (0, 3). 

14.1. Let x£D be a point at which the function w(x) 
has a negative relative minimum. Then for this point we 

n 

have w x . = Q (i = l,...,n) and 2 w x,xt.K^h s> 0. Since 

n 

2 w x,x^t^k can be represented 



the 


; quadratic 


form 


in 


the form 








i 


n 

2 


U). 



n 

at the point x, we have u^ = 2 g^fc, 

n n 

and, consequently, Aw= V &?*,*.= 2 g'i*^0i which 

i=l ' ' i, j=i 
contradicts the condition Au;<0. The second part of the 
assertion stated in the problem can be proved analogously. 

142. Under the conditions of Problem 139 we have 

-^-=1 at the points of maximum (1/1/2, 1/1/2) and 
( — 1/1/2, -1/1/2), and-~=-l at the points of mini- 
mum (-1/1/2, 1/1/2) and (1/1/2, -1/1/2). For Prob- 
lem 140 we have -^--—4 at the points of maximum (2, 0) 

and ( — 2, 0), and -jr-= — 6 at the points of minimum 

(0,3) and (0, —3). 

143. Let us choose a point x* £ D on the inner normal 
to S passing through the point y 6 S at which the function 



u[(x) harmonic in the domain D attains its iii7Mq£5b^° 
that the closed ball d t : \ x — x* | < | x* — y a | has the 
only common point y with the boundary S. Let d 2 : 
| x — y Q | <C! p •< | x* — y ] be a closed ball not contain- 
ing x*. We shall denote by d the intersection of the two 
closed balls d 1 and d 2 and consider the function 

y(a;)=^e-vl^-woi s _ e -Ti^-i*l 2 

where v is a positive indeterminate constant. By the extre- 
mum principle, there must be u (x) — u (y ) > everywhere 
in D. Now let us choose the constant k > so that the in- 
equalities — Kv {x) <! u (x) — u (i/ ) hold on the boundary 
of d. Since 

A \u (x) — u(y ) + h> (x)] = 2ly { n —2y\x-x* | 2 } *-**-**!» 

the constant y can always be chosen in such a way that 
A [u (x) — u (t/ ) + Xv (x)] ■< 0. Therefore (see Prob- 
lem 141) the inequality u (x) — u (y )^- — fa> (x) also 
holds for the closed domain d. It follows that the directional 
derivative of u (x) along the outer normal v to S at the 
point y a £ S satisfies the inequality 

J^.^-2ky\x*-y \ e-* x * -"»l 2 < 

The second part of the assertion stated in the problem can 
be proved analogously. 

144. The function q> (2) is analytic because its real part 
U (x, y) = u x and its imaginary part V (x, y) = — u„ are 
continuous together with their partial derivatives of the 
first order and satisfy the Cauchy-Riemann system of partial 
differential equations 

U X — Vy = U XX + Uyy = 0, Uy + V X = U xy — U X y = 

145. The real part u (x, y) and the imaginary part v (x, y) 
of the analytic function / (z) = u (x, y) + iv (x, y) satisfy 
the Cauchy-Riemann system of partial differential equations 

u x — v y = 0, Uy + v x = 0. Therefore the expression dv —■ 
~ v x dx -{- Vy dy = — Uy dx -j- u x dy is a total differential 
because [u x ) x ■+- (^y)y — Au = 0. Consequently, the line 

integral \ dv = 1 — u y dx + u x dy taken from a fixed 

point (x 0t y ) to the variable point (x, y) within the simply 
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ccHMM&ted domain D is independent of the path of integra- 
tion. As the path of integratioo we can take, for instance, 
the one consisting of the line segments joining the points 
0V# ), (x, y ) and (z, y ), (x, y) (provided this path 
lies inside the domain D) or a step-like broken line with 
a finite number of segments connecting the points (x , !/„) 
and (x. y). In the case under consideration we have 

x y 

f (z) = X s - 3xy* + i [ j $xy dx + \ 3 (z 2 — y 2 ) (hA + iC - 

xa tla 

= x A - 3zy* + i (3x*y - 1/ 3 ) + 1 ( - 3s»y + y't + C) 

where — 3x? y ■{- yl + C plays the role of an arbitrary real 
constant. 

146. / (z) — e re sin y — ie* cos y + i (e*° cos y + C). 

147- / (z) = sin x' cosh y + £ cos 2 sinh y + 
-j- i ( — cos x sinh y + C). 

148. The sought-for harmonic function can be written as 
u (a;, #) = x 5 y — :ri/ 3 -|- Cy -\- C 9 wbere C and C are ar- 
bitrary real constants. 

149. The sought-for harmonic function has the form 
u (x, y, z) = xze x cos y — zye x sin y + z 2 — x* + cp (x, y) 
where <p (x, y) is an arbitrary real harmonic function. 

150- A function u (x, y) harmonic in a simply connected 
domain D is analytic in that domain in the sense that for 
each point (x , y Q ) £ D there exists its neighbourhood (lying 
inside D) within which the function u can be expanded into 
a power series (involving the powers of x — x and y — y Q ). 
Therefore we can assume that the function u (z, y) can be 
continued analytically to the complex values of x and y. 
For the real values of x and y we have / (z) = u (x, y) + 
+ iv (z, y) and7(z) = u ( x i y) — *» (x, y) whence 

/ (z) = 2u (x, y) + J(z) 
If x and y contained in the last equality are considered 
complex then the expressions z = x -\- ly and z — x — iy 
are no longer mutually complex conjugate; since x = 
-- (z + z)/2 and y — (z — z)/2i, we have 
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On putting z = z in the last equality we obtain the Gouisat 
formula 

where C = Im / (z ) is an arbitrary real constant. On put- 
ting 2 = we obtain the required equality. 

151. For Problem 145 we have / (z) •= z a -[- iC; for Prob- 
lem 146 we have / (z) = — ie* + i (1 + C); for Problem 147 
we have / (2) — sin z + iC. 

152. Since 

"- 1 °° 2ft 2A + 1 

and 70 

2k -2 „2ft-l 






h-0 



there must be Au = 0. 

153. On performing the change of variables y k = 

n 

= ^ft/V / r^ftT (* = !,...,») wo obtain ^0*1**.*.= 



n 

= ±2 u i/ft«)i — ^ whence it follows that u(x u ...,x n ) = 

= v (*i"yra...,* 1 ,/'/Kj). 

154. The assertion stated in the problem follows from 
the fact that the transformation u = e^-Mwp (1, y) of 
the sought-for function u brings the given equation to the 
form Ai> = 0. 

155. For x =£y we have 

£.,«,' k-yl"" — »|af-tf!""" a (*i — yi)'; < = 1 n 

12-0461 
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Consequently, 

n 

AE= ~n\x-y\- n - n\x-y\-"-2 £ (^-i/ f ) 2 = 

= -n\x-y\- n -n\x-y\- n = 

15G. Since the function E (x, y) depends solely on the 
distance | x — y | = r, the expression of Laplace's operator 
in the spherical coordinates with origin at the point x - - y 
shows that for r =^0 the function E (r) is a solution of the 

ordinary differential equation -3- I r'^-j— J= whence 

it follows that E = Clr n -* + C, for n > 2 and R = C In r+ 

+ C t for n = 2 where C and Cj are arbitrary constants. 

157. The value of the potential at M is equal to ^ (M ) x 

d 1 

X -*- r-r; — rrr • Indeed, according to the definition of 

dv \M — M \ ° 

a dipole, we can write, for the potential of the dipole at 
the point M distinct from M' , M" and M , the relation 



U m ( Ms Mo \ = 

= * {M °\ m ,}:T^\m'-m» \(\m»-m\- \m>-m\) = 



158. The potential is expressed by the formula u (M) = 

m 

= 2 m ^—M\ wnero l^k — M\ ' s the distance between 

A— 1 

the points M k and iW. 159. The sought-for value of the 
potential is equal to RC. 
160. u (x, y, z) = 



=JLf 

4n J 



H II («), ti (0, t (01 V is' (01 2 + 1 1|' (01»+ IS" (01 2 

/ II (<)-*!*+ h(0-*l*+ It (0-«J» 
in 

161. Apply the Gauss-Ostrogradsky formula 

n n 



dt. 



D t-1 S i=l 



to the identity 

71 

S-s — ( v -£- — u -^- ) = v Au — u Aw — 
axj \ OXi oxi ) 

162. Let x be a point belonging to D. "We shall denote 
by D z the part of the domain D exterior to the closed ball 
I V — % | <^ e of a sufficiently small radius e with centre at 
the point x. Since the function E (x, y) is harmonic in D g , 
we can apply formula (6) to the boundary of the domain D e ; 
putting v = E (.t, y) in that formula we obtain 

lv-x|-e 
For the points of the sphere \y — x\ = z we have 

1 

E(x 



l -hie 



for n > 2 
for ra = 2 



and 



1 



M (*, y) _ ) B 



n-l 



for n > 2 



^ I _i for n==2 

Besides, we also have the relations 

lim [ [u(y)-u(x)] ?££-$- dS B = 

\y-x\-e, 
and 

C dS 



V 



\y-x\=B 



Therefore, on passing to the limit for e -*■ 0, we arrive at 
formula (7). 

163. Let x and y (x =£y) be two points belonging to D. 
We shall denote by D t the part of the domain D lying outside 



12* 
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the two dosed balls \z — x J^e and \z — y |<[e of 
sufficiently small radius e with centres at the points x 
and y respectively, z £ D z being the variable point. On 
applying formula (6), Problem 161, to the domain D B for 
u (z) = G (z, x) and v (z) = G (z, y) we obtain 

[ [ C ( Zl ,)^^-G(z,,)*^]^ = 

= j [G( Z ,y)J^-G( Z ,x)^]d Sl 



|z-*|=e 



Now, taking into account that G (z, x) — E (z, x) -\- g (z, x) 
and G (z, y) = E (z, y) + g (z, y) where £ (z, z) and g (z, y) 
are harmonic functions and using the same argument as 
in the solution of the foregoing problem we obtain, after 
passing to the limit for e — »- 0, the equality — G (x, y) — 
= -G (y, x). 

164. Integrate over tho domain D both members of the 
identity 

n n 

2d / du \ ■ct dv du 
HIT \ v HxT) ~ 2a nzi ~d^ 

which holds for the harmonic function u, apply it to the 
left-hand side of the equality the Gauss-Ostrogradsky for- 
mula and then put v s 1 in the final result. The required 
equality also follows from formula (6), Problem 161, if we 
put v = 1 in it. 

165. {a) The formula expressing the mean-value theorem 
for a sphere follows from formula (7), Problem 162, if we 
assume that the surface S involved in the formula is the 
sphere \y — x \ = R with centre at the point a -■; (b) for 
the ball \ y — x | <; R we can obtain the formula expressing 
the mean-value theorem if we write the formula expressing 
that theorem for the sphere \ y — x \ = p in the form 



p«-« u { ;c ) = J_ j u(y)dS 



v 
lt/-i|=P 



and then integrate both members of the last equality with 
respect to p from p = to p = R. 
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166. The assumption that a function u [x) harmonic in a 
domain D and different from a constant attains its maximum 
at a point x £ D leads to a contradiction. Indeed, let us 
use the formula expressing the mean-value theorem: 



M n 



-*o!sgH 



It follows that the function u (x) is equal to u (x D ) every- 
where within the ball | y — x | < R lying in the domain D. 
Indeed, if at a point y 9 , \ y — x | < R, there holds the 
inequality u (y ) < u (x ) (the inequality u (y ) > u {z ) 
is impossible) then the same inequality must hold in a neigh- 
bourhood | y — i/ | < e of the point y , and, consequently, 
u (x ) < u (x ). The contradiction we have obtained implies 
that u (x) — u (xq) everywhere in the ball \y — x \ <z R. 
Now let us denote by x an arbitrary point belonging to the 
domain D and join the points x and x a by a continuous curve 
L whose distance from the boundary of the domain D is 
equal to fi > 0. If the centre y* of the ball I y — </* | < 6" 
is moved from the point x to the point x along the curve L, 
then for every y* there must be u (y*) — u (x ), whence it 
follows that the equality u (x) — u (x ) holds, which is 
impossible. The case of a minimum can be considered in 
like manner. 

167. Apply the extremum principle to the difference Wj — 
— u 2 of two arbitrary solutions u a and u a of the Dirichlet 
problem: Au (x) = for x £ D, u {x) — f (x) for x £ S. 

168. Let G (x, y) = E (x, y) + g (x, y) be Green's func- 
tion and let u (x) be the solution of the Dirichlet problem. 
The required formula (8) can be obtained if we take formu- 
la (7), Problem 162, written for the solution u (x) and sub- 
tract from it termwise formula (6), Problem 161, written 
for the functions u (y), g (x, y) and multiplied by ta't 1 . 

169. Verify directly the validity of the equalities 



x \y- 



1*1 



«I|»-|a|?J a -2(a:,y) + l] I/2 = 
v 



I"*" lirl 



= ltf 



= * 



I ?l 2 
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which imply that the function g (x, y) — E (| x \ y, xl) x \) 
is harmonic within the unit sphere both with respect to x 
and with respect to y, and g (x, y) = E (x, y) when | x | = 
— 1 or | y | = 1. Here (x, y) denotes the scalar product of 
the vectors x = (x t , . . ., x„) and y = {y^ . . ., y n ). Thus, 
the function G (x, y) satisfies all the conditions enumerated 
in the definition of Green's function. 
170. We have 



n 
dG(z, y) __ _ ■<ri 

i = l 



Vi{yi—zi) 



yt(\*\vt— j~) 

I I x 



\y-x\ n 

(see Problem 169). Therefore formula (8), Problem 168, 
implies the required Poisson's formula. 

171. The solution is 

Indeed, the change of variables x = Rz 4- x reduces the 
given problem to the Dirichlet problem for the harmonic 
function v (z) = u (Rz 4- x ) in the ball \ z | < 1: 

Av (z) = for | z | < 1, 

v (z) — q> (#2 -f- £ u ) for 1 z | = 1 

The solution of the last problem has the form 

(see Problem 170). The inverse transformation z =- (x — 
— x a )!R fcom the variable z to the variable x results in the 
required answer to the problem. 

172. Put x = x B in Poisson's formula (see the answer to 
Problem 171). 

173. For the function u (x) == 1 which is harmonic in the 
circle | x | < 1 we obtain, using Poisson's formula (see 
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Problem 170), the equality 

2jl 



, 1 f 1 — I*!* , u 



174. Since the kernel in Poisson's formula coincides 

with the normal derivative - ' . —' of Green's function, 

dv y 

this kernel is a harmonic function for | x | •< 1. Since the 
integral in the formula is uniformly convergent in a suffi- 
ciently small neighbourhood of any point x lying within 
the ball | x | <C 1, Laplace's operator can be written under 
the integral sign. This shows that the function u (x) is 
harmonic. 

For the second part of the problem wo shall limit our- 
selves to the investigation of the case n — 2. We have 

. . If 1 — \x\* . ■. , 

o 
whence, using the identity of Problem 173, we obtain 

2n 
U (x) — <p (Xg) = ~ J |y"lj*|a - [ ( P (y) — <P (*o) J dty, 

\x\<i, |*b| = l 

Since the function cp (x) is uniformly continuous on the cir- 
cumference | x | = 1 of the circle | x | < 1, for any e > 
there exists a number 6 = 5 (e) > such that | cp (y) — 

— f P ( x o) I <- e f° r a ^ ^ an d tyo G/i ~ cosi|), j/j — sinip, 
^ l0 = cos \p , #20 — s i n ^'o) satisfying the condition ] i|> — 

— Tpo t < 6. The expression u (x) — (p (x ) can be represented 
in the form u (x) — cp (x ) — l x -\- 7 2 where 
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and 



iJ>o— o 



7 «— S"( $ xi^f[<P(^)-'P(^o)]^ + 



I w 

u 
2n 

whence wc conclude that [ I x \ <; e. On choosing 5 (e) 
and making x tend to x Q wc obtain 

( J T^f«* + I T^f*>)<T- 

7Vf= max |«p(y)|, |y|=>l 

D<i|>s£2ji 

whence | / 2 [ < e. Consequently, | u (x) — tp (a; ) | < 2e, 
that is lim u (z) ^ cp (x Q ) for | a; | ■< 1 and ( jj | = 1. 

175. The validity of the inequalities is implied by Pois- 
son's formula (sec Problem 171) 

To show this we must take into account the inequalities 
R— \x\<\y — x\<:B + \z\ which hold for | x | < 
< R and | y | = i? and then make use of the formula 
expressing the mean- value theorem (see Problem 16, r )). 

176. It cannot. This follows from the inequalities of 
Problem 175. Indeed, without loss of generality, we can 
assume that u (x) > 0, and then, after we pass to the limit 
for R —> oo, the indicated inequalities imply u (x) = 
— u (0) = const. 

177. It cannot. Indeed, if M = sup u (x) then the har- 
monic function M — u (x) must retain sign, and, conse- 
quently, there must be M — u (x ) = M — u (x), that is 
the equality u (a;) = u (x ) must hold throughout E n . We 
thus see that the answer to the problem is negative. 

178. To prove the assertion stated in" the problem let us 
take an arbitrary point x in the domain D and consider a 
ball \ y — x | -^ e lying inside D. Let u (x) be a function 
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continuous in D for which the formula expressing the mean- 
value theorem holds in the neighbourhood of each point of 
the domain D. Let us denote by v (x) a harmonic function in 
the ball \ y — x \ <c e assuming on the sphere | y — x n j = 
= e the same values as u (x). Then the formula expressing 
the mean-value theorem also holds for the difference u (x) — 
— v (x) = w (x), whence it follows that the extremum 
principle is valid for w (x) (see Problem 160). Further, since 
w (x) = on the sphere | y — x a | = e, we must have 
w (x) = throughout the ball | y — x [ <! e, which proves 
the harmonicity of the function u (x) in the neighbourhood 
of each point x £D. 

1.79. According to the Gauss-Ostrogradsky formula and 
the condition of the problem, we have 

\ Audx= \ -^ds = 

J .• 3v 

\x— xo|<e |sc— xq\— 2 

for any ball | x — x a | -^ e lying within the domain D. 
Since the point x is quite arbitrary and the number s 
is positive, it follows that Au — 0. 

180. u (x, y) = 2xy. 181. u (x, y) = X s — 3z 2 — 3zf/ 2 4 
+ Sy 2 + 12ar — 1. 

182. Write formula (7) for the hemisphere \ y \ = R, 
£/n^>0 and make R tend to infinity. 

184. The solution of the problem is obtained by substi- 
tuting — x n for x n in the formula established in Problem 183. 

185. u (x, y) = x/[x* + (y 4 1)«1. 

186. u (x, t/, z) = -(z - l)/[x 2 4 i/ 2 4 (z - l) 18 ! 3 ' 2 . 

187. Let D* be a bounded domain in the Euclidean space 
E n (consisting of the points f = (|j, . . ., £„)) with a suffi- 
ciently smooth boundary £; the points belonging to the 

boundary 5 will be denoted as n = (r^ n n ) and the 

complement of D*\J S with respect to E n will be denoted as 
D~. Without loss of generality, we can assume that the 
unit ball | £ | •< 1 belongs to D*. To find the solution u (£) 
of the exterior Dirichlet problem 

Au (I) - 0, lim u (l) = cp (n), |£ /)-, i\ £ S (*) 

let us perform the inversion transformation | = xl\ x I s of 
the space B n (|) (with respect to the unit sphere ( | 1 = 1), 
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Under the inversion the unbounded domain D~ with boun- 
dary S is mapped onto a domain d of points x -■ (x t , . . . 
. . ., x n ) with boundary g (the points belonging to the 
boundary a will be denoted as y — (j/,, . . ., y n ). Next we 
construct the function 

It can be verified directly that the function v (x) is harmonic 
if the function u (|) is harmonic too (sec Problem 135). 
Besides, putting v\ = y/\ y I"" 3 , we can write 

lim,,( Jt ) = ltai 17 j5- r u( T ^ r ) = 

Thus, for the function v (x) we have the (interior) Dirichlet 
problem: 

Ai>(z)-0, lira i7(aj) = j-L_ <f, (-^J , X £d, y£o 

On solving this problem we find v (x). Further, knowing 
the function v (x), we can use formula (**) and the inverse 
transformation \ = xl\ x | 2 to obtain the solution u (£) — 
= y (E./| g | 2 )/ 1 | l n " 2 of exterior Dirichlet problem (*). It 
can easily be checked that the function u (£) we have found 
satisfies the boundary condition of Problem (*). 

188. u(x, y) = 4r\ (x-y+ ( 7-yi)' q>(a;i ' yi)dg 

o 

189. \ cpd.s = D (see Problem 164). 

s 

190. Let u x and u t be any two solutions of Neumann 
problem (5) for harmonic functions. Then their difference 

v = iii — u 2 satisfies the condition -tM = 0, whence, 

taking into account the obvious identity 

ii(^)'*-j'**-« 

d i=i a 

we conclude that v = C = const, that is u, = u, -f- C, 
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191. Let us denote by v (x, y) the harmonic conjugate 
function to u (x, y). Then we have 

dv dv dx , dv dy du dy du dx du . . 

~ds~~ dx ~ds'^'dy''dr^~dy~dv^~~dx~dv^^dv^ g ^ S ' 
s 

and therefore v (s) = I g (t) dt -+- C, 0<s<!2n/?, where 

o 
C is an arbitrary constant. The necessary condition 

ZnR 

1 g (t) dt — for the solvability of the Neumann problem 

a 

guarantees the continuity of the function v (s) at the point 
s = (which coincides with the point s = 2nR). 

The function v (x, t) is harmonic in the circle x 2 + y z <; 
<; /? z and is specified by Poisson's formula (see Problem 171): 

'<*.»>--^J-S£3-(j«M*)*+' 



S 



where z = x ~\- iy and £ = £ + ir]. 

The analytic function <p (z) — v (x, y) + iw (x, y) is 
determined by the formula 

q>(z) =&(-!-, -£)_i; (0,0) + *<:,= 

S 

s ^ z 

where t - jf-fe'* and 7= 7?e" i[ p. Since RlT = e 1 ® and 
(fs = dt/ie iv , we have 

<P(^) = ^- j 7^7- } g(T)dx-v(0, 0) + 2C + iC t 

S 

The integration by parts yields 

<p(z)= — — j fin \ t — z I ^ i &rg (t — z)] g (s) ds — 
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On separating the imaginary part we finally obtain 

u(x,y) = — \ g(s)\n\t — z\ds + C 1 
s 

192. Let us write down Poisson's formula (see Problem 
191) in the form 

u (x, y) = -s— \ ~" _ -■ u (t) dm 

mil <'-*><*—> 

and use Goursat's formula (1); then we obtain the relation 
f(z) = u(x,y) + iv(x,y) = ± ( -^ d«p-u(0, 0) + iC 

Now, since t = e i ^,t = e- u i > , d<p= — i7<ft and u(0, 0) = 
= -s-7- \ ^ rf£, we conclude that 



Hi-i 



'w-k- I 4±f ^<+ iC 



condition -r— 



193. The function / (z) = u (x, 1/) -f iy (x, y) is analytic 
in the semi-circle | z | < 1, Im z > 0. By virtue of the 

= s^- = which implies u (2:, 0) = 

= const, we have Im [/ (z) — const] = 0. This means 

that the function u (x, y) can be continued harmonically 
from the upper semi-circle \ z | < 1, Im z > to the lower 
semi-circle | 2 | < 1, Im z <; 1, and we have u (x, y) = 
= u (x, —y) for y < 0. Consequently, the function u (a:, y) 
is harmonic in the circle | z | ■< 1 and satisfies the boundary 
conditions u (x, y) \ 0f — <p {x, y) and u (x, y) |<j a — 
= cp (x, —y) where Gj and a 2 are the arcs x 2 + j/ 2 = 1, 
y > and z 2 |- y 2 = 1, y < of the circumference of the 
circle x* -4- tf a <]l respectively. Now, using Poisson's for- 
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<T1 



mula, we find 

+ «-»)«+<i|+rt' 3» (6 ' , » ) * 



ai 



194. The sought-for function is 

u (x, y) = 

i 

= ir j I. ( j_»)t +y t ( i_ w) t +tV \y(t)dt. 

Indeed, the function u (x, y) can be continued harmoni- 
cally from the semi-circle |z|<l, lroz>0 to the domain 
|z|> 1, lmz>0, and for \z\> 1, lmz>0 we have 

u(x 7 y)=-u(^- ? -, ^L) 

Hence, the function u (x, y) is harmonic in the upper half- 
plane y > and satisfies the boundary condition 

— (p(l/x) for — oo<x^ — 1 
>(x) for — l<!x<;i 

— <p(i/x) for l-<a;<oo 

Therefore, by virtue of Poisson's formula (see Problem 183), 
we have 

«(^) = £{-j 1 T ^^<p(|)<fc + 



f ~<P( 
u(.r, 0)=< q>( 

I -<P< 



— i 1 

1 
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195. To obtain the formula it is sufficient to show that 
the function u (x, y) can be continued harmonically from the 
upper semi-circle | z | ■< 1, lmz>0 to the lower semi- 
circle j z | < 1, Im z <c and that u (x, y) = — u (x, — y) 
for y <; 0. The concluding part of the proof reduces to the 
usual application of Poisson's formula (see Problem 194). 

196. In case D is a bounded domain, formula (9) shows 
that for n > 2 the potential function of a volume distri- 
bution of mass tends to zero as x -+ oo. When n = 2 we 
represent the function In | x ~ y J in the form In | x — 

— y | = In —. — j— + In | x | and then show that for 

J ^ I 
| x | ->- oo in this case the volume potential behaves like 

the function In | x \ \ \x (y) dx y . 
h 

197. f n (y) dxy = (see Problem 19(>). 

b 

198. Let the function / (x) be continuous and bounded in 
D together with its partial derivatives of the first order. 
The function u (x) can be represented in the form 

D D 

use the relations 

A j E (x, y) f (y) d? y = — <*„/ (x) 



D 

Now we can use the relations 



D 

and 



A\g(x,y)f(y)dx !/ = Q 

D 



to show that equality (11) holds. As to the condition 
lim u (x) = 0, x 6 S> its validity cannot be established 

x-n„ 

by means of the direct passage to the limit under the integral 
sign in the expression 

"(«)=— ^- J G (*.»)/ (a) ^ y 

D 

because Green's function G (x, y) tends to zero, as i-vi , 
not uniformly with respect to y £ D. Lei us write the func- 
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tion u (x) in the form 

»(*) = -~ j G (x, y)f(y) dx y ~^- j C (z, y) f (y) dx y 

wliere d& = D[\ {\ y — x n | < 6} and D is the part of 
the domain D lying outside the ball | y — x |<!6. It is 
evident that 

lim f G (x, y) { (y) dr y = f lim G (x, y) f (y) dx y = (*) 

Let Q R he a ball | x — y | <; /? with centre at the point 
2/ £ £ such that D [JS (= Q H for any j/ 6 <D- If z is a point 
belonging to the sphere | z — y | = fl then for the function 
Q (a;, #) = E (x, y) — - E (z, y) we have £ (x, j*)>0, and 
on the boundary S of the domain D the inequalities 
G (x, y) — Q (x, z/)-C0 hold. Since the function G (x, y) — 
— Q (x, y) is harmonic in D, tie theorem on the maximum 
and on the minimum of a harmonic function implies that 
G {x, y) — Q (x, y)^0 everywhere in D. Therefore, taking 
x 6 d& and denoting M ~ sup | / (y) |, y £ D, we can write 

| j G (x, y) f (y) di u | < j G (a:, j,) [ / (y) \ dx, < 

< Af j G (x, y) dx y < M j £2 (*, y) dx„ = 

= M j [£(*, ?)-£(*, yJJdt^AT j E(x, j/)it y < 

^ ;1f f 1 j _ 

^»-2 J | j, -*!»-» fflT w- 

|y-*|<26 

2fi 






ra — 2 

U-*|<26 

where do is the element of area of unit sphere. 
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From the inequalities wo have established it follows that 
lim \G(x, y)f(y)di y = (**) 



Further, let us fix an arbitrary number e > 0. From (*) 
and (**) it follows that there exist numbers 6 t = 6, (e) > 
and 6 2 = 8 2 (e) >• such that 



— J G(x,y)f (y) dT y 



for any 8 <c b l and for all x such that \x — x | < 6 2 
and inequality 



-±-\G{x,y)f(y)dT v 



is fulfilled. Now we see that for 6 = min (6^ S 2 ) and for 
j x — x | <; 6 the inequalities 



~\G(x,y)f(y)dx y \<- 



<■ 



hold. 

The last two inequalities imply that | u (i) | < e, which 
means that lim u (x) = 0," x £ D, x £ 5; this is what 

x-rX„ 

we intended to prove. 

199. The difference u (x) — v (x) = w (x) is the solution 
of the problem 

Aw {x) = f (i) for x £ £> , w (y) = for $/ £ 5 
Consequently (see Problem 198), 

it (*) = p (*) + JL { G(x, y) f (y) dx„ 

D 

200. Yes (see the solution of Problem 167). 
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201. For y £C (d \J a) the validity of thel third of tfr 
equalities we had to prove is quite evident (see Problem 164)# 
Now Jet y g d; we shall denote as d t the part of the domain & 
lying outside a sufficiently small closed ball | x — y |<^B. 
Using the result established in Problem 164 we can wrltfl 
tor the domain d t the equality 

a |*-vl=q 



whence, passing to the limit for e -»- and taking 
into account the equality d }*' y H = — 1/e 71 " 1 , W8 

obtain i — j*' ds x — — <u n . It now remains to consider 

a 
the case y £ <r. Lot us again denote by d g the part of the 
domain d lying outside a sufficiently small ball | x — y | ^ 
<! t. Let o t be the part of a exterior to that ball and let a t 
be the part of the sphere! | x — y | = e lying within d. 
In this case we can also use the result of Problem 164 to 
write 

c, o, a. 



whence, after passing to the limit for e-vO, we obtain 

j^li^ — Wn /2, j/6a. 
<i 

202. The required formula is a direct consequence of thl 
equality 

. r 

\—E { x,y)ds x ={ Q fQr y6C(dU0) ■• 

C 

13-0401 
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(see Problem 201) where d is a bounded domain with boun- 
dary a. Indeed, we have 

c c D 

+ j^)^j^g^ 



Df]d 



where d t is the part of D lying outside d[)a. 
203. It cannot. 204. n= — 5{x 2 + y 2 + z 2 )/n. 

co i 

205. M=— 4r 6 . 206. a(x) = -^- f dt f / (x) tfr, o> = 





= ^a h x k . 207. AT ^-. 

ing pr 

— 2n for 0<r<l 



208. Solve the following problem: 



Au 



(r)={ 



u(l + 0) = u(l — 0), u,.(l + 0) = u r (l — 0) 
209. Solve the following problem: 

■4n for 0<><;1 



>(r) = { 



f or r > 1 
u(l— 0) = w(l+0), u,(l — 0) = u* (1+0), |«(r)|<oo 
lim u(r) = 

210. (x = a: and u = n(x + xfr*)l4. 211. JW = -|j-. 

212. The result is 7 = 0. To find the solution of the 
problem it suffices to make use of Gauss' formula (see 
Problem 202). 

213. In case the surface over which the dipoles are dis- 
tributed lies inside a bounded domain in the space E n , the 
double-layer' potential tends to zero for ] x | -*- oo. In the 
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case n > 2 the single-layer potential also possesses this 
property. 

214. This condition has the form I \i (y) ds y — 0. 

s 

215. Let us consider the case n = 2. We shall look for 
the solution of the (interior or exterior) Dirichlet problem 
with a boundary condition u | s = g in the form of a double- 
layer potential with density \i. Then, using formulas (15) 
and (16) for the determination of u., we obtain the following 
integral equations to which the interior and the exterior 
Dirichlet problems reduce respectively: 

|i(*)+J K(s,t) V .(t)dt=-2g(s) 

s 

|i(s)-jtf(s, t)vL(t)dt = 2g(s) 



and 



s 



where K(s, t)^ — ^— In [ y~ x\, x = x(s), y = y(t). 



n dv y 



The solution of the (interior or exterior) Neumann problem 



with the boundary condition - s - 



= g can be sought in 



3v 

the form of a single-layer potential with density u,. Then, 
using formulas (15') and (16') respectively, we reduce the 
interior and the exterior Neumann problems to the following 
integral equations: 

\l(s)+\k*{s, t)ii[t)dt = 2g(s) 

i 

and 

H(»)- j £*(*,*) MO d*=- 2* <s) 

s 

where 

K*(s, t)= -z — In y — x \ — ~r- arctan ^-^ *-!_' 

v * ' n dv x ' " ' 3i ds y t (t) — x x (s) 

13* 
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216. The solution is 

u(x,y) = -^- j lu [{t-x)* + y*]y(t)dt + C 

— oo 

Indeed, denoting by v (x t y) the harmonic function conjugate 
to u (x, y), we arrive at the Dirichlet problem 

X 

Av(x,y) = for y>0, v{x,0)=\if(t)dt + C = ty(x) (*) 

o 

for the function v (x, y). Assuming that for sufficiently 
large values of | x | there holds the inequality 1 i|i (x) | < 
< A | x I -6 , 6 > 0, and using Poisson's formula (see Prob- 
lem 183) we find the solution of Problem (*) in the form 






Knowing v (x, y) we can in an ordinary way reconstruct 
u (x, y). 
217. The sought-for potential is 



f -RlnR 



— RlnR for x z + y z ^R 

x 2 + y 2 for x* + y 2 ^R 



When solving this problem one should take into account the 
angular symmetry of the density fi of the distribution. 
218. 

v f 1 for z 2 + i/ 2 + z 2 <i 

u[x, y, z)= I 

\ (x* + yz + z?-)-^ for ;r 2 + j/ 2 + z 2 >l 

2t9 ../_ ... f ~^ 2 for * 2 + >/ 2 <l 



J. u(x t y)= J 



r/2r 2 for ar 2 + ^ 2 >l 
where r = ]/x 2 + i/ z . 

221. u(x t y, z)- 



(** + »*+ «*)*/» (j^ + j/S + zSJi/a 
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222. u(x, y, z) — (x2+yl+zi)ifi 

223. u{x,y)=~\ 

— 1 for x 2 + y z <Z 1 

for & + y*>l 

225. n = 2x + 8*y. 

226. The transformation of the variables z — x -\- iy, 
z = x — iy reduces equation (17) to the form 

_^+Au = (17') 



On representing the function J (u. V (z — t) z) in the form 
of the sum of the series 



u { x,y) = J Q ^\/ { z-t)- Z )=^{-ir(^f n ^A 



n=0 



X \" (z — t) n Z n 



n— 

we find 

fed; ^ h' 4 > i(«-i)n B _ 

_ A v /AV 1 (z — <)" z" 
~ — "4 2j \tJ 



n-0 






The substitution of these expressions for u (x, y) and 

" _ ^ into the left-hand member of (17') shows tha 
dzdz 

u {x, y) is a solution of equation (17'). 
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227. We have 

z 

u (x, y) = i- { j /„ ((X /(*-*) ~z) f (t) dt + 



z 

+ \j {jx}/ r (z-t)z)j(i)dt} 



and 

z 



9z 5z 





}z dz *• \ J dz dz 

J dzdz ' J 



+ 


and the function J Q \\iV (z — t) z), like the function 

/ (n V (2 — i) zj, is a solution of equation (17). Therefore 

the assertion becomes obvious. 

228. If we assume that u (x, y) attains a positive maxi- 
mum at an interior point (x, y) 6 Z), this will lead to a con- 
tradiction. Indeed, at the point (x, y) where u (x, y) attains 
its maximum there must be u xx -\- u yy < 0. Since the maxi- 
mum is positive and X < 0, the equality u xx + u ttg + Xu = 
= is impossible. The second part of the assertion can be 
proved quite similarly. 

229. Yes. (This follows from the extremum principle 
stated in Problem 228). 

230. Since iE the polar coordinates x — \ = r cos cp, 
y — r\ — r sin cp equation (17) assumes the form 

— — ( r ^— ) +-? -3-5- — M- w = 
r or \ dr ) r 2 d<p 2 r 

and since -3-5- = 0, we must have 



t£ ('-£)-<■"-« 
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As to the last equality, it follows from the equalities 

JE__~( r\ite riU dt 

— no 

and 

J.JL ( -JtE]— J.~f V-t^'dt , ~f n 2 * V 1 '' dt _ 

— OO —00 

-1 -1 

= _ |n2 j y>_i e rn( ^ _|_ ^2 f y ^ZTl e >H( <fr + 



(* c r|lt dt 

^ J l/(*-l 

— oo 

231. The function E (r) can be found as a solution of 
the differential equation 

As can easily be seen, for E (r) = e-^/r we have 

and, consequently, A2? — p.^ = 0. 

232. Let a; be a point belonging to D. We shall denote 
by Z> e the part of the domain D exterior to the ball 
] y — x |<!e and lying inside the domain D, the radius e 
of the ball being sufficiently small. Since Au = \ihi and 
AE = \l*E, we obtain, using the Gauss-Ostrogradsky for- 
mula, the equality 






lly-^l-e 
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Now, since 

lime 2 £(e) = and lim e 2 \~ -^1 = — 1 
we obtain, after passing to the limit for e ->• 0, the relation 



233. On integrating twice the equation =- = we 

dz 2 dz 2 



obtain 



_— =<p 2 (z) and ^- = 2cp 2 (z) + ij? 2 (z) 



where cp 2 (z) and i|) 2 (z) are arbitrary analytic functions of 
the complex variable z = x 1 — ix 2 . Further, we have 

T^ = Z<Pl(z)+^l(z) + ^l(z) 
01 

Z z 

where q> n (z) = I cp 2 (7) dfand % (z) — \ \p z (t) tit.. Gonaeqnent- 

- J> _ - _ ° . -- 

ly, w = zcp :1: (z)+ : i|3^(z) + z X (z) + ro(z) where 9,(2) = 

z z 

= <Pi (*) ^1 *l'* ( z ) — 1 ^1 (*) ^> X( z ) an d w (z) are arbitrary 



analytic functions of the complex variable z = £ l + i:c a . 
Since u(x, y) is a real function, there must be %(z) = <p*(z) 
and to(z)=^(z), and therefore u^zy^ (z) + ty A: (z) + z<p ;!: (z) + 
-fi|?,(z). On putting <£* (z) -- cp (z)/2 and % (z) = 1]; (z)/2 we 
obtain u^j, x 2 ) = Re[zcp (z) + ij?(z)]. 

234. The function E (r) = r 2 In r is obtained from the 
formula 

u = Re lzq> (z) f i|> (z)l, z = x^ — 1^ + i (.r 2 — j/ a ) 

{sec Problem 233), if we put t|j (z) — and <p (z) = z In z = 
= z {In z + i arg z). Therefore the function E (r) satisfies 
equation (18) for r =^0. 
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236. Let X lt . . ., h^ be the zeros of the polynomial 

m 

5 a k K m ~ h . Let their multiplicities be v t , . . ., v^ respec- 

fe=0 

tively. The differential operator under consideration can be 
written in the form 

M H 

whence follows the assertion stated in the problem. 

237. On writing the differential operator in the form 

9x* ~^ Sy* ~\ dx* +i dy* ) \ Ox* 9y i 1 

we easily see that both cp (Zj) and i|) (z a ) are solutions of 
the given equation. Indeed, we have 

{lH-i[-^(l+0J 2 }Rc9"W = 



and 



{H-i[-^(l + i)] 2 }Re^( Z2 ) = 



238. The roots X and k of the quadratic equation ck 2 -j- 

+ 2W. + a = are 

X=----"|/ac-62 and 1= --+- V'^ Zr ^ 
c c c c 

In terms of the variables z = x + \y and z = a; -+- A,*/ 
the given partial differential equation is expressed as u z - — 
= 0. Consequently, 

«(*,j/)=4/( z > + t7W 

239. The solution is 

/ \ ! f W 2 ^ (* 2 / , . > , 

il^., ( — )+(—) 



202 Answers, [lints and Solutions 



Indeed, under the transformation of variables x = a\, 
y = &T), u (x, y) = u (ag, br\) — v (£, n) the ellipse x 2 /a 2 + 
-(- j/2/6 8 = 1 goes into the circle £ 2 + n 2 = 1 and the given 
equation is transformed into Laplace's equation v« B + 
+ v nn = 0. On denoting by v (S, T|) the solution of the 
Dirichlet problem for Laplace's equation in the circle 
? 4 + ti 2 < 1, we derive the following formula for the sought- 
for solution u (x, y): 

240. In terms of the variables z — x -\- lay and z = 
= x — iay the given system can be expressed in the form 
m- =0, where w= u -f- iv, whence it follows that 

u (x, y) + iv (x, y) = / (x + iay) 

241. For the corresponding homogeneous Cauchy problem 
with the data 

»o (x, y) = 0, v (x, y) = 0, (x, y) £ S 

the analytic function / (2) = u + iy (see Problem 240) of 
the complex variable z = x + iay turns into zero at all 
points belonging to S. Therefore, by virtue of the uniqueness 
theorem for analytic functions, the function / (z) is identi- 
cally equal to zero, whence follows the uniqueness of the 
solution of the Cauchy problem. 

242. It cannot. Indeed, let us denote £ ~ — x, tj = 

~~ry (* > 0» b>0), u^ — v and u n — w. The given 

equation reduces to the Cauchy-Riemann system of partial 
differential equations w^ — v v = 0, «>„ + i> £ — 0, and 
we have y (|, 0) = 0, and w (|, 0) = for tj = and 
0<|^fle. Therefore (see the answer to Problem 241) 
both v (£, T|) and w (£, r\) are identically equal to zero. 

243. On denoting z = x + iy, z — x — iy and w — 
= u + iv we can write the given system in the form w- = 0, 
whence follows representation (20). - 

244. Formula (20) implies that 

<p (0 + ty{t) = t [ft (*) + if 2 (t)l 
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on the circle | t | = 1. It follows that (a) the Dirichlet 
problem can possess a solution only under the condition 
that, the function t l/ x {t) + if t (t)] represents the limiting 
values on the circumference | t \ — 1 of the circle | z | < 1 
of a function analytic within that circle; (b) in case /, (t) =. 
= / 8 (t) = there must be cp (t) = —if (f), | f | = 1. 
Therefore, by virtue of the uniqueness theorem for analytic 
functions, we must have cp (z) = — 2tp (z) everywhere within 
the circle ] z |<J1. Consequently, the homogeneous problem 
possesses infinitely many linearly independent solutions 

u (x, y) + iu (x, y) = (1 — zz) i|> (z) 

247. According to formula (8), Chapter 1, the charac- 
teristic determinant of the given system is 

U Aj A-2 Aj 

— Ag A12 

A 2 A 3 — A t 

A3 — A 2 A^ U 

Consequently, the system is elliptic. 

If u, v, w and cp are twice continuously differentiable 
functions, the matrix differential operator 



D{X lf A 2 , a 3 ) = 



= -(A? + ^ + ^) 2 








d 
'dx 


d 

ay 


d 
dz 




5 
3z 





d 
dz 


a 




d 
dy 


d 
dz 





d 

dx 






dz 


a 


a 

dx 





e 


given equation into 




A 

















A 




A 


(u, V, w 


<p) 








A 







whence follows the harmonicity of the functions u, v, w 
and cp. 
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Chapter 3 

248. x — t = const, x + t — const. 

249. The sought-for surfaces are described by the equation 
(x t - xj) 2 + (x 2 - *l) 2 - (t - *°) a = where (ij, x\, f) is 
an arbitrary fixed point in the space E 3 of the variables 

250. These planes are described by the equation a 1 x 1 + 
+ (ZjXj + *a^3 + c-t — const where %, <z 2 , a s and a are 
arbitrary real constants satisfying the relation a\ + a\ + 

+ a? = «'• 

251. From the conditions of the problem it follows that 

3 3 

and 



u n = 4t\ ] <* (*» ~ ! ~ ^' X2 + ^ 2 ' ^ ~"~ ^ ds 'J + 

IS 1=1 i-l J 

where u (z lt z„ z 3 ) = [i (x t + Z i/, , x 2 -\-ty z , x 3 + ty 3 ), 1 = 

3 

= \ 2 M-' v »^ s i an( ^ v = ( v u v 2i v s) ' s the 0|, ter nor- 

|z-«|»=t 4 1 = 1 

mal to the sphere \z — x\ 2 = t 2 at the point z. The 
Gauss-Ostrogradsky formula 

3 3 

makes it possible to write the expression of / in the form 
1= \ 2 \izz-dx= \ p 2 rfp \ sin 9^6 \ Ap<£q> 

\z *|»<( s i=l 0- 

where 

z x — x Y = p sin 6 cos <p, z 2 — j: 2 = p sin Q sin tp, z 3 — £ 3 = pcos6 
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and 



A. 



It follows that 

it 2n 3 

1 1 -- i 2 f sin 6 dQ j Au- drp --- 1* \ ^ u. z .^ ds y 
I a/ 1 — - i i=l 

and 

3 
3 

Consequently, 2 "* .i~ b k = 0. 

252. Since the function ty is continuous together with 
its partial derivatives of the second order, the first summand 
on the right-hand side of formula (6) satisfies equation (5). 
Further, the continuity of the partial derivative of the 
third order of the function <p is sufficient for the existence of 

the third-order derivatives j-jt- [tM (<p)l and ^ [tM (q>)], 

i 

and hence 

S -sfgri^ (*»-■& t*Jtf(<P)]- 

= ~{At<M(q.)l}— i-{A[*M(<p)I} = 

Consequently, function (6) satisfies equation (5). Besides, 
from (6) we find 

u (x l7 x z , x 3 , 0) =-^- J (p (*!, x 2 , ar a ) d.v B = cp (x u x z , x 3 ) 
and 

Ivl-i 

= 1|3 (it, X a , * 3 ) -f ^- [*Af (A(p)]/ = o = 1p (i»l, *j, *s) 
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254. On rewriting formula (6) in the form 

u (z„ x 2 , x 3 , t) = -^ j ij; (sj, 2 2 , z 3 ) ds t + 

|z-*|'=i- 



3( P &, 



4itit s J ^ ^ ^ ~ 3 ' z ' 4jtt J <9v 

(see Problem 252), we readily prove that the value of the 
function determined by formula (6) at the point (x v x 2 , x 3 , t) 

is specified by the values of cp, -^ An ^ ^ on the sphere 
(z x — x x ) 2 -1- (z 4 — ar 2 ) s -|- (z 3 — z 3 ) 2 =i 8 . 

255. In case (f> = y(x 1 , x 2 ), and i|; = ij) (x, , ar 2 ), formula (6) 
specifies a function u (x x , x 2 , 2) dependent on two spatial 
variables; it can be written in the form 



|z|'=(» 

|z|*=t» 

To compute the integrals of the right-hand side of the last 
formula we must project the upper and the lower hemispheres 
of the sphere z\ + z\ + z\ = t 2 on the circle d: z\ + z|<f 8 , 
z 3 = 0. The area dz x dz z of the projection of the surface 
element ds z of the sphere | z j 2 = 2 2 on the circle cf is ex- 
pressed in terms of ds t in the form 

/x z 

dz-i dz 9 = ds, cos (L, v) = — =—====- ds, 

where j 3 is unit vector along the a^-axis, v is the normal 
to the sphere \z\ 2 — t 2 at the point {z x , z 2 , z 3 ) and z 3 = 
= zbVi a — zj — z\. The computations result in 

v *' 2 ' ' 2n J yp — z\ — «| 

1 * f q> fa + «i, *, + *») dz dfo (8 ') 

2ji ft J yV — q — z% 
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whence, performing the change of variables x x -f- z x — y lt 
z 2 4- z 2 = j/ a , we obtain formula (8). 

256. Reversing the course of the argument given in the 
solution of Problem 255 we can bring formula (8') to form 
(6), whence it follows that the function u (x lt x z , t) is the 
solution of Problem (4). (2). 

257. No, it does not, because the value of the function 
u (x t , x 2 , t) at the point (a^, z 2 , t) (sec formula (8)) is 
specified not only by the values of the functions (p and ij) 
assumed on the circumference (j^ — xj? + (j/ 2 — x 2 ) z = t z 
of the circle (j/j — xtf -f (j/ 2 — z e ) s <;t a but also by their 
values within the whole circle. 

258. In case (p and ip depend solely on one variable x 1 — x 
formula (8) (see the answer to Problem 255) yields 

»<*.0=^rj*<*+Th>*h j ^ + 



-t -VP^ 



-J -t 



x-f 



259. Make the change of variables | = x + f, Tj=ar — f 

and the transformation v (%, x\) = "■(^4-^ , ^r^ ) = 

= u {x, y) of the unknown function in equation (3) and 
integrate the resultant equation, 

260. In terms of the characteristic variables | = x -f- y 
and r\ = Zx + 2y the given equation is expressed in the 
form v j„ {£, u) — 0. On integrating the last equation we 
find u = / (x -j- y) + cp (3z + 2j/) where / and <p are ar- 
bitrary twice continuously differentiate functions. 
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261. u = cp(j/ — x) + e z ty(y~2x). 

262. u-[<p(x + 3y) + y(3z + y)]e~ ^ . 

263. The general solution of the equation is 






" = [<P(y — 3x) + y (% — x) — -gX(y — 3x)(3y — x)'j e ' 

Indeed, the original equation is expressed in terms of the 
characteristic variables | = y — 2>x and r\ = 2>y — x in the 
form 

I -kzl 

32v^ + v i -v T] -^ I v~(3l-v i )e ™ = 

where v (%, \\) = u P"^" ' . \ J - On performing the 

substitution v (£, n) — e a2 w {£, -q) in the last equation 
we arrive at the new equation 32u>* n — 3£ + r\ = 0. 
Finally, we integrate the last equation and return to th« 
original variables x, y, which results in the above answer 
to the problem. 

264. u=--2e x + e* <X+2y) [y (x) + ty (x-2y)]. 

265. u = e**W2 l{2x + y) e 4 * +y + cp (2* + y) + 

+ \\> {fix + y)l 

266. u = cp (;/ + 2x -f sin z) -f e" T l!/+2K+Bm x) y> (y ~ 

— 2x -\- sin x) . 

267. The general solution of the equation is 

u - e y (e 21 ' - e 2X ) + cp (e v + e x ) + i|> (e» - g*) 

268. The general solution of the equation is 

u 
u = ij(f (x) + tp' (x) + j (y — tj) e- KT V (t|) c?t] 



To solve the problem transform the original equation 
to the form v xv + yv y = using the notation v = u r 
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269. The general solution of the equation is 

X 

u = cos y + x<p (y) + q>' (y) + j (x - 1) e -*e / (£) dg 

o 

To solve the problem construct the solution in the form 
u = v -\- cos j/ using the hint to Problem 268. 

270. The general solution of the equation is 

v 

u = Sib { ycp to + <P' (*> + J (» - *i) e-*"^ (t)) rf-n} 

o 

To solve the problem use the notation v = cosh xu y in 
order to transform the original equation to the form v xy + 
+ yv g = 0. 

271. The general solution of the equation is 

» = < rX {<p(tf)+}e E - E ' w N'(S)d6} 
o 

272. The general solution of the equation is 

X 

u = (l+y)(l- O - xy + e~* {cp (?) + j W -vty (|) rig} 

o 

To solve the problem wc use the notation u x -|- u = e - *"!; 
and transform the original equation to the equation v y — 
= —x 2 ye cy from which v is found. Further, we substitute 
the expression of v thus found into the equality u x + u = 

— e^ x ' J v and thus arrive at the equation u x + u = 1 — 

— xy -\- e~ xv \\i (x) whose integration gives the sought-for 
answer to the problem. 

273. The solution is 

u{x, y) = <p (a: — j l J 3 )+-j \ ^{»)da 

"2 . 

The problem is solved thus: the original equation reduces 
to the form v^—O in terms of the characteristic variables 

11-0461 
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2 
| = x — -r t^and. ■(] = x + 2y. On integrating the new 

equation and using the initial data we arrive at the answer 
to the problem. 

274. The solution is 

u(x,y) = (l+2x-e**) e y + y(j,)+± j t\> (z) dz 

v 

To solve the problem make the change of variables £ = jr, 
r\ — y + 2x in the given equation. 

275. The solution is 

u (x, y) = x + cos [x — y -\- sin x) 

To solve the problem perform the change of variables 
| = y — x — sin x, r\ — y + x — sin x in the given equa- 
tion. 

276. The solution is 

3 1 

u(x, y)^-je" v ^(x-\-y) — y q> <z + 3j/) + 

To solve the problem one should first use the change of 

variables % — x + 'dy, r\ = x + y to bring the original 

1 
equation to the normal form i?^ = — yH, and then inte- 
grate the resultant equation in order to fiDd its general 
solution. 

277. The solution is 

x i 

u(x, y) = g - + cos (x — l-\-e v ) — cos x 

To facilitate the computation of the general solution of 
the original equation one should reduce it to the normal 
form with the aid of the change of variables \ — x, r\ = 
= x + e v . 

278. The solution is 

, . x . , I y — cos i \ , / y — cos x \ 
u (x, y) = e sinh I - — ~ I -h sin x cos I - — ^ ) 
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To reduce the equation indicated in the condition of the 
problem to its normal form use the change of variables | — 
— : 2x — y -r cos x, i] = 2x -f- y — cos x. 

279. The solution is 

/ \ O -rO-x-V I cos*) . \ 

u{x,y) — 2e l cos £ sin — <{y — cos a;) 

To solve the problem one should make the change of vari- 
ables | = 2x — y + cos x, n = 2x -[- y — cos x in order 
to reduce the original equation indicated in the condition 
of the problem to its normal form 

where v (|, v\) =* u ((g + n)/4, (n — |)/2 -j- cos(£; + t|)/4) = 
= u (x, y). The general solution of the last equation has 
the form v (%, r\) — f (£) + e _ e/ 4 F (tj) where / and F are 
arbitrary twice continuously differentiable functions. .Re- 
turning to the original variables x and y, we find the gen- 
eral solution of the original equation: 

— -r (2.Y-- !/-fcos r) 

u = / (2x — y + cos x) + e * F {2x [ y — cosx) 

Further, using the initial data, one should determine the 

functions / and F. 

280. The solution is 

u (x, y) = 1 — sin (y — x -f- cos x) -f- 

To solve the problem one should start with performing the 
change of variables £ — — x + y -f- cos a;, n — £ -|- y -j- 
+ cos x in order to reduce the equation indicated in the 
condition of the problem to its normal form. The further 
course of the solution follows the procedure indicated in the 
hint to the solution of Problem 279. 

281. For the cases n— 3, n— 2 and n=l the domains of 
dependence, on the manifold t — 0. corresponding to the 
point (y, t) £ E n -n are the sphere | x — y | 2 — x 2 , the cir- 
cle | x — y | a ^ t 2 and the line segment | x — y | 2 ^t 2 
respectively. 

14* 
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282. Since the sides of the characteristic rectangle with 
vertices at the points (x it t L ), (x 2 , J*), (x 3 , t s ) and (ar 4 , i 4 ) 
are the straight lines x — x t — t — t x , x — x 2 — t t — .t, 
a: — £ 3 = i — t 3 and j; — a* = £ 4 — J, we have x t — Xj = 

— ^2 — ^li ^-a — x 2 == ^2 — ^3' *4 — ^-8 ~ ^4 — ^3 an d 

x t — Z4 = £ 4 — tj. Therefore, by virtue of formula (10), 
there must be 

u {x v t t ) + u (x s , t 3 ) = / (asj + tt) -I- cp fo — ^) -f 

-I- / (x 3 + t 3 ) + cp (x % , — * 3 ) 
and 

w (a: a , i s ) + u (x 4 , t k ) = / (x 2 -h ( 2 ) + cp (* 8 — t 2 ) + 
+ ffa + h) + <P (a* ~ * 4 ) = 
= / (*s + * 8 ) + cp (x 1 — tj) + f (Zj + *i) -h cp (* 8 — «a) 

whence follows the assertion stated in the problem, 

283. The sought-for solution is 

v(x u x 2 , x 3 , t, t) = -^- j gcto^ 

)U=i 
where g^glxi + it — r)^, x 2 + (l — t)| 2 + x 3 4- (i — t)£ s , t]. 

286. w (x 1( z 2 , ar 3 , 2) = a^= + (3^ + zj) i 2 + x t t k + 

+ (asjsj - Zx\) t + ~ (or* - 9^ + 6a?Ja») i a + 

+ l(24 + xj)^ + -l-^ 

JC-M 

287. u(x, t ) = ^v(x + t) + Y<?(x-t) + Y j i|»(T)dT- 

w— t 
I x+t-t 

K-'t + X 

289. D' Member t's formula 
shows directly that 
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(a) in case both functions (p (x) and ip (x) are odd we have 

■ t (0,*)- 9( ~ < y" P( '° +jg- }'*M* = 

(b) in case both functions cp (2) and ip (x) are even we have 

290. The solution of the given Cauchy problem is ex- 
pressed by the formula 

t x+n(l x) 
U\(Z, t) = ± j { / (Z, T) <fz C?T 

x~a(t~T) 

whence we find directly that 

(a) if the function / (x, t) is odd with respect to the 
variable x then 

t a(t-x) 

u(0, i) = ±\dx j f(z, x)dz = Q 

-O(t-T) 

(b) if the function / (x, t) is even with respect to the 
variable x then 

t 

MO, = -^" J{/M'-T), X]-/[-0(*-T), T]}dt = 



291. The solution is 



u(x, t) = 



(f jx + at) |-q> (x~ at) i 1 
2 ""l^ 



x+a/ 



j *(*) 



^2 



x-a( 



for a: > 0, f < — 



.\+n( 



JPi£±£0^P(£L^L + ^L. j ^ {z)dz 



llt-X 



for .c>0, O-f- 
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To obtain the solution we reduce the given problem to 
the Cauchy problem for tlie infinite a>axis. To this end let 
us continue the initial data cp (x) and lp (x) to the whole 
a>axis in an odd manner, that is let us construct the func- 
tions 



f <p(x) for x^>Q 

v ' I _(p(_a:) for a;<0 



t|>(*) for x>0 
and V(x)=\ _ +( _ x) for x<() 



and consider the following Cauchy problem: 

U it ^ a?U xx , — oo < x < oo, f > 

(*) 
£7 (x, 0) = <J> (a;), f/ t (z, 0) = ¥ (ar), -oo < a: < oo 

As is known, the solution of Problem (*) is given by D'Alem- 
bert's formula 

x—al 



Since the functions O (x) and V (x) are odd, we have (7(0, t) = 
= (see Problem 289), and for x > the relaLions 

(7 fa:, 0) = <D (a?) = cp (x), U t (x, 0) = V (x) == ip (a;) 



hold. Hence, the function U {x, t) thus constructed satisfies 
all the conditions of Problem 291 for x>0, t^O, and, 
consequently, u (x, t) — U (x, t) {x'^0, t^O) is the 
solution of the problem. On exprcssingj;he function U (x, t) 
in terms of the initial data cp (x) and \\> (x) of the original 
problem for x^O and i^O, we arrive at the expression 
of u (x, t) indicated above. 
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292. The solution is 



u(x, t) = < 



< P(x-i- fl Q.|-q ) (»- a + ^ T ^ (2) dz 

x—al 

for x > 0, t < — 

qp(i-l-af) + <p (at — z) 



+ 



aH-crt 



at— x 



+ ±{ j ^(Z)tf2+ J W^} 



for a; > 0, t > — 

v a 

To obtain this solution we consider the following auxilia- 
ry Cauchy problem: 

U tt — a t U :xx , — oo -< x < oo, I >> 

£/ (a;, 0) = (I) (x), U t (x, 0) = W (x), — oo < a; < oo 
where 

q> («) for x > 
<0 



<D 



|q>(«) for a;; 
\q>( — x) for z- 



and ¥ (x) = < 

v ' I aj) ( — x) to 



ty (a;) for a; > 

i\i( — x) for a: < 



The solution of the latter problem is given by D'Alorabert's 
formula: 

v[x,t)= *(*+«o+q»(*-°o + 4_ X ¥ (z) dz 



2 



2o 



x — of 



Since the functions <1> (a;) and W (x) are even, we have 
U x (0, i) = (see Problem 289), and for x > the rela- 
tions 

U (x, 0) = O (a:) - q> (*) and t/, (z, 0) - W (x) = + (a) 

hold. 
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Consequently, the function U (x, t) is the sought-for solu- 
tion for x^O, £>-0, that is u (x, t) = U (x, t) (x>0, 
t^O). On expressing the function U (x, t) in terms of the 
data cp (x) and i|) (a;) of the original problem for xZ^O and 
i^O, we arrive at the solution u {x, t) indicated above. 



293. 



u (x, t) — 



t x+a(t-v) 



-s— \ \ f (z, t) dz dx for x > 0, if < • 



Jl 

2« 



*-0(«-T) 

\ \ j (z, x) dz dx 4- 
d (i(t-T)-K 

t x+a(l~ tj 

+ -5- | i /(z, "rJrfz^T for x\ 









To obtain the solution of this form, we extend the func- 
tion / (x, t) to the whole x-axis so that the resultant func- 
tion F (x, t) is odd with respect to the variable x: 

for x > 
t) for x < 
Now let us consider the following Cauchy problem: 
U ti = a?U xx + F (x, t). — °o < x < oo, i > 
U (x, 0) = r/ f (x, 0) = 0, — oo < x < oo 
The solution of the last problem is the function 

t x+a(i t) 

U(x, t) = ~[ \ F{z, %)dzd? {*) 

x alt -t) 

Since the function F (x, f) is odd with respect to x, we have 
U (0, t) = (see Problem 290), and for x > 0, the equali- 
ties U (x, 0) = £/, (x, 0) --= hold. Consequently, the 
function U (x, t) coincides with the sough l-i'or solution for 
x^0, t^zQ, that is u (x, f) = £/ (x; t) (x^0, £>0). 
To transform the solution we have- found to the form indicat- 
ed above we shall consider separately the following cases: 
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(1) let x > and x — at ;> (that is 2 < x/a). 
Then 

£ — a (£ — t) ~ -■ x — ai -J- ot > 

Therefore 

( .x+a(*--t) 

u(x, i) = U(x, O^-^-J J /(*. T)dzrfr 

(2) let x > and x — a* < (that ia t > x/a). 
Then 

x — a (£ — t) = x — at+ ai < for < t < 2 — x/a 

and 

x — a (f — t) = £ — at-\- ai > for x > ( — x/a 

Consequently 

a x+o(t--T) 
«(X, «) = [/(!, i!) = i ( f f (Z, T)dzdT + 



a 



'"a 



fc-a(I-l) 

+ -27 J J /( z » T)dzdx + 







._« I-Oft-T) 
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n{i-T)-x 



On replacing — z by 2 in the first integral we finally obtain 

u (x, t) — y \ \ f(z, i)dzdx-{- 

t A--0(t-;T) 

y \ \ f(z, x)dzdx for x>Q, K^- 

<-- 

a a(l-t)-s+»-Wl-i) 



( i|o((-t) 

-I- * ^ f /(z, x)dzdT for x>0, *>-j- 



294. 



w (x, I) — 



t A.+a(t- t) 



x x-a((- x) 



To obtain the solution of this form let us extend the func- 
tion / (x, t) (with respect to the variable x) to the whole 
x-axis so that the resultant function F (x, t) is even: 



F(x, t) = 



f(x, I) 



for x > 



/< — Z, f) for z<0 
Next we consider the following Cauchy problem: 
U t( = a 2 U xx -\~ F (x, t), — 00 < x < 00, £ > 
U {x, 0) = U t {x, 0) =■- 0, —00 < x < 00 

In the further course of the solution use the procedure 
presented in the answer to Problem 293, taking into account 
however that in the case under consideration the extended 
function F (x, I) is even with respect to the variable x. 

295. The solution should be sought in the form u (x, t) = 
— v (x, t) -I- w (x, t) where v (x, t) and w {x, t) are tho 
solutions of Problems 291 and 293 respectively. 
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296. The solution should be sought in the form u (x, t) = 
=■■ v (x, i) + w (x, t) where v (x, t) and w (t, t) are the 
solutions of Problems 292 and 294 respectively. 

297. The perturbation at the end x = generates a wave 
propagating from the point x = along the £-axis, and 
therefore seek the solution of the problem in the form of 
a direct wave u (x, I) = f (x — at). From the initial condi- 
tion we obtain u (x, 0) = / (x) = for x > 0, whence it 
follows directly that for x > the condition u t (x, 0) = 
— — af (x) ~ must hold. From the boundary condition 
we find u (0, t) = / (—at) = u (t), I > 0. Hence, / (z) = 
for z~>0 and / (z) --= p, (— z/a) for z<T0, and, consequently, 



f foi 



for 0<^<jj/a 

fi (f — xja) for £^3= £/a 



298. The solution is 



for 0<*<x/a. 

l-x/a 



^ 

As in the foregoing problem, the solution should be sought 
for in the form of a direct wave if (x, t) — ■ f (x — at). 
299. The solution is 



{0 for 0<ct--^x/a 
1—x/a 
— at 



at) f e ahs K(s)ds for t^x/a 



Since the oscillation is generated by the perturbation at 
the end point x — 0, we seek the solution of the form of 
a direct wave u (x, t) — f (x — at). From the initial con- 
dition we find u (x, 0) = / (x) — 0, x > 0, whence it 
follows immediately that a t (x, 0) — because u t (x, 0) — 
— —af (x) ■-— for x > 0. From the boundary condition 
we find u x (0, t) — hu (0, t) = /' (—at) — hf (—at) = 
= % (t), (>0, that is /' (z) — hf (z) ~ k (—zia) for z<0. 
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Integrating the last relation we obtain 

— 2 /a 

/ (z) = — ae' u \ e ahs x {s) ds, z < 

o 
Thus, 

for z > 



I 



~z/a 



'^ ^ ae* 12 \ e ahs x(s)ds for s<0 
o 

Finally, the answer to the problem indicated above is ob- 
tained by putting z — x — at in the last ecpiality. 

300. The solution should be sought in the form u (x, t) — 
= v (x, t) -\- w (x, t) + z (x, t) where v (x, t), w (x, t) and 
z (x, t) are the solutions of Problems 291, 293 and 297 
respectively. 

301. The solution should be sought in the form u (x, t) = 
= v (x, t) -|- w (x, t) -f z (x, t) where v (x, t), w (x, t) and 
z (x, I) are the solutions of Problems 292, 294 and 298 
respectively. 

302. u(x, t) = xyl — ~xyt\ 

303. Indeed, if w (x, y, t) is a homogeneous polynomial 
of degree n — 2m ^-0 then, according to the property of 
homogeneous functions, we have xw x -f yw y -+- tw t — 
= (n — 2m) w; therefore 

□ wp* n = 2m (2b — 2m -|- 1) wp 2 " 1 - 2 + p 2 ™ Q w (*) 

oc 

Let us consider the function u x (x, y, t) — v+ J ^sp 2 ' 1 O h v 

where A h are constants and v is a homogeneous polyno- 
mial of degree n. Using relation (*) we can write 

CO 

□ u 1= = OH- S A h [2k(2n~2k+ 1) p 2 "' 2 D* p+ p 2h n h+1 i>] 

Under the assumption that 2fc (2rc — 2k + 1) j4 ft = —A^-i 
for /v->2 and 2 (2n — 1) .4, = —1 we obtain Q «i = 0. 
Now we put Qv = 3> and u = w x -f i> and thus obtain 
rjit = (p, which is what we intended to prove. 
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304. See Problem 135. 

305. There are altogether seven polynomials of this kind: 

r> + tot 2 , x*y + yl\ xy* + xt\ y 3 + Zyt\ xH + 1 1\ 

y z t +-r? and xyt. 

306. For n = 1 the number of the polynomials is equal 
to two. In case rC&2 the sought-for polynomials can be 
obtained from formula (7); they have the form 

ao 

m«-0 

and 

ad 

where ^i . . . x£» and xf » . . . x$ n are linearly independent 
monomials of degrees k and & — 1 respectively. Since there 

are altogether ( _T ) anr ' ( — T ) monom i a l s °f 

these kinds respectively, the number I of the sought-for 
polynomials is 

k+n—i \ , / k+n— 2 



'-(TTM'tir) 



309. A = -^. 311. ^i = <«. 

312. For a solution u of equation (5) dependent solely 
on r and t the equation reduces to the form 

1 |- a»(ru) g»(riQ 1_ n 

r I. av a/* J 

(see Problem 132 d). From the last equation we find 

ru (r, t) - A (r + -|- /. (7 - t) 
(see Problem 259). 
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314. Using the expression of Laplace's operator 2 ~j 

in spherical coordinates we obtain the function 
u(x ly x 2 , x 3t t)= D [<p(r + t) + 4p(r~- 1)] = 



-H 



which satisfies equation (5) (see Problem 312). 

315. Using the representation for the solutions of equa- 
tion (5) of the form u (r, t) found in Problem 312 we obtain 

u(rt 08S (r-=l)»(r^)-Hr-l) y fr-O + _^ j'^^ 

r ( 

When solving Problems 316-321, it is advisable to use 
formula (7) in which one should put t (x) = a (x, 0) and 

v (x) = u t {x, 0). 

316. w - x i x^e l + ^x^ H~ (x*x* + x\x\ -\-x\x^ l 3 + 

317. u = x\ -f x\ -f 3* + 'it 2 -j- x,x 2 (. 

318. u = e*- cos x 2 + f (a* — x 2 2 ). 319. u == a;* + 1* -| - * + 2f 2 . 

320. u = e x >cosht + e- x -sin}it. 321. m=^— , % y . 

322. It is sufficient to show that the solution u (.r, t) 
of the homogeneous problem 

"*,*, + «*,*, — "*t = 0, u(x, 0) = u, (x, 0) = 

is identically equal to zero. 

Indeed, let (x° n x\, 1°) (t" > 0) be an arbitrary point 

and Jet K be the cone Y(x r ~ x, ) 2 -f (x 2 — x«) 2 = * — *. 
By Z? we shall denote the domain in the space of the vari- 
ables x x , x-i, t bounded by the cone K and by the piano t = 0. 
Next, using the Gauss-Ostrogradsky formula and the equa- 
lities u (x,, x 2 , 0) — ut (xj, x 2 , 0) = 0, we integrate over 
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the domain D the obvious identity 
This yields 






where v 3 = 1/V 2, v* + v\ — \\. Consequently, the expres- 
sions u-x^z — tifVj and u Xi v s — u ( v 2 (which are proportion- 
al to directional derivatives of u along the inner normal 
to the cone K) are equal to zero on K, which means that 
u (x x , x$, t) — on K, that is u — at all tbe points belong- 
ing to the cone K. Since the point {x\, x\, t) is quite arbit- 
rary, we conclude that u (ij, x 2 , t) — everywhere in the 
domain of propagation of tbe wave. 

323. \m\ (ml + ml + m 2 s )' ii2 . 

324. Il cannot (because the function under consideration 
does not satisfy the wave equation). 

325. The velocity of the wave is equal to a/j/3. 

326. The domain of propagation is the parallelogram bound- 
ed by the straight lines 

x — 5t — l^, x + 5t — Z 2 , x -f- 5t = Z L 

and x — 5£ = Z 2 

327. The domain of propagation is the torus obtained by 
the rotation about the i-axis of tho square bounded by tbe 
straight lines x t — t = 1, x± + t = 1, x 1 — t = 2 and 
x t -j- t = 2 lying in the x^-plane. 

328. The domain of propagation is bounded by the two 
cones 

j/^^yl 1 -'). 0<i<l, and ]/2^ = 

= i-(l + 0, -l<i<0 

329. The common domain of influence consists of the 
two domains bounded by the straight lines 

x ~ t = —1, x + f --= 1, J > 1 
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and 

x — t = 1, x + t = — 1, f< —1 

respectively. 

330. Since the data 

u{x, x) = fi(x), -^ = fpi (x) 

are prescribed on the straight line z— t — we conclude, 
by virtue of (10), that / (2a;)+q>(0) = / 1 (a;) and yl f (2x) = 
= cp! (ar), whence / (a:) = / 4 (z/2) — <p (0) and /' (x) *» 

= ,_ cp t (x/2) . Consequently, the problem is solvable only 
when tho condition 

holds. Under this condition the solution of the problem is 
given by the formula 

«<*. i) = /i(-^ ± )-T(0) + cp(^-0 

where cp is an arbitrary twice continuously difleren liable 
function; hence the solution is not unique. 

331. The Cauchy data can be prescribed on the straight 
lines t — xlk only when \k \ =£l. 

(a) Let us assume that k > (ft-^1) and v^=(\iY2, 1//2), 
and that the data are prescribed on the line segment AB 
of the straight line t = xlk where A = A (0, 0) and 
B = B (1, 1/ft); let 

Then from formula (10) we obtain 

' f- 5 * 1 - •)+*(■¥■*) 5-'. w 

and 



Consequently, 
and 



k 



4 o 

and hence the sought-for solution can be written in the 
form 

(b) let C-cf-jiy (*-*). -^ (*-*)] and Z> = 

= d [t£T (*+*)> -*xr (x+i) ]' for a point ( *' *> 

the domain of dependence is thej intersection of the 
line segments AB and CD with the straight line 
x — kt. The domains of influenco are bounded by the straight 
lines x + t = 0, x = kt, x — 1 = t — ilk and i — t — 0, 
x = kt, x — i = l//c — i [respectively. Thejf. domain of 
propagation is the rectangle bounded by the straight lines 
x — t = 0, x — 1 = ilk — t, >x -\- t = and x — 1 = 
= t - ilk. 

(c) the stability of the solution follows directly from the 
formula expressing that solution. 

332. The data can be prescribed on any arc]S a of^the cir- 
cle in question located within its arcs with end points 

A(i/V2, 1/ yl>) and S(- 1/ y 2, 1/ ]/2) 

5(-l/y2, 1/ 1^2) and <7(-l/j/2, -1/V2) 

C(-l/y2, -l/(/ 2) and 0(1/ V 2, -l/y2) 

i?(l/)A2, -l/|/2) and A(il V% 1/1/2) 

15 — 040 1 
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Let Q and Q' be the points of intersection of the arc S with 
the characteristics £,: £ — x — i — x and L 2 : j* — x = 
= t — t of equation (3) issued from the point P (x, y). In- 
tegrating the identity (u'j)*- (*O t = ° ver the domain 
bounded by the segments PQ and Q'P of the character- 
istics L x and L t and by the part QQ' of the arc 5 and apply- 
ing the Gauss-Oatrogradsky formula we find 

u(P) = ^F(Q) + ^F(Q') + 

Q' 
+ 4" j[«w2Q<D(6, r\)- sin 2m (I, i\)]d6 

Q 

where £ = cos 8 and t\ = sin 9. 
333. The solution is 



u(P)-±F(Q) + ±-F(Q') + 

where () and Q' are the points of intersection of the charac- 
teristics | — x = t — i and | — x = „t — t issued from 
the point P (x, t) with the arc 5 of the curve | = / (t) 
(see Problem 332). 

334. The domain of propagation of the wave is the rec- 
tangle bounded by the characteristics x — x a — t — t a , 

iC — • Xn ^^ tjj — * fj X — 2T* ^ = i- -*■" f i 3H1Q iJC — X-t ^ = f| ~~~ t. 

The uniqueness can be proved by means of the usual argu- 
ment based on the integration of the identity (u|) t + [u\)x — 
— 2 (u x u>i-)i = over the domain bounded by the straight 
lines | — x = x — t and £ — x = t — t and by the arc S. 

335. a 2 + b % — c 1 < 0; u {x u x z , t) = t. 

m.u(x, () = «p(-^-)+i|>(-^-)-(p(0). 

337. The domain of propagation of the wave is bounded 
by the straight lines x — t = 0, x-M = 0, x — a — a ~ t 
and x — b = t + b. 

338. Integrating the identity 

(Oi + («J,)« + (»')i - 2 (u* 1 Ui) J c 1 -2( Mjei « t ) s , = 
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over the domain bounded by the cone ^ x\ -\- x\ = 1 — t 
and by the plane t — h, h <; 1, where h is an arbitrary con- 
stant we conclude that u = u t = for t = h. Now, by 
virtue of the uniqueness of the solution of the Cauchy prob- 
lem (see Problem 322), we conclude that the assertion stated 
in the problem is true. 

339. By virtue of the formula established in Problem 303, 
we have 

*(*. y> t)^~(x* + y*~P)xyt 

340. The domain of propagation of the wave is bounded 
by the cones 



and 



The proof of the uniqueness of the solution can be carried 
out by means of the same argument as the one used in the 
solution of Problem 322 with the corresponding replace- 
ment of the initial conditions by the conditions stated in 
the problem in question. 

341. No, it is not, because the solution of the Goursat 
problem with the data prescribed on the adjoining sides 
of the characteristic rectangle is determined uniquely (see 
Problem 336 or 337). 

342. No, it is not, because the corresponding homogeneous 
problem possesses non-trivial solutions of the form 



U (-£+!) -o,/^-) for x-t^O 

l w (-^ -"("^r") for x -'<° 



where to is an arbitrary twice continuously differentiable 
function satisfying the conditions ©' (0) = a>" (0) = 0. 
& 343. The problem is not well-posed because the corres- 
ponding homogeneous problem possesses non-trivial solu- 



15* 



228 Answers, Hints and Solutions 



tions of the form 



i"(^rM- t4~(x-t) 1 lor 4<*<x 
•(-^)-mV-) for *>* 

where to is an arbitrary twice continuously differentiate 
function satisfying the conditions o)' (0) = w" (0) = 0. 
344. The general solution of equation (3) has the form 

u {x, t) = f 1 (x + t) + U (* - *) 

(see formula (10)). Using the data prescribed on the boundary 
of the domain D we find 

u (x, 0) = f x (x) + / 2 (x) = <p (x) 

u (x, kx) = /j (x 4- kx) + f 2 (x — /ex) = i|> (x) (*) 

On eliminating /j from the last two equations we obtain 
a functional equation of form (14): 

Using formula (15) we can write the solution of this equa- 
tion in the form 

oo 

M*)= 2 {*(""*)-* (t?T*)} 

where a = (1 — ft)/(l + •&). The substitution of the expres- 
sion of / 2 we have found into the first equality (*) results in 

oo 

/ 1 (x) = ( P (x)- 2 {? («"**) -^(l^*)} 
Consequently 
«(*, i) = <p(x+f)-2 {<p[a m (^ + 0]-^f 1 ^ r (^ + ^)]} + 



7n = 



oo 

+ 2 {<p[« m (*-*)]-*[-^- <*-*)]} 



m=0 
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345. From general solution (10) of equation (3) written 
in the form 

" (*. = h (* + t) + U (x - *) 

wo obtain 

a(t*) + ^(t*) = * and ^(t z ) + ^{t x ) =x 

and therefore f 1 (x) = .z/2 and f 2 (z) -- a;/2, whence we 
obtain the formula 

1 1 

u (x, t) — -Y{x-\-l)-\--^-(x~t) = x 



The uniqueness of the solution follows from the same for- 
mula. 

346. The domain of propagation of the wave is bounded 

hy the straight lines x — —a/4, x = a/4, x — t — 5a/4 
and x -I- t = oa/4. 



347. u(x, t) r= sin (x + 1) — ^ sin (~) m (x-\-t) + 

m-IS 



348. The domain of propagation of the wave is bounded 
by the straight lines t = 0, t = ar/4, a; — t = 1 and x + t = 
= 5/4. 

349. The solution is 

The domain of propagation of the wave is bounded by the 
straight lines 2 = 0, x — t = 0, x — t = a and sc -|- £ = 
= 2a. 
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350. The solution is 

u(x, t) — q>(x + t)~ 

oo 

- 2 M^< x + '>]-4s^ <* + <>]} + 

The domain of propagation of the wave is bounded by the 
straight lines t = 0, t — x/2, x — t = 2/3 and z -f * = 1. 

351. The solution is 

u(x, t) = ±(x + t)* + (x-t)* + ±(x-t)' 

The domain of propagation of the wave is bounded by the 
straight lines x — 6, x — t = 0, t — x = 2 and x + t — 4. 

352. The solution is u (x, t) = sin (f — x). The domain 
of propagation of the wave is bounded by the straight lines 
2 = 0, x = t, t — x = 1 and I + £ = 4. 

353. The solution is 

oo 

«(*, = ¥(* + <)— 2 {<P [9" (* + *)] - 

-<p [6 fe (x- 0] -* tco (0 h (* + /))] + ^ [a (6* (*-0)l} 

where x=w (|) is the solution of the equation x-\-t (x) = |, 
6 (g) = w (I) - x [a (|)3 and G* (x) = e"" 1 (as) G (a?), 

6° (|) — £. The domain of propagation of the wave is bound- 
ed by the straight lines t = 0, t = x (x), a; + t = 1 + x (1) 
and x — t = 1. 

354. The sought-for wave is u (x, t) = x. The domain 
of propagation of the wave is bounded by the lines t = 
— sin x, t = — sin a;, x — t — n/4 -\- l/]/2 and x + t = 
= n/4 + l/[/2. 

355. The solution is 

u(x, f)=8 § {[l-]/l+0 h (a; + f)] 8 - 



h=0 



-[l- yi+e ft (^-i)] 3 } 
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where (£) = 4 (1 + \) - I - 4, 0° (I) = % and 6* = 
= 6 h_1 0. The domain of propagation of the wave is bounded 
by the parabola t = ar 2 /4 and by the straight linos t = 0, 
x + t = 2 and ■; — t = 3/4. 

356. From general solution (10) of equation (3) written 
in the form u (x, t) = f 1 (x -|- t) + / 2 (x — t) we find 
/, (2x) = cp (x) — / a (0) and 2/; (2x) = \f (x), whence 

X 

M*) = <p(-f-)-/ 2 (0) and / 2 (*)«y JH>(T) dT + /^°) 

o 

x-t 

Consequently, u(x, t) = (p (-^y^) + T J *("2") dT ' The 

o 
uniqueness of the solution follows from the formula we 
have derived. 

357. The solution is 

x-t 


The domain of propagation of the wave is bounded by the 
straight lines t = x, t = 0, x — t = a and x + t = 2b. 

358. The problem is not well-posed. Indeed, the problem 
is solvable only when the condition <p' (x) = i|> (x) is ful- 
filled. Under this condition the solution of the problem 
has the form 



u(x, *)»q> (-£+!)_/(*-«) 



where / is an arbitrary twice continuously differentiable 
function satisfying the relation / (0) = q> (0). 

359. If we pass to the characteristic variables Z, = x -\- t, 
x\ = x — t, equation (3) takes the form i? 6T| = where 
v (I, i\) = u |(g + n)/2, (g — n)/2). For the last equation 
the Riemann function R (£, u; £ lt %) is uniquely deter- 
mined by the conditions 

R (li, Th5 -En %) = 1 
and 

Mfit, *i; In ill) . gfl(6. %; £i> tit) _ *R n 
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It is evident that the function R (g, n; £,, %) == 1 satis- 
fies these conditions. 

360. The conditions of the Cauchy problem with the 
given data prescribed on the arc a can be written in the form 

*(£, ri)|a = <p (/> ), w ^-^.—-^.^^(p ) 

and, consequently, by virtue of formula (19), we obtain 

v% r]) = i-cp(<?)+i-<p(<?')-^- \^{P')dsy. 

QQ' 

where Q and Q' are the points of intersection of the straight 
lines i x = | and r] L = y] with the arc a: £, = £ a (s), rjj = 

= i)i («)• 

As to the Goursat problem, its conditions, for instance, 
with the data a (x, x) — «p (#), a {x, — x) — ij> (a:), q> (0) = 
= \|) (0), can be written for the function v in the form 

-■(£. -})-♦(}) 

Therefore from formula (18) we obtain 

a(x, t)=v$, rt) = cp(4-)+^(^-)-(p(0) = 

= «p(^-)+*(^-)-«p(o> 

361. Let us transform the given equation to the form 

where v(l, i)) = u( ^"^ n , -^y-M and c = x + < and ri = 
— a; — £ are the characteristic variables. Further, we write 

Bessel's function ^ (h- V^(l — Si) ("*1 — ^i)) i n the form of 
the sum of the power series: 

DO 

k = 
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From this series we find 

Wo h v ( x \ h <S-Ei)*to-Tii)* - _A. /■ 

at a-n — i Zi \ i ) (Bj 3 4 ° 

fc-0 

aB r 1 

whence it follows that . ° -f-7-/ Q — 0. Besides, 

dJnfo. ti; Et ill) _p ^o(li %: In *1i) _q 

till _ 5 £ ~ 

and / (| lt i],; Si,t)i) = 1- Consequently, the function 

A (f- 1 ^ (I— £i) ( r \~ ili)) satisfies all requirements imposed 
on the Riemann function and is specified by them uniquely. 

362. The conditions of the Cauchy problem for the func- 
tion u imply the corresponding conditions for the func- 
tion v: 

v(l, E) = q>(|), -W = -^^(D 

Besides, ds P . = 1^2^, P - P (g, n), (? --= (|, |), 

<?' = <>' ft, n). y (6. I) = <P (* + 0. v ft' *l) = <P (* - 0. 
^ (<?, p) = 1 and i? (Q', P) = 1; therefore we obtain from 

(18) the expression 

u(x, i) = v{l, T)) = yif(rK)l-2-(p(^') + 

x+t 

4 t j ^o(|i|^(* + '-6i)(*-*-6i))^(Ei)d6i- 



x-t 



3t>3. The conditions of the Goursat problem for the func- 
tion u (z, I) generate the corresponding conditions for the 
function v (|, t)): 

"(5, !)=»(-§-. t) = ''(t)' "(i. i>- 
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Besides, R (£, 0; g, t]) = 1, i ? (0, n; g, ti) = 1 and 
R (0, 0; 5, tj) => ./ (li Vx* — t*). Therefore, by virtue of 
formula (18), the sought-for solution has the form 

x+t 

o 

x-i 



364. From formula (18) it follows that the sought-for 

solution is 



tl OO 



k^f) 

00 CO 

4 Zj \ '' U) [(/t+1)!] 2 4 Zl l M4/ [(A; -hi)! I s 



A=0 h=0 



365. T/w solution of the Cauchy problem. The transforma- 
tion u («, = e~ ax/z v (x, t) of the sought-for function 
results in the following Cauchy problem for the equation of 
oscillation of a string with the unknown function v (x, t)i 



a 



v*x—v u = 0, v(0,t) = y(t), MO, *) = -2<pW + i|>W 

Using the general solution v (x, t) = f r (x -\- t) + 
+ /j (x — t) of the equation v xx — v n = we conclude 
that 

m')+m-o-<pw. /;w+/;<-«) =|t(o+*(o 

whence 

t 
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and 

t 

a 
where C is an arbitrary constant. Consequently, 

a a 

u(x,t)^e 2X v(x,t) = -j e T * {<?(x + t) + V(t— x) + 

t+x 

t-x 

The solution of the Goursat problem. On performing the 
transformation u (z, t) — e~° x ^v (x, t) we arrive at the 
following Goursat problem for the function v (x, t): 

a a 

— x — x 

Vxx— v t t~Q, v{x,x) = e cp(a:), v{x t — x) = e ty(x) 



--§-*/■ -r< 3C +*> 



Consequently, 

+ ^ ( ' , -%(- i L)- 9 (0)} 

366 The solution of the Cauchy problem: 

u{x,t)=^\e 2X y(x + t) + e 2X y(t-x)'] + 

+ y j C" l|)(T)dT 

t-x 



TAe solution of the Goursat problem: 
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367. The solution of the Cauchy problem: 



u(x,t)^- T e 



1 _- — K+ T ' 



i+s b 



~ ( + J> 1+s -it 1 

+ e 2 q>(*— *)+ j e 2 [|-<p(t) + i|»(t)] ck> 



The solution of the Goursat problem: 

a b ± 



(a+6) (a-Q 

+ e * *( i r-)-<p(0)] 

368. For the equation indicated in Problem 365 the 
solution is 

- — r -n 

+ e 2 <f(z-t)-e * ^"V") 

For the equation indicated in Problem 366 the solution 



is 



b 



u(x,t) = e ilX ~%(?±±-)+e z \(x-t) — 



- —(1-30 , ,_, v 

-e * *(V) 

For the equation indicated in Problem 367 the solution 

a _. b , r (a- h) (x + t) 



is 



u(£, £) = e 






♦m+ 



n(.r-() 



(0-6) <*-*> 



-fe <p(x — f) — e 



ij)(a; — 
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369. The introduction of the new variables % — x + y 
and T) = x — y reduces the given system to the form 
Mj + «n ~~ v l + v i\ ~ 0. "s — u n — v \ — y ti = 0, that is 
(u — v) | = 0, (w + i;)„ = 0. Thorefore u — v = 2/! (r|) and 
u + i? — 2/ (|), whence 

«* (*. y) = fix + y) + A (* ^ »). 

w (*i ff) = / (* -'r J/) — /i (* — J/) 

370. u(x, .v) = |tq)(x+i/)+i|3(x+^)+<p(x-i/)-iKx-i/)3 

» (*> *) = y [<P (*+»)+!> (*+*)— «P (*— »)+♦ (* — »)] 

371. u(o;,j)-=«p(^-)-*(-^)+*(0) 1 

i/<*,y> = q>(^)++(-^*)-q>(0) 

372. u(a :,j/) = <p(x-[-y) + i| 3 (^)-t(^-) 

D (*, y) = q> (*-f y)+i|> (i±- y ) +* (^ ) -<p(0)-1> (0) 

373. u ( a . fff ) = ^(£+*) + v ( ar _,)_^(^lL) 

» (*, =* (^-^-jO-H* (^) +<p(0)-*i> (0) 

374. The solution is 

« (&, ?) - A (« + ») + A (* - </) 

v (*. y) = A (* + y) — U (* — y) 

where /, (t) = V. ( _ 1)* [q> ( T /3*) + ip (2t/3 ft+1 )] and /, (t) = 

A-0 

375. Tho characteristic determinant of the given system 
has the form 






= aXJ-XJ 
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that is 

(« + ")nn = 0, (" — ")« = 

It follows that 

u + v = 2t|<p (£) -I 2i|> (|) and u - v = 2^ (t|) + HM) 

Therefore 

u (x, y) = (x — y) <i> (x + y) + (x + y) } x (x — y) -|- 

+ if (« H- J/) + ti (x - y) 
v(x,y) = (x — y)<p(x + y) — (x + y)<p t (x — y) + 

+ y(x + y) — $ i (x—y) 

384. u (x, y) = $=$ {v [2 (»■ + ,/)] + 

+ vJ2(x + ^)]-t [| (z + ^J-x, [| (* + */)]} + 

+ Vi[|(x-»)]}+-i{9x[4(. + if)] + 
+ 9t, [4 (x + y)]-v [2 (x + y)]-v t [2 (x + y)]} + 

-T[2(x-i/)] + T t [2(x-j/)]} 
"(*. tf)= i 3 6(^) {v[2(« + y)] + v 1 [2( g + y)]- 

+ v,[4- (x-y)]} +^{9t [4- (* + „)] + 
+ 9t 1 [-|-(x + J/)]-v[2(a; + j/)]-v 1 [2(a : + j / )]}- 
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385. u (x, y) = 
= lr - y) [T[(x + y) + T' 1 (.T^y)-v 1 (x \-y)-v 2 (x + y)] + 



(z I- y) 



+ (x l v) [r' 1 (x-y)-x' 2 (x-y)-\-v l (x-y)- V2 (x-y)]-\- 

+ y ' x i ( x ■ i ■ '•<) "'■ T * (* "'■ tf ) + T i (* ~ y) — j z( x ~ .v) i — 

-..iL^-2L K(x-fy)-fT;(* j- ? )-v,(*H-j/)-v a (a: + y)]- 

■ - C ' ~ " ] [%[ (x — y) — t; (j - y) + v t (x - y) - v 2 (j — y)\ 
v(x, »)-^-[t;(x + j)+t;(x+!/)- 

— Vi(x+!/) — V 2 (X|J/)| — 

— (t |'' y) K (* — .'/) — t; (x - y) - v 2 (* — J/) — v 2 ( x —y)] + 

-* L z JL l*A*+y) + -t'A*+y)--vi(x-i-v)- v t(*-\-y)\ + 
+ JizJd. [T ;( X _ y ) _ T ; ( X _ j,) H . Vl ( X _ U ) - v 2 (x - y) \ 

386. If a 2 — c 2 and fr do not turn into zero simultaneously 
the given system of partial differential equations is hyper- 
bolic for any real values of a, b, c and k because in this case 
the roots of the characteristic determinant 



a\ — b kc\ 

— k ah — b 

k 



= (o 2 — c2)X 2 — 2aM, + i 



are real: 



a x — -j— = 

* ax a — c 



. dy I 



a -I - c 



Aflor the transformation from the variables x and y (o 
ihe characteristic variables 



| .-= (a — c) y — bz, i\ — (a + c) y — bx 



l(i -0-161 
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has been performed, the given system assumes the form 

i/g — u„ -J- kvt 4- /Wti = 0, ui + u n "+■ ^ y E — ^ = 
that is 

(u -f- kv)i = 0, (w — /cy)„ = 

Consequently, u + Ay = 2/ x (n) and u — kv = 2f (£). 
Therefore the general solution of the original system is ex- 
pressed by the formulas 

u (x, y) = f[(a — c) ii — bx] + f l [(a -|- c) y — te] 

y(«, !/)= — fc-/K« — C )J/ — ^] + -^-f l [(a + c)ij — bx\ 

387. The Cauchy data u (x, 0) = t (x) and v (x, 0) = 
= x 1 (x) can be prescribed on the straight line y = for 
all real values of a, b, c and k on condition that k ^=0 and 
A: ^= oo. 

388. The solution can be constructed using formula (2), 
Chapter 2. It has the form of a sum of two (finite) series: 



u( X , ;,) =2 (- 1 )*w^ 2fc) (*)+ 



A>0 



(2*)I 



fc>0 

Beginning with the values of A satisfying the conditions 
2k > 7i and 2fc > m, respectively, the terms of the two 
series on the right-hand side of this formula become equal 
to zero. 

389. The solution is given by the formula u (x, y) = 
= sinh fi^-sin nx whi(jh fo j Iows from f ormu ] a (2), Chap- 
ter 2, on condition that 

/ n\ i \ c\ du(x, y) I , . sin nx 

u(x,0) = x(x) = 0, -L-J"-\ u _ Q = v ( x ) = — r - 

The instability of this solution follows from the fact that 
for sufficiently large values of n the function v (x) assumes 
arbitrarily small values whereas the function u (x, y) 
is unbounded for n-*- oo. 



Chapter 3 243 



390. By virtue of formula (10), any solution u (x, t) of 
equation (3), which turns into zero on the characteristic 
x 4- £ = 0, has the form u (x, t) = f (x + I) — / (0). It 
follows that the value u (x u tj) = / (x x + *i) — / (0), which 
the function u (x, t) assumes at a point (x lt tj) belonging 
to the domain D (including the extremal value), is also 
assumed by this function at the point (x ± -\- t lr 0) belonging 
to the line segment AB. 

391. The transformation of variables | = x + 2 (— j/) 3 / 2 /3, 
y\ = x — 2 (— j/) 3/2 /3 (which is non-singular for y < 0) re- 
duces the given equation to the form u^ = 0, whence it 
follows that the general solution of the original equation is 

u(x,y) = f 1 [x+^-(-y) 3/2 ]+f 2 [x-^[(-y) 3/2 ] 

where / x (t) and / 2 (t) are arbitrary twice continuously dif- 
ferentiable functions. For the function u (x, y) to satisfy 
the Cauchy initial conditions it is necessary and sufficient 
that the relations 

/i (*) + U (*) = 9 (*) 
and 

Hm o (-,) 1 ' 2 {-/;[z+4(-,) 3 / 2 ] + 

+/;[^-|(-j/) 3/2 ]} = ^w 

should be fulfilled for < x < 1. The second of these rela- 
tions cannot hold when ty (x) ^k 0. If ty (x) = (0 < x < 1) 
the solution exists but is not unique because in this case 

»(*, y) = f f[x+^-(- l jf 2 ]-u[x+^-(-y) 3/z ] + 

+ / 2 [>-|(-J/) 3/2 ] 
la* 
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where f. 2 (t) is an arbitrary twice continuously differentiable 
function. 



392. 



u(x, y) = -j-x [z+ T ( — #) 3/2 ] + 



*+f <-»>»/* 



+ T-[*-T(-*) S,2 ]-T 5 *«)*■ 

*■--=-<■ a) 3 ' 2 

393. The change of variables % = x + 2y l l*, r\ = x — 2y 1 ' 2 
reduces the given equation to the form u s „ = 0; integrat- 
ing the last equation we find 

u (x, y) = A (x + 2yW) + / a (x - 2y 1 /*) 

394. «(ar, y )=±- l ( x + 2yW)+±i(x-2yW). 



2 v ' w ' ' 2 



395. u(x, y)=-.±.x(x + 2yW) + ±-T: (x-2yW) + 

*+2tfV* 

+ -1- j v(6)d£. 

396. The change of variables \ — x -\- y, tj — .r — y 
reduces equation (21) to the equivalent equation 



dtf at) 

whose integration makes it possible to find the general solu- 
tion of the original equation: 

u (x, y) = g<p (t)) + q>i (tj) + rpj) (E) + op! (£) = 

= (* + y) <p (a; — y) + ( pi (* — y) + ( x — y) ^ (# + y) + 

+ ■*! (* + y) 
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397. Using llie general solution of equation (21) (see 
Problem 39(5) wc obtain the system of equalities 

xcp (x) + <p! (x) + xt|) (x) + i|; x (x) — j (x) 
<f (x) — x<p' (x) — (p\ (x) — ip (x) -h xip' (x) + ty\ (x) — 
- 2q>' (x) - 2t' (x) + xip" (x) +x$" (x) + 

+ <M*)+ti(*)-0 I 
3cp" («) — 3i|>" (a) — x<p" (x) + *i|>" (a?) — | 

-<p7(x)+^(*)-o J 

On determining the functions <p (x), 1J3 (z), cp t (x) and ifj (x) 
from this system we find 

1 1 

u(x, (/)^-2-x(x-|-i/)-|- T x(x — #) + 

1 1 

+ — K(« — y)~ — <A'(x + #) 

398. u(s, y)™^-(x + y)T,(^-) + 

+ 4(-I/)t 4 (^)4-x 2 (^)-fT 1 (4iL)_ 

-4(x2-^)<(0)--^-t;(0)--^-t 4 (0)-t 2 (0). 

399. Let us write equation (22) in the form 

dr. \ dx* ^a ) '— u - 
It follows that ., :;ri :.,_. 

».**— «*»» = — £(») ' : (*) 

where / 3 (t/) is an arbitrary twice continuously differcntiable 
function. Since / 3 (j/) is a particular solution of equation (*) 
and since the expression / a (x + y) -■- / 2 (x — jy) where / L 
and / 2 are arbitrary functions possessing continuous partial 
derivatives up to the third order is, according to formu- 
la (10), the general solution of Iho homogeneous equation 
corresponding to (*), we conclude that 

u (x, y) = A (x + y) + fi{x — y) + /, (y) 
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400. No, it is not, because using the formula expressing 
the general solution of equation (22) (see Problem 399) we 
obtain the system of equalities 

/i(*)+/»(*) + /s(0)=q>i(*) 
f[(x)-f t (x)+f' t (0)= Vt (x) 
/» + /-,(*) + /;(0) = ¥,(*) 

This system shows that the problem in question cannot have 
a solution in case q>, (x) ^k cp 3 (x) — f" 3 (0). If the condition 
cp; (x) = cp 3 (x) — f 3 (0) is fulfilled then 

X 

h{x) = -y«Pi W + T J «P*W * - TK (0) x ~\^ (°) + C 

o 

and 

X 

h (x) = -f «Pi (*)— T J % (*> * + T^ ^ *— t'» (°)- C 
o 

where C is an arbitrary constant. Consequently, the sought- 
for solution is given by the formula 

«*(*. tf) = -^ «Pi (* + »)+ -5- «Pi (*—») + 

x+y 

+y J «Pi(0*+/,(»)-/;(0)y-/ a (0) 



x-y 



and is not unique. 
401. The solution is 



y+x x+y t 

u(x, y) = <Pi(y) + Y j <M0* + 4" $ dx ^ q> 3 (t) dt + 

V-x 

V-x T V X 

+ 4" J dT J <P3 (*) *— j dT j <P3 (*) # 

oo oo 

(see Problem 399). 



Chapter 4 

402. The function y satisfies the equation a 2 y j j -\- 2av^ + 
-|- «;„„ — y E = 0. To derive this equation put n = 1 and 
a; = ar t in equation (1) and then perform the transformation 

x —^ t], i = £ — an, v (I, i\) = u (t), 1 — an) 

403. If the conditions guaranteeing the uniform conver 
gence of series (4) and of the series obtained from series (4) 
by differentiating it termwiseonce with respect toiand twice 
with respect to x are fulfilled, the sum u (x, t) of series (4) 
satisfies the relation 



-S-A-x-S.*-' 

i=l ft=0 7i = l 



2 ».*«,-»« = 2 |- Aft+lT -S (Syr a"x= 



= 2^-^-21-^0 



k\ *-l fcl 

ft=0 ft=0 



404. For £>£„ we have 



i=l { = 1 

n 

i = i 

406. We shalll consider the case of a maximum. 
Let M = max u (x, t), (x, t) £D \j dD and m = max u X 
X (x, t), (x, t) 6 S where u (x, t) is a solution of equa- 
tion (1) regular in D and continuous in D {] 0D. Lot us sup- 
pose that m < M. Then the value M is attained by the 
function u (x, t) at a point (x , t ) £ D where < /„ < T 1% 
M = u (£ , £g). Let us consider the function 

it 

V(z, t) = u{x, t)+-^-2 (*» -*■»)* 



248 Answers, Hints and Solutions 



where d is the diameter of the domain D. Since \ (x t — 
— ^d;) 2 ^^ 2 an( ' Tn<C M , we obviously have 

(1) „(*, 0<"H-A~(l-;i> + 

and 

(2) y (x , l ) = M. 

From (1) and (2) it follows that tlie function v (x, t), 
like the function u (x, l), attains its maximum value not on 
S hut at a point (x*, I*) 6 D where < t* < T t . For Lliat 
point we have v xx . -^ and y ( ^ (v t — if /* < 7\ and 
y, ^ if t* — 1\), and therefore at Lhe point (x*, i*) 
the relation 



>] ^ i »,-y.<o (*) 

must be fulfilled. 

On Lhe other hand, taking into account the expression of 
v (x, t), we find that 

Vi Vi i M — " l M — m _ ,-. 
2j "r^i — "J = 2j "*»*€ "I 55 "* = d*~ >0 

at the point (a:*, I*) which contradicts (*). This contradic- 
tion implies the equality m — M, which is what we had 
to prove. The case of a minimum is considered analogously. 
407. Let u l (x, t) and u 2 (x, I) be two solutions of Prob- 
lem (1), (2) regular in D and continuous in D \JdD. Then 
the function u (x, t) = u 1 (x, t) — u 2 (x, t) is also a solu- 
tion of equation (1) regular in D and continuous in D \jdD; 
this solution satisfies the condition u\ s — 0. By the extre- 
mum principle, there must be u (x,- t) — throughout 
D\]dD, that is 

u r (x, t) = u 2 (x, t) 
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408. On putting t (x l , x. 2 ) — sin mxj^ sin jnx 2 /l 2 in for- 
mula (4), Problem 403, and taking into account that 

A*t(*i, ^) = (-l)"[(-^) 2 ' + (^) 2 "]sin-^x lS i.a-^x 2 

we obtain the function 

;i(x 1 , x 2 , /.) -- sin-^-j^sin -y-a: 2 e.\p — n 2 ( -^- -I- -^- j t\ 

satisfying all the requirements of the problem in question. 

oo 

409. Tlie solution is u(x, t)= ^ smkxe~ m . 

ft=i 

To derive this formula let us suppose that the function 
cp (x) is continuously differentiable in tbe interval ^ x <L 
•^ n; then it can be represented as the sum of its Fourier's 
series 



cp (x) = 2/ a h sin kx, O-^aj-^n 
ft='i 



where 



a k = — \ cp (x) sin kx dx 
o 
and the series is absolutely and uniformly convergent. Tak- 
ing into account that the function u h (x, t) = sin kx e~ hn 
is the solution of equation (1') in the rectangle < x < ji, 
< Z < T , T > (see Problem 408) satisfying the condi- 
tions u (x, 0) — sin kx and u (0, t) — u (it, t) — 0, we 
conclude that the solution of the problem under considera- 
tion is 

so 

u(x, t) -■■ y, sin kxe hii 

Since 

lim A"e-»" -0 

in a neighbourhood of every point (x, t) of the rectangle 
< x < n, 0<i< 1\, the series whose sum is equal to 
u (x, t) can be differentiated termwise any number of times. 
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410. The integral 

00 («-y) a 
u(x,t) = —L=-\e 4t y(y)dy, t>0 (*) 

— OO 

is convergent. Indeed, denoting M— max [<pQ/)| we can 

— = <!/<» 

write the inequality 

on (X- jl)2 X. 

1 w " /it J 2l/t lAsx J 

It is also easy to show that the integrals obtained from 
integral (*) by differentiating it with respect to x and with 
respect to t under the integral sign any number of times are 
also convergent. Besides, all these integrals are uniformly 
convergent in a neighbourhood of any point (x, t) provided 
that t >• 0. It follows that for t > the function u (x, t) 
possesses partial derivatives of all orders which can be 
computed using the formula 

d m+n u(x, t) 1 r , , d m+n r l — Tt — 1 , 

—00 

To prove the condition 

lim u (x, t) = u(x, 0) = rp (x), — 00 < x < 00 

it is sufficient to take into account that the integral on the 
right-hand side of (*) is uniformly convergent in a neigh- 
bourhood of any point (x, t) for t> 0. On making the change 
of the variable y using the formula y =x -+- 2n]/ 1 we 

obtain 

00 

u(z, f) = -4=^ \ (f>(x + 2y\Yt)e-^dj] 

y it J 
—00 

Since the last integral is uniformly convergent and the 
function cp is continuous, it follows that 

CO 

limu(x, t) — <p (x) — -r=- \ e~^ dr> — cp (x) 
f-.il y n J 
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411. Let u (x, t) be a solution of equation (1') continuous 
and bounded for t ^ 0. We shall preseut the proof of the 
inequality . u {x, t) -< M (the proof of the inequality 
u {x, t) ^ m can be reduced to the former by changing the 
sign of the function m). Let us fix an arbitrary number e > 0. 
We shall show that u (x 0l t e ) <! M + .e for any point 
(x Q , t a ) belonging to the half-space t ^0. To this end let 
us consider the function v (x, t) = x 2 + 2t which satisfies 
equation (1')- Let N = sup | u (x, t) ]. The function 

w (x, t)!v [x , t ) H- M — u (x, t) satisfying equation (1') 
for £>0 is nonnegative for i = and for | x | — 
= [{N — M) v {x , t )ls. + I x |] x /2. According to the ex- 
tremum principle for a bounded domain (see the answer 
to Problem 406), thisfunction must be nonnegative through- 
out the rectangle] (0 < t < T, \ x | < \(N — M) x 
x v (z , toVe] 1 '*}, to which the point (x„, t ) be- 
longs. Consequently, u {x, t) <J M + ef (x, t)lv (x , t u ) 
within that rectangle whence it follows that u [x , t ) < 
<! M + e. Finally, since the point (z , t ) and the number e 
are quite arbitrary, there must be u (x, t) <[ M for t^0. 

412. To solve the problem apply the inequalities obtained 
in the solution of Problem 411 to the difference u (x, t) = 
= u 1 [x, t) — w 2 (x, t) of two solutions of Problem (1'), 
(3'). 

414. The transformation u (x, t) = v (x, t) + a (t) + 
-f x [p (t) — a (t)] of the sought-for function leads to the 
following problem: 

v xx - v t = f (x, t) + a' (t) + x IP' (t) - a' (t)}, 
v{0, t) = 0, y(l, t) = 
i 

415. u(x, t) = sinnx f e~ n ^-^f n (x) dr. 

o 

416. The solution is u (x, t) = e*» cosh x^ (it does not 
belong to the class of uniquely determined solutions). 

417. The solution is 

' 
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To derive this formula let us extend the function <f) (x) 
to the negative semi-axis — oo < / < in an odd manner; 
the extended function will be denoted as <T) (x): 

{<p (x) for x > 

-„<-*) for *<0 n 

Now let us consider the Cauchy-Dirichlet problem 
U t — aHl xx = 0, — oo < x < oo, £ > 0; 
£7 (x, 0) = 0) (x), — oo < x < oo 

As is known, the solution of this problem is given by the 
formula 

&'(*, «)-— L=f f «~ 4 " 2 ' <!»(£) d£ (•*) 

2a y M J 

— oo 

It is evident that U (x, 0) = <p (.z), ^ a; <; oo. Further 
from (**) and (*) we obtain 

la V nt J 

o 



2a 



r n 



whence we find that V (0, I) — 0, and therefore [/ (x, f) — 
= u (x, t) for x ^ 0. 
418. The solution is 

u(x, t)=—^\[e' *«" +e" 4a2 ' lcp(S)dS 
o 
To obtain this formula one should solve the following 
auxiliary problem: 

U t — a 2 U xx = Q, — oo<x<oo, i>0; 
*7 (x, 0) = <D (x), — oo < x < oo 
where 

•PW-j <p(_ x ) for x<0 



419. The solution is 

u(x, /) = _£^f [*■*«« -*"">" ]q,(&)dg 
n 

To solve the problem we make the transformation u (x, t) — 

— e' hi v (x, t) of the sought-for function and arrive at 
Problem 417 for the new unknown function v (x, t). 

420. The solution is 

2a y ni J 

o 

421. The solution is 



x • ' 2s/n J J /i-x 








(s+S) 2 



To derive this formula we consider the following aux- 
iliary problem: 

U t = a*U xx + F (x, t), V (x, 0) = 0, 

OO <I< oo, t > 

where 

f /(a;, for x>0 

'<*.') = { _ /( _ I|t) for x<0 « 

The solution of the last problem is given by the formula 
By virtue of (*), this formula can be writteu in the form 

t CO (JC-|)i! 



• 7 «'-'»-skJ7fe-{l'"*- , '* , >«-'»«- 
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Consequently, U t = a?U xx + / (^t *)i x > 0, t >• 0; 
V (0, 0=0- * > °: u ( x > 0) = 0, a; > 0, and therefore 
U (x, t) = u (x, I) for x > 0, * > 0. 
422. The solution is 

It (X, t) = 7=r \ \ 7==~ [e + 



(*+£) a 



423. The solution is 






(*+£) 2 



— e *«•»-'«) J / (|, T)d|^T 



To solve the problem we make the transformation 
u (x, 2) = e~ ht v (x, t) of the unknown function then, for 
the new unknown function v (x, t), we arrive at the problem 
considered in the solution of Problem 421. 

424. The solution is 

2a l/ji J J 1M — x 



(*+&>a 



425. The solution is 
2a y ju J 
2a V* I I V'-' 



Chapter 4 255 



426. The solution is 
u(x, = -^U ( [e~ *"« +e " *« ]<p(^ + 



2a /l« 



( ™ ... , fa-s) a fa -I) 2 

+ -^V |^[/ WM +^ k ' !(! - t, ]/(^ T>dS*C 

' on 

To obtain the solutions' of Problems 427-441 it is conven- 
ient to use formula (4) (see Problem 403) putting x — 
— u (x, 0) (x = x ± , . . ., x n ) in it. 

427. u = 1 — x* — f — 4f. 

428. u . = 1 — (a; 2 + J/ 2 ) 2 — 16 (a;* + y 1 ) f — 32< 2 . 

429. u = z a + y 2 + 4f. 

430. u = ^+»+2«. 

431. u = /„ (r) c*. 

432. u = e-"«sinte 1 . 

433. zi = e~ i2i cos Zo^. 

434. u = e' 2i cosh ta^. 

435. u = e Isl sinh lx t . 

436. u = e -(I ! +! i > * sin Z^ sin Z 2 x 2 . 

437. u = e _<I ! +! l )f sin l^xi cos J 2 a: a . 

438. u~e~^ +1 "^ cosl 1 x 1 cosl n x n . 

439. w = e - ' 1 !" 1 "'! 5 ' cos l 1 z 1 sin Z 2 a; 2 . 

n 

- 2 ib 

440. w = e i=i sin ^a^ sin Z^ •■• sinZ n a; n . 

44 1 . u = e~^' sin ZjSj 4- e - ^' cos Z^^. 

442. The solution is u (x, y) = y} 1 (ay — x) + f 2 (ay — x) 
where / x and / a arc arbitrary twice continuously differen- 
tiable functions. 

To integrate the equation we make the change of vari- 
ables | = ay — x, r|=£/ which reduces the given equation to 
the form «„, = 0. 

443. Using the variables x, y and z = tip we form the 
function v (x, y,' z) == u (x, y, pz); for the function v (x, y, z) 
the original equation implies the new equation v xx -\- 
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+ v yy — v z — 0. Therefore formula (4') is a direct conse- 
quence of formula (4) established in Problem 403. 

444. The solution is 

u (x, y, t)=i- (x* + y*y - 16 (x 2 + y 2 ) (f - 1) - 

- 32 (t - l) 2 

To solvo the problem we use the variables x, y, z = t — 1 
and consider the function v (x, y, z) = u (x, y, z + 1); 
the original problem then implies the following problem 
for the new function v {x, y> z): v xx -f- v, jy — v z — 0, 
z > 0; v (x, ff, 0) = u (x, y, i) = 1 - (x 2 + yY. Using 
formula (4) (see Problem 403) in which we put t — 

— u (x, y t 1), we obtain v (x, y, z) = 1 — (x* + y 2 ) z — 

— 16 (x 2 -^ y*) z — 32z 2 , whence the sought-for solution 
can readily be found. 

445. The expression of the solution in quadratures is 

— oo 

446. The expression of the solution in quadratures is 

u(x,y)^— ===■ ( ^"^W)^, ^<6.V 
2 V Jib (by — j) J 

To solve the problem we use the change of variables 
g = j/, t — y — xib and the transformation u (.r, ;/) — 
= u (b'i — bt, \) — v (|, t) of the unknown function, which 
reduces the original problem to the following problem: 

v u — Vj = 0, — oo<|<oo, *>() 
v(6, 0) = u(&g, £) = fl)(ft£), -oo<£<cx>, &>0 

447. The solution is 

a (.r, //) = J a ft e b sin A-ji;/ 

h-l 

where ^ 



Oft 



= 2 j q>(6g)sinfci£dl; k=\, 2, 
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To solve the problem we use . the change of variables 
| = y, t — y — xlb and the transformation u (x, y) = 
= u (i£ — bt, |) = v (|, t) of the unknown function, which 
reduces the original problem to the new problem: 

y 68 -i; t = 0, 0<6<1, 0<i<l 

v(t, 0) = u(bt, I) = q>(6E), 0< £< 1 

v (0, 1) = u {—bt, 0) = 0; v (1, t) = u (b — bt, 1) = 0, 

< * < 1 

The solution of the last problem has the form 

oo 

v(l, t)= 2 a h sin kn\ e - h >** 

where 

i 
a h ^2\ q>(bQ sin hnt,dl; k=i, 2, . . . 
o 

(see Problem 409). 

448. The solution ia w (x, y) = e 2 ' sin x. 

To derive this formula make the transformation u (x, y) = 
= g-p*/2 y (x, y) of the sought-for function, which simpli- 
fies the problem. 

449. The expression of the solution in quadratures is 

— «J 

For the integral on the right-hand side to exist it is suffi- 
cient that the function <p (x) should he continuous and the 
expression e vx l 2 y (x) should be bounded for — oo < x <z oo. 

450. It is advisable to construct the solution u (x, t) 
in the form u (x, t) — e~ xt v (x t t); using this transforma- 
tion we obtain for v (x, t) Helmholtz' equation v xx + v yy + 
+ X 2 v = 0. According to the solution of Problem 227, the 
functions J k (Kr) cos fc<p and J k (1r) sin /ccp satisfy the last 
equation. 

451. u (x, y, t) = e~**J t (h-). 

17-0461 
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452. The equation is parabolic. Indeed, the character- 

71 

istic form K (J^, . . ., k nt k n+1 ) = (2M) 2 corresponding 
to equation (6) does not involve the parameter J^+x- 

[71/4] ( 

453. u(x, *)= 2 -fl-A»P n (*). 

fc=0 

454. u{x, t) = e-tf +&w sml^cos l n x n . 

455. The equation is parabolic (see the answer to Prob- 
lem 452). 

m/4] 

456. u (*.*) = 2 -^-A^P^). 

fc=0 

457. u (x, t) = sin x x cosh £ + cos x 1 sinh f. 



Chapter 5 

458. The required class is described by the formula 
u\ (z, f) = y*, (j) Mix (r) where i^ (x) and w^ {£) are solu- 
tions of ordinary differential equations v" (x) + Xv (x) = 
and w" (t)- + kw (£) -- respectively. 

459. The problem possesses infinitely many solutions of 
the form 

«n(«» *) = (<*„ °os -j^- * + &„ sin -^^f) sin -j^-Or— &); 

n = l, 2 

where a n and b n are^arbitrary real constants. 

460. The solution is 

U (x, t) = 2 ( a n c O s w * 4" &n s ™ nt ) s i n na: 

. n-i 

where 

a n = — \ (p (a;) sin nx dx and &„ = — \ ij) (i) sin nx dx 

461. Yes, it does. To prove this assertion it is sufficient 
to show that for tp (x) = i|) (x) = 0, <! x <; it, the problem 
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has only a trivial solution. As is known, the Cauchy prob- 
lem u xx = u tt , u (x, 0) ~ u t (x, 0) = 0, <! x ■< n for 
the triangle with vertices at the points A (0, 0), B (n, 0) 
and C (n/2, jx/2) has the single solution u (x, t) a 0. The 
solution u (x, t) of the problem under consideration is also 
equal to zero in the triangle with vertices at the points 
A (0, 0), C (jx/2, ji/2) and D (0, ji/2). Indeed, the inte- 
gration of the obvious identity —2 (u x u t ) x -\- (u%) t + («?)(= 
= over a triangular domain with vertices at the points 
A (0, 0), C x (t, t) and D x (0, t) for any fixed x, < t < 
< jx/2, results in 

J (ul-f-i*?)<te = 

because u (x, t) — on the line segments AC X and j4D t . 
Consequently, u x — u t = on D X C X) and therefore 
u (a:, t) — throughout the triangle ^LCZ>. It can similarly 
be proved that for the triangle BCD X where D t = O x (ax, jx/2) 
we also have u (i, £) = 0. Thus, 

u (r, jx/2) = u t (x, jt/2) =0, < a: -^ it 

On repeating the above argument, we conclude that 
u (x, t) — throughout the half-strip < x < ii, t > 0. 

462. The harmonics are 

u n (x, t) = 
= [a„ cos (n + 1/2) f + b n sin (re -f 1/2) t] sin (n + 1/2) x 

whore a„ and b„ are arbitrary constants and n — 0, 1, ... 

463. u(x, *) = -JL-sin-^.*sin-^z. 



464. u(x, *)=>] (afccos^ + ^sin-^fjsin-^z, 

where 

z 
as = -j- 9 (x) sin -^- x dx 



17* 
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and 

i 

6* = ^SS-j*(*)sin-T-*d*- 

o 

465. u(x, t)= — sin -tjt- it 3111-^-0: + cos -=t- fsm -sr- *■ 

466. u(x, t) = — sin-^-tsia-^-x + 

fe=0 

467. u ( a! ,«)-coB ir *co8 ir »+- 5sr 8in- 2r «cos- 2r a:-]- 

, 21 . 5an . 5ji 

■ sin -rr- £ COS -sr- 2 • 



5ajt "" 22 2/ 



468. u(« t = 2 [«»coa p *+ 1>a " * + 



fe=0 



where 



+ 6ftSin (2^1^ f ] C0S J2i+i)£L. I , 



2 f , . (2fc+l)n , 

Oft = — J ^ ^ coa \ — xdx < 



k = 



o 
4 



(2fc+ 



469. u(a:, t) = t + ±— 



L_j^(«)cos-2*+ii«- a . £ te. 



~uZi (4*+i)» coa i * cos I *• 

470. u(ar, *) = «o + V + 2 (a fc c08-~* + 

, , . kan \ ^^^ kn 
+ o h sin —. — 1 1 cos —r-x, 



h=i 
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where 

i i 

<Zo= — j<P(*) d *» *o = — J ty(x)dx 

o o 

and 

2 i 

a h = —) <p(x)cos^xdx, b h = -j^-^ty(x)coslj-xdx. 



471. The solution is 

u(x, t)= 2] (a A cos (iA ft t + ^ sin ak h t) sin X ft £ 

where 

i 

o 
& ft = k n . . — gr \ ib (x) sin % h x dx 



\ l{h*+y.%) + h 

\\sinK h x\\ 2 = j sinn A ar^ = — 2( ^ +X8) — 



and Xh are the positive roots of the equation h tan V. = — X. 

472. The solution is 

where X.^ are the positive roots of the equation X tan M = h. 

473. The solution is 



u(x, £)= S (OftCosaX ft ^+fe ft sin ata£) (ta cos X ft ;r-|-/£ sin ?i ft :r) 
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where 



a h = | |4>ft<jC j||a J (K cos % k x + ft sin l k x) <p (x) dx 
o 

hh = a x A ||<r» A (x)ii^ J <** cos *** + h sin ^ ^ ^ dx 

o 
I d) ft (ar) |p = J (X ft cos A, fc x + h sin & fc *)» <te = ^~— 



and X h are the positive roots of the equation h cot hi = X. 
474. The solution is 



u(x, £)= 2 (a>,cosa?v fe H-&ftSinaA,^) (h k cosh k x+hsmh k x) 
ft-i 

where 

Z 

a h = no. ( g ) II 2 1 (** cos ^ + fe sin k hX) <P (*) ^ 







hh = g^nd>l (»)n» 5 (X * cos XaX + A sin KhX ^ * ^ dr 





I 



[ <D fe (*) 1 12 =. f {A, ft cos h k x -f ft si n h k x) z dx --= 



i(A»+X.|) + 2A 



2 
o 

and X ft are tlie nonnegativo roots of the equation cot, hl = 
= ~(K/h-hih). 

475. The solution is u(x, t) — v(x, t) J \-w{x) whoro 

, .. v-i lean . . ftjt 

V[X, t)=2j a h cos— -r— t Sin-pX, 



a ft — — ~ \ w (x) sin —r- z dx 



and 

* v 

I) ' 





476. The solution is 



21 " ' " ° t to- n 2 

A-=l 



— : — sin — :— 
akn I 



+ S{(i)V, + [^-(i)V ( jco 5 ^L + 
where 


! 

i-r. efe r r i \ (P— a ) iS i » An* j 

Ift = "T J [*(*)"- 2T oasjcos-j-da; 

o 
and 

i 

tfc = -j- J ^ (*) cos -7^ rf ar; 

ft = 0, 1, ...; e =*l; s fe = 2; fc=l, 2, ... 

To solve the pToblem construct the solution in the form 
u (x, t) = w (x) + y (x, t) where w (a;) = (ot^ 2 + pjs) a 4- 
+ (a^ a 4 Pj£) p; the constants a lt Pn a 2 and p 2 should 
be chosen so that the function w (x) satisfies the boundary 
conditions of the original problem, that is w x (0) — a, 
w x (I) = p. 

477. The solution is 

u {x, t) = w (x) -)- V. (a h cos aX h t + 

+ b h sin a\ h t) (K k cos X k x + h sin K h x) 
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where 

x v 





n o 

t 

°ft = h+i(h*+%ir J [(p ^ ~ w ^^ ^ ft cos ^hX+h sin X ft ar) da; 
o 
i 

6 * = a^[*+lV + >|)] 1 ^ ^ ^ C ° S *** + k Si " ^ ^ 



and % k are the positive roots of the equation h tan XI = —X. 
478. The solution is 



u (x, t) = 



*»+M 



i 



/f = i o 

X cos ak h t cos X ft a; 
where 

* y 
w{x)= --L j [ j /( |)d|]dj, + ±z5L_ a (i_ x ) + 



D 

and X h are the positive roots of the equation X tan XI — ^. 
479. The solution is 

u{x, t)=— i + 

(30 

-\- h sin Xg„+ia;) cos ^+1* 
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where k in+1 are the positive roots of the equation cot XI = 

= ~-(X/k—h/X). 

480. The sought-for function is w (x, t) — (1 — xll) ti{t)+ 
+ xv (t)/l. 

To solve the problem construct w (x, t) in the form 
w (x, t) = (a x x + p x ) h (t) -f (a 2 x + p 4 ) v(t). The coef- 
ficients «j, p i( a 2 and p 2 should be chosen so that the func- 
tion w (x, t) satisfies the (non-homogeneous) boundary 
conditions of the given problem. 

481. Ti.e sought-for function is w (x, t) = (x — I) x 
X (A (t) t v (t). See the hint to the solution of Problem 480. 

482. w(x, t)=(i-^w)v(t) + Tfih v{t) ' 

483. w(x, t)=—^\i(t) + (x+-^)v(t). 

484. The sought-for function is 

See the hint to the solution of Problem 480. 

485. The solution is 



, .« A It on . , 2 . ait . \ . n 

u ( x > ')= — rzrv>{ e - cos -r t+ -^ sm ~r t ) 3in T x 
1+ (-r) 

To solve the problem we construct the solution as a series 
of the form 

u(x, t)=y i T h (t)O h (x) (a) 

where <J) fe (x) -■= sin —r- x are the eigenf unctions of the 

Sturm-Liouville problem O" + X*® = 0, < x < 2, 
O (0) = O (/) = corresponding to the eigenvalues X h = 
= kn/l; k — - 1, 2, ... . To determine the coefficients 
7Y'(£) of series (a) we require that the function u{x, t) spec- 
ified by series (a) should satisfy the original equation. 
This yields 

2[nW+(^) 2 n{i)] S in^^^sin^x (b) 
ft-l 
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From (b) it follows that 

7 , ;(0 + (-7 L ) 2 ri(<) = ^-' (c) 

and 

n(o + (-*r-) 2 *\(0 = o ; a=2, 3, ... (d) 

From formula (a) and from the initial conditions of the 
problem we find 

T h (0) = T' k (0) = 0; k = 1, 2, . . . (e) 

On solving equations (c) and (d) and using conditions (e) 
we obtain 

T/j\ A I -t an , . ( . an .\ 

1+ (-r) 

and 

7\(*) = 0; ft = 2, 3, ... 

486. u(z, t) = 

2M ^i ( — l)ft +1 / _ ( fcon- . 

*-* A L 1+ (— ) J 

sin— j— t\ sm—r-x. 



kan 

U ^ 1 



487. u {x, t) = — y, -= ,., , ., ,. r- x 

n ,r J o(2H-i){[^+^] 2 -i} 

W T ■ * 2I • <"t(2/c + t) .1 . (2A- + 1)jx 

x l. sint - flJt (2/ (+ i) sm — 2r^*J sm - 



11 



488. We construct the solution of the problem as a series 
of the form 

u(x, t) = ?.T k (t)0> k (z) (a) 

ft 

where d> ft (x) are the eigenfunctions of the corresponding 
Sturm-Liouville problem. To determine the eigenfunctions 
O h (x) we look for the non-trivial solutions of the auxiliary 
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problem 

v ti = a?Vx X , 0<x<l, * > 0; v (0, t) = v x {I, t) =0. 

«>0 (b) 
having the form 

v (*, t) = P (t) <3>(x)^0 (c) 

(in other words, we use the method of separation of vari- 
ables). The substitution of (c) into (b) and the separation of 
the variables lead to the following Sturm-Liouville problem 
for the function <D (x): 

0>" 0) +WkD7(:E) - 0, 0J< x <»/, 0> (0) = <D' (Q = (0) 

On solving the last problem, we find the eigenvalues X h = 
= (2ft 4- 1) n/2l and the corresponding eigenfnnctions 

0V(a) = sin < 2fe + 1)n; x; k = 0, 1, ... 

Further," let us expand the function / (x, t) into a series 
with respect to the eigenfunctions O ft (x) we have found: 

/<*,*>=S -mo <*>*<*) (d) 

ft-0 

where 

i 

r h (t) = \ J / (x, T 3in < 2 * + 1>:i xdx; * = 0, 1, . . . 
o 

Next we start to determine the coefficients T k (t) of series 
(a). The substitution of (a) and (d) into the equation of the 
original problem yields 

i {n (0 +f^4#^] 2 r tW -M0} sin <^ x = 

whence 

n(() + [^] 2 n(*) = T*(f), * = 0,1, ... (e) 

Similarly, on substituting (a) into the initial conditions 
of the original problem, we find 

T h (0) = H (0) = 0; k = 0, 1, . . . (f) 
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The solution of Problem (e), (f) gives 

k = 0, 1, ... 

Finally, the substitution of the expressions of Q?^ (x) and 
Tk (t) we have found into (ai results in the solution of the 
original problem: 

ft-0 

xsin <*H_i>£is 

489. u (xJ) = —f— 2 (e-<-cos% t + 

I+ lirJ 

t T 

490. u(z,t) = \[\ j f &)dt]dx + 





where 

i 



h(l) = \\f{x,Qdx and /, v (£) = 

6 

= y j / (x, I) cos -p x dx; A; =1,2, 



o 
491. The solution is 



+ A^ -![( — l) ft 3f— 1 + costo— ( ~^ ),t3 sinto]sinfcg 



*=1 
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To find the solution we construct it in the form u (x, t) = 

— w (x, i) + v (x, t) where the function w (x, t) should 
be chosen so that it satisfies the boundary conditions of the 
problem (see the answer to Problem 480). 

492. The solution is 

u (x, t) = ( 1 — — J e~* + — -j- y cos'2i sin 2x — 

CO 

"I 2 MTTUT [ e "' + * 2 cos *<- (2A + x) 9in **] sinkx 

See the hint to the solution of Problem 491. 

493. The solution is 

u {x, t) ~ x -f- 1 4- cos y sin -|- — 

R Z (2fc + l)» C09 2 fSln 2 * 
ft=0 

See the hint to the solution of Problem 491. 

494. The solution is u(x, t) = Aae~* cosh a:/a(sinh llaf 1 . 
To find [the solution construct it in the form u (x, t) = 

- v (x, t) + e- f f (x). 

495. The solution is u {x, t) = til — (1/4 + cos 2x1 a) x 
X sin 2t. To obtain the solution construct it in the form 
u (x, t) = v (x, t) + f (x) sin 2t. 

496. The function v (x, y) is the solution of the problem 

v*x + v V u + to = 0, (x, (/)€<?; p (*, jr) = 0, 

(*, ») 6 C 

and the function u> (f) satisfies the equation w" (t) -\- Xw (t) = 
= 0. The existence of the sequence of the solutions 

u n (x, y, t) = (a n cos \i n t + b n sin y,J) v n (x, y) 

where v n (x, y) are the non-trivial solutions of Problem 
(34), (35) for ?u = Ut, and a n , b n are arbitrary real constants, 
makes it possible to construct the solution u (x, y, t) of 
the original problem satisfying the initial conditions as 
well. 
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497. 13 y virtue of the uniqueness of the solution of the 
Cauchy problem 

u xx + u vv — u u = 0, u (x, y, 0) = u t (x, y, 0) = 

we conclude that u (x, y, t) = iu the domaiu bounded 
by the cone ]/ x s ■■{- y* = 1 — t and the plane t = 0. Inte- 
grating the identity 

~ 3i i to a« J Z dy \dy dt f^ 

over the domain D x bounded by the cylindrical surface 
£ a -+■ ?/ 2 = 1, the cone |/V 2 -;- y 2 --= 1 — f and the plane 
2 = t (x > 0), and taking into account that u (x, y, t) = 

= for x 2 4- y 1 = 1, t > and for f = 1 — l/a: 2 + y 2 , 
we derive the relation 

whence u (x, y, x) — u ^ x ' y ' ' — 0. The repetition 

of 4 this argument for t~>l leads to the conclusion that 
ujx, y, t)'='0 in the semi-cylinder •< x % + y* -< 1, 
t >0. 

498. Let i> (ar, y) be the solution of Problem (34), (35). 
The integration of the identity 

/ du \2 , / dv \2 3 I dv \ . d 1 dv \ A 

over the domain G results in 

I (v% + v y ) dx dy = v-^- ds — \v Av dx dy = X \ v 2 dx dy 
a dG a g 

whence follows the required assertion: 

499. Let v h (x, y) and v m (x, y) be two eigenfunctions of 
Problem (34), (35) corresponding to two eigenvalues k^ 
and % m (kh ^X m ) respectively. The integration of the 
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identity 



results in 

j (y k Ai? m — v m Av h ) dx dy - (?i m — k h ) j p k v m dxdy = 

500. (a) The solution of the problem 
u n = a?{u xx -\- Uyy), 0<.z<s, 0<i/<p, *>0 
u (0, y, t) = u (s, y, t) = u (x, 0, «) = 

= u (a:, p, t) = 0, t > 

w (z> I/. 0) = sin -^ a; sin -^ j/, 

u t {x t y,O) = l Q<x<s t Q<y<p 
is tho function 

u (x, y, t) = cos - 1 — jf sin — sin — 

(b) The solution of the problem 
u lt = a 2 {u xx + u„ u ), 0<i'<s, 0<y<p, Z>0 
u (0, y, t) = u (s, j/, .i) = u (x, 0, = 

= u (x, p, = 0, £ > 
« (i, y, 0) = 0, u t (i, j/, 0) = 

= — 6(z — 3 )5(y — y ), 0<z<s, 0<y<p 



is the function 



. kn.x a , nny,, 
sin - sin — — 



u(z,y,t) = -*L 2 p v 



Xsinlj/ -j- + — 3- ant) sin — xsin — j/ 
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where p is the area density of the distribution of the mass 
over the membrane. 

(c) The solution of the problem 

u ti = aa (u xx + u yu ) +— e-'x sin -j- y, 

0<ar<s, 0<y<p, t>0 
u (0, },() = « (s, y, t) — u (x, 0, t) — 

= U (I, JD, t) = 0, t > 

(*, y, 0) = u t (x, y, 0) = 0, < X < *, < y < p 

is the function 



w (x, ?/, *) = sin ~- y 2 «h(«"' — 

— cos a nuiht A sin ana>bt 1 sin — x 

where <z ft = ( — 1 ) ft+1 2s/npA; (1 + a2jx^), a> fe = y r A:W + 4/jp2 
and p is the area density of the distribution of the mass 
over tho membrane. 

501. (a) The solution of the problem 

u tt = a 2 (u xx A- u yy ), < i < s, < y < p, f > 

u (0, i/, i) = u x (s, y, t) ~ u (x, 0, t) = 

= u„ (*, p, i) = 0, t > 

a (*i y, 0) = Axy, u t (x, y, 0) = 0, 

0< x < s, 0<jf<p 
is the function 



ft,n=0 



X sin - — ? -■ ■ a; sin - — - 1 — - — y 



. (2A;+1)« • (2n + l)ji 

sin- s — '-XS1T -'- >- 

in 

where a hn - ( - l)' ,+n 64spA/ji* (2ft + l) s (2n + 1) 2 
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(b) The solution of the problem 

u u = a 2 (u xx -f Uyy), < x < s, < y < p, f > 
u (0, y, = u K (s, y, t) =-- u (x, 0, t) = 

= u v (x, p, t) - 0, * > 

u(x, i/,0) = 0, u,(x, y, 0)= — 6 (x — x ) 8 (# — ;/„), 

0<x<.t, 0<z/<p 
is the function 

a, ti=r> 

,.„ (2A + l)n „„.„ (2n + l)n 

where 



xsin — 2s — jain i P y 



sm - '■— — ■ sin - 



HI 2s 2p 

a ftn- 



aJips/i /" (2fc + l)« (2n+l)» 

and p is the area density of the distribution of the mass over 
the membrane. 

502. »<*, 0-2£ 2 ( -^ e ( -^ ) \sin^Lx. 

503. The solution is 

u{x,t)=2ja h e 2 < sin % t x 

fe=0 



where a h = y I <p (x) sin -5 — ^T ' n x dx. 



a 
504. u (x, f) = 



~ n» ^ (2A-|-1) S £ C0S 2Z X - 

ft-0 



18-0461 
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505. u (x, t) = U. 

506. The solution is 

u(x, = 2 ^ {jTXOTfxr j <P(£)cos^£d£}<r a "*co S ^ 

ft-i 

where A, A are the positive roots of the equation X tan XI = h, 

507. The solution is 

where (-P h (x) = X h cos X k x + ^ sin X h x and A, ft are the posi- 
tive roots of the equation h tan XI = —X. 

508. The solution is 

fe-i 

where a A = 2*7 lft/;. h + (A 2 + X|) sin X.^/2^1 U (/i 2 + A|) + 
■+- 2fc] _1 and X k are the positive roots of the equation 

cot XI -r- (Xlh — hlX)12, 
500. a (x, t) --= 

^T 2j ( J 9(E)an T |d5J« v " sin — x. 

h=i a 



510. tt(a: f = e" V *'" ' sin-g-z. 

511. «(*, «)=2,¥ ' cos-^;r, where 



ft=0 



fl o = y J<P(^)^, a& = — I (f(x)cos-^-xdx; £=1,2,.., 



o o 

512. The solution is 



ft-i 
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where 0^(2) -- X h cos X k x -\-'h sin X h x and X k arc the posi- 
tive roots of the equation h cot XI — X. 



513. u(x, t)= {U , T) x + T + 



<■> °° 4 (nhny 



514. The solution is 



* , (2k+\)a 



U (X, t) " «> (#) + ^ a fe e ''''" H * n * ■'" ' ^ 

where 



2Z 

ft-0 



«; (*) = - ^- j [ j / (?) d|] dH-^- J / (E) d| -r <F 





and 

1 



«h =- j- J t'p (*) — "> (ar)I sin 2; x dx 



515. u(a, t)^qx-\- (A ~' !)l - 



51(i. u.(x, t)= ~_ lh x + T — 

_ 2 y "+!* [ > __ t^. I e-**sln X h x 

— M'(fc 8 +*-/!H- /l J I- i/ft 2 + A£ J 

where ?v ft are the positive roots of the equation h tan XI —■ — X. 
517. »<*, *)-— ^ ,-^[l-," lh+( ^ )2]( >inf x. 

18* 



276 Answers, Hints and Solutions 



518. The solution is 
u(x, I) = j— e sin — 



cos ■ 
a 



+ -r / \ —* — hrr- \ e ; ' si n io h x 

I ^ L co h i — a 2 f0| J * 

where co fe = (2ft + 1) n/2J, co h ^1/a; ft = 0, 1, . . . 

To find the solution construct it in the form u (x, I) = 
= / (x) e' 1 -I- v (x, i) where the function v (x, t) must 
satisfy the homogeneous equation and the homogeneous 
boundary conditions. 

519. The solution is 

CO 

, T 2 IT | ^ "^ 1 f A12 

-[A/2 + (-l) h ^{aftJt) 2 ]e v [ ' }cos~- 

To find the solution construct it in the form u (x, t) =■ 
— w (x, t) + v (x, t) where w (x, t) has the form w (x, t) = 
= (a x x 2 + Pi^) At + (a 2 z 2 + (V) T, the constants a,, p\, 
aj; and (J^ being chosen so that w (x, t) satisfies the boun- 
dary conditions of the problem. 

520. (a) The solution of the problem 

u t = a 2 &u, 0<><V? where Au = -^-^ (r 2 -^r) 

u{R,t)=>0; lu(0,OI<«>, *>0; u(r,0) = T, 

< r < R 
is the function 



knr 






. (j ^ rfSin ^ 



fe-1 
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To obtain this solution we pass to the new unknown func- 
tion v (r, t) = ru (r, t); this reduces the original problem 
to the new problem 

v t = ah> TT , <. r <c B, t ;> 

v (0, t) = v (B, t)=0, t > 0; v (r, 0) = Tr, < r <i? 
(b) The solution of the problem 

u t = a 2 Au, 0<r</?, f>0 

fcu T (R, = ?, * > 0; a (r, 0) - T, < r < R 

is the function 

, ,. rp , qR 1 3a 2 f 3ii J — 5r a \ 
u(r t t)=T + —(- Si iggr-)- 

00 ( r 't l n Y* sin **" -- 

-jfv 3 1 e -hH f * 

n=i 

where n, t are the positive roots of the equation tan \i — j.i. 
521. (a) The solution of the problem 

u t = a z {u xx + Uy U ), 0<.r<p, < </ < s, / > 

u x (0, y, *) = u (p, y, t) = 0, < y < s, * > 

u (a:, 0, t) — u (a;, s, t) = 0, < x <. p, £ > 

u {x, y, 0) = / (a;, y), < x < p, < y < s 

is the function 

«{#, U, = >j %*<? "" SHI— — J/C03- g— X 



where 



P s 



4 f f , , . . kn (2n + l)ji. , , 

a kn = — } ] /(*, y) sin — y cos 2 ' a: da; dy 



o o 



, 3 AV (2«+l)ajr 3 
and ©S n = -__4-i_J^ 
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(b) The solution of the prohlem 

u t = a 2 (u xx -J- u V y), 0<j<jj, 0<i/<5, f > 
u- (0, y, i) = 0, u x (p, y, t) + hu (p, t/, t) = 0, 

< J/ < s, t > 
itj, {#, 0, 2) -= u (x, s, t) ■— 0, < .-£ < p, t > 
u (x, j/, 0) — / (x, y), < a < /;, < z/ < •? 
is the function 



, a vi ■-«2u)S„( . (2/i | 1) n 

" (*i 'J, t) = >j "k«<? '"' sin ^t ;i x cos ,^ j/ 

where 



lis 



flftn^ 



*ip(* 9 +i»jy i 





V\\ \ f( x ' y) siu w cos n ts v dx dy 



w/m = M* H ^ 

and fx A arc the positive roots of tlio equation /< tan p(x --■■ — |i. 
522. The solution of the problem 

a, = a 2 (u xx + u yy |- w zz ) — p w , < a.-, i/, z < I, l>0 

u (0, j/, z, t) = u (I, y, z, t) --^0, 0<y, z< I, t>0 

u (x, 0, 2, Z) = u {x, I, z, t) = 0, < ^, z < I, t > 

a <z, (/, 0, = u (x, y, I, t) = 0, < a:, i/ < /, * > 

u (x, y, z, 0) = U, < x, y, z < Z 

is tho function 

. (2m + 4) jib . {2n-\-i)nz 
X sin J - sin - — j 2 - — 

where 

A kmn = [(2k+l)(2m ■ l)(2n-\-l)]-t 



CO 



l /.m n = P+^-|(2/£-i-ip + (2w + ip + (2n + l) i | 



Chapter S 2TA 



and |1 is the coefficient characterizing the rate of the disin- 
tegration. 

523. (a) u (x, j/) = >j a k sin 2p x sinh ^ ' ^ • 

ft-0 

whore 

2 r . , (2fc + l)n* "1-1 f ,, v • (2H-l)n , 

° ft ~ T L "^ 2F J J f W sin 2y * d;I 

o 

(b) u(x,y) = **-**>" +A- 



ipB 



ipv vi i 

** ^ /o, ■<>.■, <2A+1)jw 



P 

X Cos : — - - x sinh ! — - — is. 

P P J 

(c) u (x, y) = U +■&- [ T sinh -^- y — 

4£/ vi L 2p J , (2fc + l)n . (2fc+l)n 



2ft +1 2p y 2p 

ft=i 



W v> 

ft=. 
524. (a) The solution is 

u (x, y) = 2j a ** Sltl at V 

fe-0 

where 

i 
2 f .. . . (2ft+l)n , 
«a= — J / (y) sm - ■ 2t y rfy 
o 

(b) Tho solution is 

DO I 

u <*• *> = S {TTPT^FPr 1 / ^ cos ^ dl} e- K » s cos ?^ 
where ?<. h are the positive roots of the equation X Ian XI = h. 
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525. (a) u(r, cp)=g f - r ^(r—-^ r ) cos cp. 

(b) u(r, tf)=iA h -+ hi B ^_ aA (r 2 — -^-)sin2cp. 

(e) u(r, ip) = Q+ J_^ b2 (f r )coscp + 

526. (a) «(r, <p) = - 7r 2-Hfc— (t) ain — ' 



fe-i 
(b) u (r , cp) « ^ a h r *>■ cos (2 *+ 1)n 9, 

ft=D 



whore 



2 < 2fe + 1)n f <2k+l)n , 

aft = — R - 1 - J / (<P) cos ^' cp dip 
o 

527. Indeed, 

3-rt-l 

•^n-1 O^) + ''n+l ( X ) = 2 n - 1 (n— 1)! "^~ 

+ V (_ l)ft - [_ — I — 

-a 2 n - 1+2 h(/ c _d)|(«_i4-/;j! \ fc n+W 

fe=i 

The other two identities are verified in like manner. 

528. Since 



f ~J——dt = — ( 2k \ — 

ft * 
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we have 



1 «> 1 



la v ft- o ' 

00 

ffc=o v 

529. The first identity can be verified in the same way 
as the identities indicated in Problem 527. Further, we have 

/; (x) = - /; (x) - — \ \j (x) - j 2 (x)) 

The last equality follows fro the second identity estab- 
lished in Problem 527. 

530. Both identities can be established directly on the 
basis of the identities indicated in Problem 527. Indeed, 
taking into account that 



and 



/,', (ax) = / n .j (ota:) — -^- /„ (our) 



J' n (ax) --■= -^— / nwl (ax) — J n (ax) 



we obtain 

dx 



J 

-j- {x [p/„ (a*) /; (par) — aJ n (Par) /; (ax)]} = 



= -& fan (ax) [■£ J n (M - / B+1 (pa;) ] - 

— axJ n (fix) ["-^ /„ (ax) — / n+1 (ax)] J = 

= a/„ (P*) /„ H (ax) — p/„ (ax) /„+! (Ps) + 
+ a; [a 2 /; +1 (ax) / n (Px) + af>J' n (Pa) / R+1 (ax) - 

- P 2 ^; +l (Px) A («*) - aP-T; (ax) / n+1 (P*)] = 
= a-V(px) / B+1 (ax) - p/ n (as) / n+1 (Pa) + 

+ cflxJ n (fix) [/„(«») _i!±l / n+l (ow) ] + 
+ apx/, l+1 (ax) [^- /„ (f>x) — J n+1 (p*)] — 
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-apx/ n+1 (pa:) [-£ /„ (ax)-J n+1 (ax)] - 

-p 2 x/„ (ax) [J n (par)-- ^ti J nn (fix)] = 

= (*z-P)xJ n (ax)J n ®x) 
Similarly, 

± {(a 2 x 2 -* 2 ) /?, (ax) + [x i /» (ax)] 2 } = 

= 2a 2 x,/£ (ax) + 2a?x*J n (ax) /;, (ax) + 

+ 2a 2 x/;_ 1 (ax) + 2a s xV n _, (ax) J' n _ t (ax) - 

— 2naJ' n _ 1 (ax)/ n (ax) — 2nofix.T' n _ l (ax) /„ (ax) — 

— 2na 2 xJ „_, (ax) /^ (ax) = 2a 2 xJl (ax) 
531. According to Problem 530, we have the equalities 



(a*-p)zJ n (ax)J n $x) = 

= A [aa: / n ( Pa .) / n+1 (ax) - px/„ (ax) / n+1 <px)J 

and 

2a 2 x/£ (ax) =~ ((«V-b 2 ) /* (ax) + [nJ n (ax)-ax.7„ +1 (ax)) 2 } 

The integration of these equalities results in 

l 
(a 2 - p 2 ) \xJ n (ax) J n (px) dx =- 

o 
and 

532. Indeed, if a is a complex root of the function J n (x) 
then a is also its root. Therefore (see Problem 531) we obtain 
l i 

\ xJ n (ax) J n (ax) dx = \ x | J n (ax) | 2 dx = 
c o 

that is J n (ax) is identically equal to zero for 0-^x^1. 
By the analyticity of /„ (ax), it follows that /„ (ax) = 
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for all the values of x (both real and complex), which is 
impossible. Similarly, assuming that /„ (a) = J n+1 (a) — 
for a =t*= we arrive at the contradiction: 

i 

\ x 1 J n (ax) \ 2 dx = 

o 

Consequently, /„ (x) and /„+! (x) cannot have common ze- 
ros (roots). By virtue of the first identity established in 
Problem 527, it follows that for any two nonnegative integral 
indices m and n the functions J m (x) and J n (x) cannot have 
common zeros (roots). 

533. Let us write down the expression of Laplace's 

operator -r-^--f -»-j- in the polar coordinates r = Yx 2 + y z , 



= arc tan y/x: 



!)r* ' r dr * r* 09* 



Now, taking, for instance, u n (r, 0) we obtain 
Au n (r,e)-u%„(r,0) = ^^>- + 



i a/„ftir) 

r dr 



(-£ + H 2 )/ n ((ir) = 

because the function I H (x) = i~ n J n [ix) satisfies the equa- 
tion 

/; <*) + 1 /;<*)-( i +£)/„ (*) = o 

534. Since T(k + 1 + 1/2)= \/n(2k + i)U2- h ^kl, we obtain 



fc =0 2 , /i«A*ir<* + 1 + 1/2) 



-. / 2 ^ . *\h i2h+1 i f 2 • 



ft=0 



The other idenLity is derived in a similar manner. 

535. The assertion stated in the problem follows from 
the fact that the change of the variable x according to the 
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formula x = cos 6 ( — 1 <; x <; 1) results in 

d id , d a cost) d , i d z 

and 



dx sin 9 df) to a sin'O d& ^ sin 2 W 

536. For x = cos 8 wo have 

T n {x) = T n (cos 0) = ~ [(cos 0+i sin 0) n + (cos 6— i sin 0)"] = 

= y [e in0 + e- i7 ' n | ^ cos /i9 = cos" — ( \ Vcos 71 " 2 sin 2 0-}- . . . 
Therefore 

r„ (*) = **- (J )*"-■(! -*«)+... 

537. Using the formula for T n (x) (see the solution of 
Problem 536) we obtain 

T (x) = 1, T 1 {x) ^ x, 1\ (x) - 2x* — 1 and 

1\ (x) = 4t 3 - 3a; 

538. Using the formula .y„ (cc) = cos n0 (here ar cos 0; 
see the solution of Problem 536) wc obtain 

l ' n 

\ Tjl { x) Tm ( J) dx = \ cos nQ cos w9 dO = 0, n^=m 

-l r o 

539. Hyyi^l/n and || 2" n || = V' S75; n = l, 2 

540. Using Leibniz' formula we find 

L>n W - ft| 2J \ k ) dx k dx n-h ~ &\n-k) k\ X 

whence it follows that 

xL" n (x) 4(1 — x) L'„ (x) + nL n (x) ^ 

n-1 
="2( — 1 ) |_L-fc) 1T~~ U-fc) (k-i)\ 

~\ n - k J r ijjj~ij[~[n--k~.l)ldj X = 



ft=i 
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541. L = l, L x =\ — x, A 2 = l — 2x + xV2! and 
L 3 = 1 - 'Ax + 3x 2 /2 - x 3 /3 ! . 

542. Let n<c.m. Integrating by parts n-\-i times we 
obtain 

no oo 



- ( - !) n+1 oSTijl i S^ L « {X) 5^ ^ e ' X) dX •= ° 
o 

543. Integrating by parts n times we obtain 
j e-'Li (x)dx = ±\ j L n (x) -£r (*»0 dx = 





oo 

because T (n) = \ x n ~ l e~ x dx. 
o 

544. u»=y 3 -3i/z 2 , kJ^x^-xz 2 , wJ = yz»- tfZ 8, 

Uj = I s — 3xz 2 , uj = z;/ z — -s- z'\ Uj = xi/z, 

wj =x 2 z — r-z 3 . 

545. K* = sin tp sin (sin 2 cp sin 2 6 — 3 cos 2 0) , 
Y\ = cos (p sin 9 (sin 2 9 sin 2 6 — cos 2 8) , 
Y\ = sin q> sin 9 (cos 2 <p sin* 8 — cos 2 G) , 
Y\ = cos tp sin 8 (cos 2 qp sin 2 8 — 3 cos 2 8) , 

Y\ = cos 6 ( sin 2 cp sin 2 9 — -| cos 2 9 ) , 

Y\ — sin tp cos q? sin 2 9 cos 9, 

Y\ = cos 9 ( cos 2 q) sin 2 8 — j cos 2 8 ) . 

546. Since the function 
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is harmonic, the factors 

w{r)=± and Y (<p, 6) = Y\ (if , 0) 
are solutions of the equations 



■*r\r 

and 

■ . ,, -q tzt + ir~a ^tt sin 6 -^- ) + 12Y = 
sin 2 8 Sep 2 ' sin 6 50 \ dQ / 

respectively, which can easily be shown by using the expres- 
sion for Laplace's operator in the spherical coordinates. 

549. The assertion stated in the problem can easily be 
proved because it follows from the identity 

which is obtained by differentiating m -\- 1 times Lhe ob- 
vious identity 

(* 2 - 1) ~ (t* — l) m = 2mt (fi~ l) m 

550. These relations can easily be verified by using the 
representation of P n (t) derived in Problem 549. For in- 
stance, by virtue of this representation, we have 

= 2^(1+1)1 ^- 1 2 < ra+1 ) (' 2 -l) n +4« (n+1) t 2 (t*-l)»-*\- 

. _ //2 \ \n-l 

2^-i (re— 1)1 df" V > 

= f »«)+ gt -x ( Li )1 ^-* a ( f> - l ) n ~ 1 - 

- 2»(Li ) i F< f, - 1 >' l " af »w+ aj, »w- 

= (l+2B)P n (i) 

551. The easiest way to prove the assertion is to verify 
it directly, that is to substitute expression (38) of P m (t) 
into the left-hand side of equation (36). 
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552. Let m>n. In this case, integrating by parts n 
times, we find 

-i -l 

i 

2 m+n m 



in !• wra-n wzn 




553. For n = m we have 

i 

_ < 2m >' fM-«"dt = - 

2»»(otI) 2 J ^ * ; ut 2m+l 
-1 

(see the answer to Problem 552). 

554. Since 

Y\ (q>, 6) — sin cp cos tp sin 2 9 cos 

{see the answer to Problem 545), we obtain for PI (cos 0) — 
— PI (t) (t = cos 0) the expression 

P\ (cos 6) = 15 sin 2 cos = 15 (1 — cos 2 0) cos = 

= 15* (1 - f) 

which obviousJy satisfies equation (37) for m = 3, n = 2. 

555. The required result can readily be obtained if we 
differentiate equation (36) n times and then put 

558. The assertion can readily be proved by substituting 
the expression 

y(0 = {l-< 2 )- n/, «.(«) 

into the equation indicated in Problem 555. 
559.£Put 

in the equation indicated in Problem 555. 
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561. The assertion readily follows from formula ('69) 
if we take into account the inequality 



[ cos 9 -f- i sin 9 cos t \ = ]/ cos 2 9 + siu a 9 cos 2 i< 1 

562. Let r n (t) — a n t" -\- . . . -\- a Q be an arbitrary poly- 
nomial of degree less than m. Integrating by parts n times 
we obtain 

i l 



-i -i 

2 ro m! J dt m ~ n (t 1} 

563. On putting B — and 6 = n in formula (39) we 
readily prove the assertion stated in the problem. 

564. P 2m+1 (0) = 0, P 2m (0) = ( - i)« 2> gff t)1 . 

565. Since Laplace's operator can be written under the 
integral sign, the assertion follows from the relation 

A/ (z + ix cos i + iy sin it, t) = (1 — cos 2 1 — sin^ *) Jp- J = 

where 

| = z -|- u' cos t + iy sin £ 

566. According to the assertion proved in Problem 560, 
we have 

1 f 

-^— I (z + izcosi + iz/sin i) w df = 

-ii 

ii 

= "§JT [cos + i sin 8 cos (Z — <p)] m dt = 

-it 

n 
r m p 

= -^ [cose + £ain9cosT.rdT-r Bl 7 > m (cosG) 
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567. Let us construct the solution of equation (42) by 
using formula (40) in which we put 

K(z, *)-==jz-le- i2Sin( 

Then equation (41) assumes the form 

v n -\- nh) = 

and the function v (i) — e ±il is a solution of the last equa- 
tion. 

568. We havo 

o 
H^{z)=~ j oxp(zsinhti — nr])dif) + 

— oo 

a 
•f— \oxp( — izsinl + inl)dl + 

-IT 

+ — \ exp ( — zsinhy| — nr\ — inn) dr\ 

a 
and 

o 

FP n {z)= — — J exp(zsinhT) — nr\)d\\ + 

— M 

-\ \ exp ( — iz sin £+ in £) d| — 

o 

CO 

— — \ exp ( — z sinh t] — nn, -+- in n) dt\ 
o 

569. -^n(z)=2^ J exp ( — iz sin £ + in !j)d£ = 

-ji 

= — cos (z sin | — /i£)rf£. 



19-0401 
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570. Using the expression of J n (z) (see Problem 569) 
we obtain 

n 

/_» (a) = -i- j cos (z sin \ + n£) d\ = 

o 

= — \ cos I z sin (it — t) + n(n — t)] dt = 

o 

- ( — l) n ^- j cos (« sin t-nt) dt = ( — !)"./„ (z) 



571. The assertion follows from the inequality | cos t | <! 
<! 1 which is valid for all real values of t. 

572. Using the expression for J n (z) indicated in Prob- 
lem 571 we obtain 

n 

u(x, y, z) = y~ e Xz \ e^c^ n < t - , f>e im 'dt = 

n 
_._i_gXi \ gikp sin tyeirrHv+ij?) rfty —. 

-31 
It 

= -^- e u e im v f cos (Ap sin ty + mty)'d-ty = e Jl *e lm " > /_ m (kp) 
o 

573. (a) The solution of the problem 

u lt = a*Au, 0<r<fl, (>0 where Aa=l~(r-^-) 

u (/?, . *) = 0, ! u - (0, t) |< oo, i > 
u (r, 0) = 4 (R* - r 1 ), u« (r, 0) = 0, < r < i? 
is the function 

u (r, t) = 84/i* ^ °\ ?* cos -^ 
where \i h are the positive roots of the equation J a (\t) = 0. 
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(b) The solution of the problem 
u 1/ = fl 2 Au, ()<>■</?, i>0 where Au — — —ir-~-\ 

u(R, t) = 0, |w{0, t) |<oo, *>0; 

u (r, 0) = 0, u, (r, 0) = £/, < r < R 

is the function 

\i h are the positive roots of the equation J (fL) — 0. 
574. (a) The solution of the problem 

w t = a 2 A«, 0-^r<[i? 1 £>0 where Aw = — 7fr( r ~£~) 

u r (R, t) = 0, | u (0, t) | < oo, t> 0; 

u (r, 0) = Ur\ < r < R 
is the function 

where u. ft are the positive roots of the equation J' Q (\i) — 0. 
(b) The solution of the pvoblem 

u t = a*Au, 0<r<fl, *>0 where Au = -J--| r (r-^-) 

u T {/?, + hu (R, t) = 0, | u (0, t) |< oo, t > 

u (r, 0) = tfr 8 , < r < i? 
is the function 

where (j. fc are the positive roots of the equation uJ^ ((4.) + 
+ hRJ (u) = 0. 

19* 
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(c) The solution of the problem 

«,-=fl2Au, 0<r<fl, £>0 where A« = y -|r ( r |j- ) 

u(i?, *) = 7\ |u(0, i) |<oo, f>0; 

u (r, 0) = Ur\ < r < R 
is the function 

where p, ft are the ^positive roots of the equation J (\i) — 0. 
575. (a) The solution of the problem 

| u (r, z, I) | < oo, u {/?, z, t) = u (r, 0, £) = 

= u z (r, I, t) = 
u (r, z,0)=A (R 3 - O z, < r < /?, 

< z < J, i > 
is the function 

»(r, ,, = 2 -m^*^'/. (f r) sin^±i^ 2 

A=l 
n=0 

where o kn = (-l) n 32Al£PJ t (\i h )/(2n + ifn*\i\J\ (ji k ), 
X h = fi fe //?, r| n = {2n 4- 1) ji/2Z and u- fc are the positive 
roots of the equation J (ja) = 0. 
(b) The solution of the problem 

u t = a>Au where Au = |^_ (r-^) -|-g-, 

| w(r, z, «)|<oo, 

u z (r, 0, t) = u (r, 1 , Q = "r (fi. z > *) + >»» (#. z, f) = 
u (r, z, 0) = A {R % - r 2 ) z, < r < /?, < z < Z, 

*>0 
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is the function 

where a hn = 16,4 «?■ [(-l) n (2i» + 1) n - ' 

- 2] /, (ji h )t(2» + 1> 2 n 2 (4 + A*i?») /■ (Ua)]" 1 , ^ = ji ft //? 

r| n = (2n + 1) Jt/2J and (ij, are the positive roots of the 
equation \iJ[ (|x) + hRJ e (\i) = 0. 
576. The solution of the problem 

w t = a 2 Au where Aw = -^ -^ ( r 2 -£■ ) + 

+ TW¥ ( sln9 w) 
| « (r, 9, | < oo, u (R, 0, t) = 0, 

u(r, 9, 0) =/(r, 9) 
< r < if, < 9 < n, t > 
is the function 

~ -f^™^ / »«'»( Jf f L '') 
«(r, B,«)=S <W ^ R ' ^(cosO) ^ '- 

whore 

( J±™L r )p n (cos6) sin 6drde 



o o 

x 



and \i nm are the positive roots of the equation / 71 + 1 / B (\x) = 0. 
577. (a) The solution of the problem 

Au-0 where A« = ~(4)-h-p 
| u (r, z) | < oo, u (R, z) = u (r, I) = 0, w (r, 0) = 7 1 
< r< R, 0<2< J 
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is the function 

oo 

u (r, z) = 2T y. — pVt X 

k=i 

x ( C o 3 hJ^-z - coth *£. Jsinh^- z) / (Jg-r) 



where u. fc are the positive roots of the equation / ja =- 0. 
(b) The solution of the problem 

Au = where A« = |-|r (r-^) +-g- 

| u (r, z) | < oo, b (r, 0) = u t (r, 1) = 0, u (J? f z) = /(a) 

< r< /?, 0<a< J 
is the function 

u(r,z) p^ r r (2*+l)n^ T 

A-1 " I. 22 J 



X 



X/ [^^r]sin<^^ 

(c) The solution of the problem 

Au=-£ where Au = T ^(r — )+^ 

J u (r, z) | < oo, u (r, 0) = w (r, Z) - k (/?, z) = 

< r<.fl, 0<z< 2 
is the function 
u(r,j) = -^ (*>-*) + 

+ ^2 — i^j-{(«hiSf..-.)-nhJ| f .- 

n-i 1*^! (M-™) smh C2 t 

_ sinl, J£- * cosh Jg-z} /„(-!£•>•) 
where ft A arc the positive roots of the equation J (p) = 0. 
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Hint: construct the solution in the form u (r, z) = 
— w (r) + v (r, s) where w satisfies the equation Aw = 
= —Qtk. 

578. The solution of the problem 

Au = Q where Au = y~ («"•£-) +^ 

[ u (r, z) ) < oo, u (r, 0) = u (r, fl = 0, it (/?, z) =-- T 

# < r < oo, < z< Z 
is the function 

"( r . *) = — 2j 



T! = 



(2B + , )i ,[S5±«« B ] 



where if„ (£) is the Macdonald. function (also called the 
modified Hankel function or the modified Bessel function of 
the second kind). 
579. The solution of the problem 

Au = where Au— ^£(r»£) + 



l a 



(sinO-fj-) 



r r*sinO 50 
|u(r, 6)|<oo, u(R, 6) = / (6) 

is the function u (r, 8) expressed by the formula 

(a) u(r, 6) = 

no Tyt 

= S -^T 1 - { J ' <*> ^n (cos £) sin 5 d^} (-£-)" P n (cos 0) 

n=0 

for 0<r<i?, O^G^n, and by thn formula 

(b) «(r,9)=. 

= S "^r^ {f / G) P * ( cos « ^n 5 <**} (-f- )" +1 P n (cos 6) 

n— 

for /?<r<oo, 0<8<n. 
580. tr : ~0 + l+...+± + ...-0. 



296 Answers, Hints and Solutions 



581. The series indicated in the answer to Problem 580 
provides the asymptotic expansion as z -> for all func- 
tions of the form / (z) = e~" n where o> is an arbitrary posi- 
tive number. 

582. Since < z < t < oo, the consecutivo repetition of 
integration by parts results in 



t z 

mo 

_J Lf -.«-«« iL- 

~ 2i 2 J e i* — 



1-3 1-3-5 , 

r • • • 



2 a 2* ^ 2»z 5 2*z 7 

■T) . .. (2ft- 
"2T+a 2 *ft+i 



^ | ( 1)ft 1.3-. r >...(2ft— 1) 



2 S_(2 



, 4 , hM l-3-5...(2fc+l) f e"-" Ja 



z 



The integration by parts in the last integral on the right-hand 
side of this formula shows that the remainder satisfies in- 
equality 



1-3-5 ...(2fc+l) f e zi ~ l - At ^ 1-3-5... (2fc+l) 

2k+2 2 3ft+3 



...(2*+i) r ^-" , 

"2K+I J j»M* "*■ ^» 



whence follows the required asymptotic expansion. 

z z 

584. The condition ] arg 2 | -< jt — 6 <_ n guarantees 
that the consecutive repetition of integration by parts is 
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legitimate. Therefore we can write 

00 



f+Z JO 



-J-(7W^ = 






J_ 1 

z z* 



= -r— i+.- 



•l)"-i(n-l)1 





585. To derive the asymptotic expansion we write 

no oo 

\ e-'f-'dt- -e'-'f'" 3 : * + (o— 1) j e-*r- 2 c^ = 

Z 2 

' + (0-1) (a- 2) j e- t f- s dt = 



= e-"z^~(a~\)e-U 



t jus 



: er 1 [ 2 °- J + (a - 1) z°" 2 + (a - 1) (a - 2) z a ' s + . . . 
...+(a-l)(a-2) ...(a-ft+l)a"-*] + 

+ (a— l)(a — 2) ... (a — fc + l)(a— ft) j e-'^*- l d* 



Now, taking into account the identity f (a + ft) = 
= (a + ft — 1) r (a + ft — 1) and the inequality 



1 (a — k) J 



I» 



r{a — k) 



,«-ft-l 



z 

I r(«) 



r<«-*) 



g -V»-» 



which holds for ft > a — 1 we obtain the required asymp- 
totic expansion. 
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586. The condition a y> guarantees that the consecu- 
tive integration by parts is legitimate. Therefore we have 



j rV 



dt. 



i 



ia \ f*~ l e H dt 



The repetition of integration by parts k times yields 

frt«*-£[i+-i.+i$$fl+... 

z 

o(a+l) ... {a + lc— ly 



■■ + 



(fa)* 



! ] + 






a(a+l) ... (a + fc) 



di 



Finally, taking into account the identity T (a -f- ft) = 
= (a -f- ft — 1) T (a + ft — 1) and the inequality 



r(«+fc-H) 

1» 



ia+ft+i 



d* 



< 



^ r(tt-i-7c+i) f* di _ r (a 
^ r-(a) J t ai -w ~ r(o) 



z a+h 



we obtain the required asymptotic expansion. 

587. Using the result established in Problem 582 we 
obtain 

oc oo 

-JL f e-* 2 di = -4=e* 2 [ ^- t2 rft~ 
y n J V ji J 

2 2 

2 2 fl ^J, , s „ 1- 3 ... (2fc— l) -i_ 



-2- 

fc-1 



,1-ilfe 



(4-*) 
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588. Putting a = 1/2, t = 9 2 and u = z in the expres- 
sion indicated in Problem 586 wo obtain 



J 2 /jib ^ 



(_i)fcj*r(*+4-) 



2 l/itu 
r fe=o 

whence 

f cos0 2 tfG~ 



taltt - (_i )h r(2* +T ) 



u 



aft 



(2fe + 



^] 



i_ " (-q'rfe+j) (2/c+l) 

/I ..Bl 



2/.tu *- 



cos it — sin 



■] 



and 

DO 

f sin 2 m 



i ",<-«' r ( 2fc+ y) ( 2fc+ T> . ^ 

x — sinu+cosi/ 



V 

2]/^. ^ 



,.ik 



ft=0 



589. Ei( Z )^^2 |r- 



590. Ci (z) ~ 2 i=» (sin z- J*±t C0B z ) . 



ft-» 



M i.M(.)~-2i=|£ea!.( 



2fc + l . 



a « fc *i yCOS^H — si 



n z J . 



592. In the case under consideration we have N ■= oo, 

■TO 

m = 0, a=-l and rp (*) = 2 { — ^) h t' ln "\ f or 2 > the 

fc=0 
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5 e -zol 
./fa dt is absolutely convergent. Therefore, by 

o 
virtue of Watson's formula (45), the sough t-for asymp- 
totic series has the form 

Zj 2 anfe+i 

ft-0 

593. Since m = p — 1 > — 1, a = 1 and cp (() = 1, 
Watson's formula (45) implies the required assertion. 

594. The assertion stated in the problem follows from 
Watson's formula (45') and from the identity sin t + 
+ sin (— t) = 0. 

595. Take into account that in the case under considera- 
tion A = — 1, N = 2, <p (i) + <p (— t) = 2 cos t and use 
Watson's formula (45'). 



596. F (z) =» j e-* 2 ' 2 dl ~ 1 Y (1 ) z"» = ■ 



y n 



597. 



2z 



Let us denote F (z) = e-- 8 * I &? d\. On using twice 

o 
L'Hospital's rule we find lim 2zF(z) = l, whence 2zF (z) = 

2*- no 

= l + o(l), that is F{z)=~[i + o(l)] for z -»- ■■■[- oo, 

which is what we had to prove. 

600. Let us use the Fourier transformation with respect 
to the variable x: 

oo 

U(l, t) = ~h^ j e-**u(x,t)dx 

This reduces the equation of the original problem to the 
form 

U it + a^U = 

whence U (g, /) -= A (I) e~*" + B (£) ?l« l where A (£) 
and B (£) are arbitrary functions of the parameter |. Fur- 
ther, resorting to the inverse Fourier transformation, we 



obtain 

CO 

u{x,l) = -±=r j e**U{l,t)dl = 

— oo 

— OO 

= 4(x — at) + B(z + at) 

Finally, taking into account the initial conditions of the 
problem we find its solution in the form 

x + at 
1 1 If 

u(x, t) = Y<p(x — at) +Y<P( x + at )+-2^ J ty{z)dz 

x ■ at 

601. Using the Fourier integral transformation 
Ufa t) = -^= j e-**u(x,t)dx 

— OO 

with respect to the variable x we reduce the original problem 
to the new problem 

V» + a*t*U = F (S, t). # (i, 0) = P f (£, 0) = 
where 

(Xj 

F(t,t) = -±=- j e**f(x,t)dx 

' —00 

The solution ol the last problem yields 

t 

tf(S,/)=-^JF(6,T)sina£(*-T)dT (.) 

o 

The application of Fourier's inverse transformation gives 
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where U (£, i) is expressed by formula (*). Now, taking 
into account thai siimfc (I— t) — (20"' 1 Ie if *«-*> — e'^^-v] 
we derive from (*) and (**) the expression 

i oo 

u(x, t) = 7= f dx [ X{^sl«+«((-T)j_ 

' n -*> 

— e «[*-««-x)ijf (^ T )J£ 



Since 

X-l-dC(-T) 



X-l-fflC(-T) 

J_| e 14rx-}-a((~T).1_ t ,Jl(j:-a((-T)]}. = . f g^l tfn 



x:_fl((_T) 

we obtain 

u <*, t) - £ j * "] ° { * f .** (g, x) dg} A, 

s-u(J--t) ' -co 

that is 

i .v+«i«-t) 

n x-a(t-i) 

602. Using Fourier's -transformation 

U {I, t) = — = ( e-«*w (*, if) dx 

' — oc 

(with respect to the variable x) we reduce the original prob- 
lem to the new problem 

U t + a^U = 0, U (I, 0) = O (£) 

where <I> (£) = —£=- ( e-*5*(p(.z) dx. The solution of the 
last problem has the form 
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On applying the inverse transformation we obtain 

oc 

u(x,t) = - ±= j e**U&,t)dt = 

* —CO 

'JC '-X- 

= ~ f q>(t))dr) j ff-»n s *e-iS<n-*)-d| = 

— re> —oo 

= — j (p(t])dr] ef- a '-s 2 ' cos £ (ri — *') d\ 

-no fl 

whence, taking into account the equality 

J e-« J « s ' cos s (tj — a:) d| = ^- ]/ £ e '>«* (*) 

(i 

we find 

lay nt J 

— OO 

603. The solution is 



tec « 4o3(t-x) 

See the solution of Problem 602. 

604. To solve the problem we shall use Fourier's sine- 
transform 

m 00 

U (I, t)=y ~\ u (x, t) sin \x dx 



of the function u (x, t). Taking into account the boundary 
condition u (0, t) = li (t) and assuming that the function 
u and its partial derivative with respect to x tend to zero 
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sufficiently fast for x ->- oo we obtain 

Ut (I, t) ~ a 2 1/ — \ u xx sings dx = a z y — u x sin \x 

o 

— a 2 | 1/ — i u x cos |r da: = 
o 

= — a 2 % 1 ^ — I m^ cos |a; <ia: = 
o 

= — a 2 £ )/ — ju cos &c -hi] u(£, fjsin&rdx} = 

o 

Thus, the original problem reduces to the new problem 

U, + a*l*U = a2g j/ ± v (t), V (5, 0) = 
The solution of the last problem is 

V (£, = « 2 5 V^T J «~ nnz(<_T V ( T ) <* T 
o 

On performing the inverse transformation, we arrive at the 
expression 

u (*, t) = ]/-| j V (|, t) sin %x dl = 
o 

t oo 

= J^L j ^ ( T ) dx \ le-W-«-V sin |* d% = 



J n(l—x) I * ||-o 



o 

t x 

= jr_ r ,i (t) dz r ,.- n«(*-T) C os6*dE 

o n 

whence, taking into account equality (*) established in the 
solution of Problem 002, we obtain the sought-for answer 
to the problem under consideration: 

u (x, t) = — t—. [ »< x \ ff " *SS(izjr dx 

605. The solution is 

t & 

u(x, t) = a — \ v ,™_ e^ '"*"-*> cfr 

To solve the problem use Fourier' 's cosine-transform of the 
function u (x, f); also see the solution of Problem 604. 

606. ufa;, i) = L^- , \ [e ^V-*) — 



y'n J i/«- . 
Y a ' o 



(£+|) 2 



607. The solution iis 

To solve the problem use the (two-dimensional) Fourier^s 
transformation and the corresponding inverse transformation 
which are specified by the formulas 

F(5,T])« ( ' j j e-*&+v»)f(z,y)dxdy 

— OO — .TC 

20-0401 
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and 

/ (x, y) = j-^- j j *«S*+mrtF (£, *) ^ ^n 

' — oo — oo 

respectively. 

608. The solution is 
u (x, y, t) = 



(2a 



— no — oo 



See the hint to the solution of Problem 607. 

609. The solution is 

u(x, y, t) = 

. ™ " (x-£)»+(v-ti)^ (j-S)'+(i/+'o)» 

(2a /nt) J^ J 

#m£: use the Fourier integral transformation with the 
kernel 

for — oo<x<Coo, 0<j/<Coo. 

610. The solution is 

V ' ' -oo 

See the hint to the solution of Prohlem 609. 

611. The solution is 

" (a. </> *) = 



(2s i/^S*) 

^ ' _oo 
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To solve the problem make use of Fourier's integral trans- 
formation with the kernel 

K{x, ;/; £, Y]) = ^=- ]/-^e ^cosi/tj 

for — oo <js<;oo, < y < oo. 

6i2. Let us pass to the Laplace transforms (images) 
V (£, y) and F (I) of the functions w (x, y) and / (a;) with 
respect to the variable x. Then the original problem reduces 
to the equation 

U y -a* I- a 2 ) U = F 
whence 

Since y > and £/(£,#)-»- for £ -+■ oo, there must be 
C = 0, that is V (£, j/) - — /' (£)/(£ 2 + a a ). Consequently, 

U (*, y) = j- j / (x - 1) sin a\ dl 

o 

613. The solution is u (x, y) = Ae~ iy cos2x — 
— Bx sin xl2. See the solution of Problem 012. 

614. (a) The mathematical statement of the problem 
reads thus: 

u t — a 2 u xx , < x << Z, 2 > 
u (+0, «) = 6 (i), u(f — 0, 0™0, f>0; 

u (x, +0) - 0, < x < I 

Let us pass to the Laplace transform of the function u (x, I) 
with respect to the variable t: 

CO 

U{x, £)=[<? -*'« (*, t) dt 
o 
Then the problem we have stated reduces to the new problem 

1/^—^-17 = 0, 0<Zx<l, 

U( + 0, Q = l, U(l-0, Q-0 

20* 
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whose solution is 



a r * 

sinh — VI 
a 



To obtain the sought-for solution u (x, t) (which is the 
original of the function V (x, £)) we first transform the 
expression of U (x, £): 

P a r, <* 

u i*<Q-- k^ — ~ 

l-e a 
~.{e " -e a )2 e = 

<» (2l»H-x) -,/g oo (Znl-*:) ,/p 

=-2«" " -2*~ " <•> 

ti = n — 1 

For £ > the Laplace transform of the function i]j (|, £) = 
=- ge-6'/4*/2"l/ n t 3 '" is equal to «rsVt ( se e the table of the 
originals and their Laplace transforms at the end of the 
book); therefore from (*) we readily find the original 
u (x, t) of the transform U (x, £): 



»(*,*)= s+f^^.O-s^i^^.') 



Finally, taking into account that the function i|> (x, t) 
is odd with respect to the variable x, we obtain 



«<*, *)= 2 *(- 22f r f -.*) = 

(2nl + x) e 



1 V I9.nl ± x\ *~ 4o ' 1( 



2a Y n W 2 
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(b) The solution of the problem 

u t = a 2 u xx , <; x < oo t < > 
u (+0, *) = 8 (0, w (oo — 0, t) = 0, t > 0; 

w (3;, +0) = 0, < x < 00 
is the function 

(see also Case (a)). 

(c) The solution of the problem 

U t = aiu xx> < X ■< 0°, £ > 

u (+0, = f* (0. w (00 — 0, i) = 0, t > 0; 

w (x, +0) = 0, < x < 00 

is the function 

t * 2 

' 

(see also Case (a)). Compare the result with the solution 
of Problem 604. 

615. (a) The mathematical statement of the problem 
is the following: 

u tt — a 2 u xx , 0<x<;oo f t>0, a — — 7=- 

u (0, t) = E (t), t > and u (x, t) is bounded for 

x — *■ 00 
w (x, 0) = u t (x, 0) = 0, <z x <; 00 

Using the Laplace transformation with respect to the 
variable t we find the solution of this problem in the form 

for t<~ = x\LC 

u(x, t)= ' 



E{t — xYLC) for t>x]/TC 
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(b) The solution of the problem 

u xx = a?u tl + '2bu t -\- c a w, < x << oo, t > 

u (0, t) — E (£), t > 0; fi (a:, t) is hounded for .r -> oo 

u {x, 0) = u t (x, 0) — 0, < x < oo 

is the function 



u (#, f ) — 



whore m, — 6/a 2 . 



616. «(*, i) = < 







for Kax 



er^^Eit — ax) for t>ax 







for £>a( t 



617. (a) The mathematical statement of the prohlcm of 
the determination of the temperature u = u (r, z) is: 



u (r, 0) = / (r), u (r, oo) = 0, < r < oo 
u (oo, z) = u r (oo, z) — 0, z > 

Let us multiply both members of the equation 

d 2 u 1 d / du \ 

~0^~ ~ '" ~7" Or V ~dr~) 

by r.T (ijr) and integrate the resultant relation with respect 
to /■ from to oo. Integrating by parts and using the bound- 
ary conditions u (oo, z) — u r (oo, z) = we derive the 
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relation 

o n 

= - rJ o(r\r)~rll" + i] } >•/; ftr) -g- rfr = 


oo 

rJ'o (W) -57 dr = *I ( ru/ « (T) | r=0 - 
o 

oo oo 

- j u ±r [r/; ft,-)] dr} = - r, j u -^ [r/; (nr)] dr = 



OO 3C 



a 
On finding /„ ftr) from the equation 

-fit /o (V) + -f 17 J ° <1 r > + 'f'o (V) = 
we obtain 

oo oo 

j rJ (T,r) ~dr = tf j rj for))* dr 

(I o 

whence 

oo 

where U ft, z) — \ rJ ftr) u (r, z) dr is the Hankel trans- 
it 
form of the function u (r, z). 

Thus, with the aid of HankeVs transformation the problem 
under consideration reduces to the new problem 

U„ - y?U =-■ 0, < z < oo; U ft, 0) - ¥ ft), 

V ft, oo) = 

oo 

where F ft) — \ r/ ftr) / (r) dr. The solution of the last 
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problem is 

U (t), z) = F (n) e^ 

Finally, performing HankeVs inverse transformation we 
find the solution of the original problem: 

u(r, z) = j t|/ (Tjr)F(Ti)«-^dTi = 



DO (TO 

= j n/„ (rjr) e-v [ j p/ D ftp) / (p) dp] ^ 

n o 

(b) The solution is 

u (r, z) = TR j / for) / 2 (Rr\) e^ d^ 

o 

See the solution of the problem for Case (a). 

(c) The solution of the problem 

Au«JL-|-(r*.)+-g- = 0, 0<r<oo, z>0 

0) for 0<r</? 



I Au (r, 0) 



for i?<r< oo 

u (r, oo) = 0, <^ r <C oo; u (oo, z) = u r (oo, z) — 0, 

z>0 
is the function 

o 

See the solution of the problem for Case (a). 

618. u (x + h, y) + u (x — h, y) + u {x, y -\- h) + 

+ u (x, y — h) — 4« (x, y) — 0. 

619. In the case under consideration the finite-difference 
approximation of Laplace's equation has the form 

u {x + 1, y) + u (x — 1, y) + u (x, y + 1) + 

+ u (x, y — 1) — 4« (x, y) = 0. 
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In accordance with the finite-difference scheme, we must 
prescribe for the vertices of the squares belonging to Q& 
the corresponding boundary values of u (x, y); for the 
points (0, 0), (1, 0), (-1, 0), (0, 1) and (0, —1) the values 
of u (x, y) must be found from the algebraic linear system 
of equations 

w(l,0)+u(-l, d)+u(0, i)+«(0, -l)-4u(0,0) = 
4u(l, 0) — u(0, 0)=-"(2, 0)-fu(l, 1) + 

+ «<*. -1) 
4u(0 t 1 — u(0, 0)^u. (1, l)-|-u{ — 1, 1) + 

+ u(0, 2) 
4u( — 1, 0) — u(0,0)=.. «(-2, 0)+u(— 1, 1) + 

+ a(-l, -«) 
4u(0, -1)- u (Ci, (!)--». (■1,_.1)4 U (_1, _l)-j- 

-u((i, —2) 

whose determinant is different from zero. On solving this 
system for each of the cases under consideration we obtain 
the following results: 

(a) u (1, 0) = u (-1, 0) = u (0, 1) = u (0, -1) = 
= u (0, 0) = 0; the corresponding exact solution is 
u (x, y) = 0; 

(b) u (1, 0) = u (-1, 0) = u (0, 1) = u (0, -1) = 
= u (0, 0) = 1; the corresponding exact solution is 
u (x, y) = 1; 

(c) u (1, 0) - -u (-1, 0) = 1 + 1/2; « (0, 1) - 
= u (0, —1) = u (0, 0) = 0; the exact solution is 
u (x, y) = x. 

620. The values of u (x, y) at the vertices of the squares 
belonging to Q(, are found according to the above finite- 
difference scheme; the values u (0, 0), u (0, 1) and u (0, —1) 
are found from the linear system 

4m (0, (>)- «(0, 1)- u(0, —\)-.u{\, 0)-| n(-1, <>) 
ti(0, 0)— 4« (<], 1) =— n(l, l)_u(_l, 1) — u(0, 2) 

u(0, 0) -4u(U, -i)=_ H (l, _1)- U (_1, _i)_ 

-u(0, -2) 
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The solution of the system yields the following results: 

(a) u (0, 0) = u (0, 1) = u (0, —1) = 1; the exact solu- 
tion is u (c, y) = 1; 

(b) u(0, 0) = 0, »(0, 1)=4' M ( ' ~ 1 )=— T ; the 
exact solution is u{x, y) — y; 

(c)u(0, 0) = 0, i*(0, l)=-§-' "<0, —1)= — §-; the 

exact solution is u (x, y) = x + ?/. 

621. u (x + h, t) + u (x — h, t) — 2« (x, t) — 

— hu (x, t) + hu (2, t — k) =- 0. 

622. The values of u (x, t) at the points (1, 5), (1, 4), 
(1, 3), (1, 2), (1, 1), (2, 1), (3, 1), (3, 2), (3, 3), (3, 4) 
and (3, 5) are expressed in terms of the boundary values 
according to the above finite-difference scheme; to deter- 
mine the values u (2, 2), u (2, 3) and u (2, 4) we must 
solve the algebraic linear system of equations 

it (2, 2) — 3u(2, 3) =— k(1, 3) — » (3, 3) 

«(2, 3) — 3«{2, 4)=— u(l, 4) — 1* (3, 4) 
3u{2, 2) - b(1, 2) + «(2, i) + 

+ u(S, 2) 

whose determinant is different from zero. 

In the case under consideration we obtain u (2, 2) — 
= w (2, 3) = u (2, 4) = 2; the exact solution is u (x, y) = 
= x. 

623. u (2, 2) - 31/8, u (3, 2) = 61/8. 

624. The finite-difference approximation of the given 
equation is written thus: 

u (x + h, y + h) — u (x + k, y) —u (x, y -\- h) + 

+ u (x, y) = 

As the value of u (x, y) at each grid-point which is a ver- 
tex of a square cell adjoining the coordinate axis we take 
the given value of u (x, y) at the grid-point lying on the 
coordinate axis which is the nearest to that grid-point. To 
determine u (2, 2), u (2, 3) and u (2, 4) we must solve the 
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system of linear equations 

u(2, 2) — u(2, 3) -u(l, 2)-«(l, 3) 

it (2, 3) — w (2, 4) = w(t, 3) — u(l, 4) 

u(2, 2) -«(2, l) + w(l, 2)-u(l, 1) 

For each of the cases under consideration the solutions of 
that linear system are: 

(a) u (2, 2) = u (2, 3) = u (2, 4) = 2 or u (2, 2) = 
= u (2, 3) = u (2, 4) = 1; 

(b) u (2, 2) -■ 2, w (2, 3) = 3, u (2, 4) = 4 or 
« (2, 2) *= 1, u (2, 3) = 2, « (2, 4) = 3; 

(c) u {2, 2) = 3, u (2, 3) = 4, u (2, 4) -- .1. 

The two solutions in each of the cases (a) and (b) appear 
due to the two possible values of u (1, 1) at the grid-point 
(1, 1) lying at the same distance from the coordinate axes 
on which different data aro prescribed. 

625. Let us assume additionally that the boundary S of 
the domain D and the functions u (x, y) and h (x, y) considered 
below are such that the identities 

Ujl x + Uyky = (Ujl) x + {Uyh)y — ll All , (X , If) 6 D 

D(u, h) =- \ (h x u x + h ll u ll )dxdy = 

D 

— I h -^- (Is — h&u dx dy (*) 

S D 

hold. Then, if u (x, y) is the solution of the Dirichlet problem 

An {x, y) = 0, (x, y) £D; a (x, y) = cp (a:, y), (x, y) £ S 

we can take as the class of the admitted functions the col- 
lection of the functions of the form u (x, y) -f- zh (x, y) 
where s is an arbitrary constant and h (x, y) is an arbitrary 
function belonging to the class of the admitted functions 
and satisfying the boundary condition h (x, y) = 0, 
(x, y) £ S. In this case from the. identity 

D {u + *.h) rr=D (u) + 2eZ) (u, h) •;- e 2 £> {h) (*•) 

it follows that D (u) <C D (u -\- th), which means that 
u (x, y) is the minimizing function. 



316 Answers, Hints and Solutions 



Now let us suppose that u(x, y) is the minimizing func- 
tion. Then identity (**) implies D (w, h) = 0. Indeed, 
if otherwise, we can choose the constant b so that the ex- 
pression nD (u, h) becomes negative and therefore iden- 
tity {<**) results in the inconsistent inequality D (u) > 
> D (u + F.h), On the basis of the equalities D (u, h) = 
and h (x, y) = holding for (x t y) £ S we conclude from (*) 
that 

\ hAu dxdy — G 
n 
whence, since h is arbitrary, it follows that Au = 0. This 
means that u (x, y) is the solution of the Dirichlet problem. 
626, The functional I n exists for the class of continuously 
differentiable functions y (x), <! x <! 1 satisfying the 
condition y (0) — - 0. Since y (0) = and y (1) = a we can 
write 

(I o 

= j(*-T*) 2 '^ + - 3 

It follows that the minimizing function must satisfy the 
ordinary differential equation 



-~ y = 

whence 

y = ax n and tnin /„ = na 2 

627. Since 
D ( — sin,? sin y) — 2 arid H [ — sin x sin y \ — 1 
we have 



) -^ ' n i 9 fhnt ic IT t,.\ S' _ 

// ( sin x sin y J 



tf(t0 -> „,2 ~T^ 2 ' that is- F («)<-£-£ (u) 



for any admitted function u (x, y). 
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628. Let us take as the coordinate functions the system 
of functions {sin kx) (k — 1, 2, . . .). 

n 

According to Uitz' method, wo write y n — V, c h sinkx. 

n 

Under the condition that /f(</ n ) =- 2"2 c ^~ ^ ^ e m ' ni " 

A = l 

mum of the expressions 

n 

^W=t2* "=1, 2, 

cd 
quently, 



ft-i 
2 
is attained for c* = — and c, { =--0; k~2, 3, . . . Conse- 



Vn^V ^-sinx, limD(y n ) = D(y) = l 

629. According to the solution of Problem 628, we have 
min jlp: = 1. Therefore, for any function y (x) contin- 
uously differentiable on the interval ^ x ^. n and 
satisfying the conditions y (0) — y (jt) = the inequality 
// (y) < D (V) is fulfilled. 

630. y t (x) = -^-x(x~l). 

631. uAx, y)r-.±(x*-l)(y*-i). 

632. The given equation is nothing other than Euler's 
equation for the functional 

D ( u ) = \ ( u x J r u v — Zxyu) dx dy 

D 

On finding the minimum of the expression D (u x ) — c 2 /45 — 
— c 111 we obtain c — 5/1G. Consequently, u r (x, y) — 
=-- (5/16) xy (x — i)(y — l). 

633. As the system of coordinate functions we shall take 

"hi =" - Jk (Phir) cos ft0, vti ■■= J kt (p M r) sin kQ; 

k, 1 = 0, 1, ... 

where x — r cos 8, y = r sin 9 and p ftI are the positive 
roots of Bessel's function ./& (z) (these roots arc indexed 
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with the letter I in the increasing order). The functions 
v h i and vti are the eigenf unctions of lielmholtz 1 equation 
Av + pf a v — in the circle (?. Let 

Wmn=Z ^J (ah^fc( + Pft/Vw); W, « = 0, 1, ... 

where a^i and p\j are arbitrary real constants. From the 
obvious equalities 

D (u, u) = k 2 H (u, i>) = u. 2 tf (u, ») 

which hold for any pair of eigenfunctions u and v correspond- 
ing to two eigenvalues % and [i, respectively, we conclude 
that 

ni n 

d mn = £> (u mn ) =2 ^ pi, j (altvlt + P2iw£?> <te fiy 

It is obvious that for any m and n the minimum of this 
functional is obtained when, except a 00 , all the numbers 
a hi and p fet ore equal to zero and 

i 

2ta 2 00 j Jl(p w r)rclr = l 

o 
In this case 

i 
min d mn = d no = 2naJ p^ j r./ 2 n (p 00 r) o?r = »J U 

a 
and the minimizing function is 

„ Jo (Poor) 



/"A (Poo) 
634. Since 

■ D (u) a 

mia nW = ti° 

we have the inequality 

pl a H(u)^D(u) . 

for any admitted function indicated in Problem 633; hence , 
C — l/p; where p oy is the smallest positive root of Bessel's 
function / (r). 
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1, Square Matrices and Quadratic Forms 

A collection of scalar quantities a ih ; i, k — 1 n, 

belonging to a commutative field P and Arranged in the 
form of a table 



la 



a lt 



*21 



Hn 



*2n 



(1) 



is referred to as a square matrix of order n (or an (n X n) mat- 
rix); the quantities a th themselves are called the elements 
of the matrix a. 

The group of the elomenls a H ; i = 1, . . ., n, of the 
matrix a is called the principal diagonal of a. A matrix a is 
called triangular when all its elements a ih are equal to zero 
for i > k. A triangular matrix a is called diagonal when 
all its elements a Ul are equal to zero for i =£k. A diagonal 
matrix is called the unit matrix in case a u = 1; i — 1, ... 
. . ., n. The unit matrix is usually denoted by the letter 
E or /. 

The expression 



det a ■ 



*n 



'21 



*ln 



^n 



a 



Til 



o« 



(2) 



is called the determinant of the matrix a. A matrix a is said 
to he non-singular {non-degenerate) when deta^O. For 
a non-singular matrix a (see expression (1)) the notion of 
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the inverse matrix a' 1 can be defined; the elements of the 
matrix a' 1 are the quantities 

J^; < f *-l,...,» (3) 

where <4- are the cofactors of the elements a, A of determi- 
nant (2) 'of the matrix o. ^ 

The matrix a' with elements o< ft = <2 A( (i, k — 1, . . ., n) 
is called the transpose of the matrix a. A matrix a whose ele- 
ments are real numbers is said to be symmetric when a ih = 
— a (i k = 1, ■ • •' n )- ^y ^ ie mm °^ ^ wo ( ft x n ) matri- 
ces o '= '|( a, K II and * = || b ih || is meant an (n X ra) matrix 
c whose elements are the quantities 

The sum c of a and i >s denoted c = a + b. 

Bv the product of two matrices /z and ft is meant the mat- 
rix c whose elements are 



cjit 



= % flj^ft; i. /c = l, . . ., n (4) 



j' 



.1 



The product c of « atl d & i s denoted c ~ ah. It can easily 
be checked that aa' 1 ~. #• 

From (4) it is readily seen that for any (n x n) matrix 
a and the n X n matrix £ the relations 
aE = Ea ^ a 

The product of a scalar quantity X belonging to the field 
P bv an(n X n) m^ ri - x a is defined as a new (n X n) matrix c 
with elements 

The products of ^y« ^ denoted as c = ^.. 

Bv virtue of equalities (4) and the definition of the product 
of determinants, vie conclude that if a and b are two matrices 
of one order then 

det ab = det a -det b (5) 

By virtue of (3), from equality (5) it follows that if a 
is a non-singular matrix then 

det aa' 1 =1 



Appendix 32i 



A matrix a is said to be orthogonal when the conditions 

, n 



21 ajiaj h = 6 ih ; i, k=l, 



hold where 



B«={ fl 



for i = k 
for i =?t k 



An n-dimensional vector p with components p lt . . ., p n 
belonging to a field P will be denoted as p = (p v . . ,, p n ). 

The product of a scalar X belonging to the field P by an 
n-dimensional vector p is understood as the n-dimensional 
vector 

r = Kp = {Xp t , . . ., Ap n ) 

The sum of two n-dimensional vectors p — (p x , . . ., p„) 
and g = (q l , . . ., g n ) is defined as the n-dimensional vector 

r =» p + } = (p x + ft, . . ., p rt -f q n ) 

By the scalar (or inner) product of two n-dimensional vectors 
p = (p lt . . ., p n ) and q = (g lf . . ., g re ) is meant the 
scalar quantity 

By definition, the product of an (n X n) matrix a by 
an n-dimensional vector p = (p 1( . . ., p n ) is the vector 
q = ap with components 

n 

?(= 21 a ihPh\ i = l, .... n (6) 

When saying that a matrix a or a vector p is real or con- 
tinuous or differentiate or of class C ( ™' h) or has a certain 
singularity etc. we shall always mean that each element 
of the matrix a or each component of the vector p possesses 
the corresponding property. 

A point x = (x lt . . ., jr n ) belonging to an /t-dimcnsional 
Euclidean space E n with orthogonal Cartesian coordinates 
x u . . ,, x n is identified with an ??-dimensional vector called 
the radius vector. 

21-0481 
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According to the above definition of the product of an 
(n X n) matrix a by an n-dimensional vector (see formu- 
las (B)), a linear transformation in tho space E v expressed by 
the formulas 

n 

yt= S «i/i^; * = i. • ■ •> « (") 

can be written in the form 

U = o.x (8) 

Each of the expressions y- t defined by formula (7) is a linear 
form in the n variables x x , . . ., x n . 

Transformation (7) is said to be non-singular (non-degener- 
ate) if so is the matrix a. For a non-degenerate linear trans- 
formation there exists a uniquely determined inverse trans- 
formation. 

In case the matrix a of linear transformation (8) is sym- 
metric or orthogonal, transformation (7) (or, which is the 
same, (8)) is said to be symmetric or orthogonal respectively. 

The form 

Tl 

A (x, y) = S a iK xiy h (9) 

x, ft-1 

of the second degree in the variables x^ x„; t/ 3 , . . . 

. . ., y n is called bilinear. Using the definitions of the prod- 
uct of an (n X n) matrix a by an ^-dimensional vector x and 
of the inner (scalar) product of two rc-dimensJorial vectors, 
we can represent bilinear form (9) as 

A (x, y) =-- (ay)'X 

Bilinear form (9) is called a quadratic form in case the 
radius vectors x = (x,, . . ., x n ) and y — (y v . . ., y n ) 
coincide. A quadratic form A (x, x) is usually denoted 
as Q (x): 

n 

Q (x)=^ A (x, x) — y a ik XiX k = (ax) -x (10) 

i, fc = i 

The matrix a — \\ a ik \\ is referred to as the matrix of the 
quadratic form Q (x). 
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For any quadratic form Q Lhere exists a nnn-degen orate 
linear transformation 

x = by (11) 

with an (n x n) matrix b under which quadratic form (10) 
is reduced to its standard form: 

Q(x)~Q(by) = Q*(y)= j\ a s y\ (12) 

where the coefficients a t assume Lhe values 1, — 1 and 0. 
There holds the following very important property known 
as the inertia law for a quadratic form: the total number of 
Ihe nonzero coefficients (the rank of the quadratic form),, the 
number of the positive coefficients (the index of tiie form) and 
the difference between the number of the positive coefficients 
and the number of tiie negative coefficients (the signature of 
the form) in standard form (12) are invariant under all non- 
degenerate linear transformations (11). 

2. Hamilton's Principle 

In the derivation of partial differential equations of 
mathematical physics Hamilton's variational principle is 
most often used. 

Let us consider a material system whose state is complete- 
ly determined by a finite number of spatial parameters 
q u . . . , q n . The law of motion of the system is considered 
to be known when the values of all these parameters as 
functions of time t (t <J! t -^ t y ) are known. 

The kinetic and the potential energy of the system will 
be denoted as 

T = T {t, q u _. . ., q n , q^ . . ., q n ) 
and 

U=.U{t, gil . . ., q n ) 

respectively, where q t is the derivative of the first order of 
q t with respect to time t. As is known, the kinetic energy T 

is a positive definite quadratic form in the variables q lt ■ . . 

21* 
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. . ., q lt with coefficients dependent on q t , . . ., q n and t: 
T= 21 ^(i, 9l1 ...,?„) M fc (1) 

i, A-l 

By admitted functions {describing the admitted motions) 
we shall mean the functions 

qt (t) = fff (i) +bqt{t)\ i - 1, . . ., n (2) 

where &q t (t) (i — 1, . . ., w) are arbitrary sufficiently small 
quantities satisfying the conditions 

6? s (*o) = 6?i (h) = 0; i = 1, . . ., n (3) 

Hamilton's principle: the. real motion of the system is such 
that for the functions q v . . ., q n the integral {the functional) 

n 

J=^(T-U)dt (4) 

to 

assumes a stationary value in comparison with the values as- 
sumed for all admitted functions (2). Consequently, for the 
junctions q t — qt (t) (i = 1, . . ., n) to describe a real motion 
of the system it is necessary land sufficient that the first varia- 
tion of functional (4) should be equal to zero: 

6J(r-tf)d« = ( 5 ) 

By virtue of (2), using the theorem on Unite increments 
we derive from (5) the equality 



to i-1 



dq t 



Proceeding from (3) and integrating equality (6) by parts 
we can rewrite it in the form 



J 2 (if -£+•&)•**-• < 7 > 

to ft=l °1i 
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because 



d<]i = -fo5<?r, i = l, 



Since the quantities 6g, arc arbitrary, equality (7) implies 

d d'f dT , dU A . . , , 

-37— 5 1- -3— =0; i = l, ...,n (8) 

dt dqt fyt 9<li 

Equality (8) is the system of differential equations de- 
scribing the motions of the given material system. 

In case the functions T and U do not depend explicitly 
on time t and the system is in equilibrium, formulas (1) 
and (8) yield 

-g-0; *-l,....» (9) 

As is known, equalities (9) express a sufficient condition 
for the function V to have an extremum. An equilibrium 
state specified by the values of <ft, ...,<?„ satisfying the 
finite system of equations of form (9) is stable when the func- 
tion U attains its minimum for these values of the argu- 
ments <7j, . , ., q n . 

Now let us again suppose that T and U do not depend on 
time explicitly. On multiplying each of equalities (8) by 

the quantity q t dt = dq t and adding together the results 
we obtain 

i(5-£-)*+<'ii.-f~sf*-» («» 

*=-r <=i af i* 1=1 "" 

Taking into account that expression (1) for T is a homo- 
geneous function of the second degree with respect to the 

variables q t and using the well-known Euler theorem ex- 
pressed by the formula 

i=i °ii 
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we can rewrite equality (10) in the form 

!(S-£W-2!f'6+»r- 

= d(U — T) + 2dT = d (U + T)=Q 

whence 

U -f T = const (11) 

Since the expression U + T is the /otaZ energy of the 
mechanical system in question, equality (11) expresses 
nothing other than the law of conseivation of energy. 

Under the hypotheses we have assumed, the function U 
can he found from equality (11); the substitution of the 
expression of U thus found into (5) results in 

6 j T d / = (12) 

Hamilton's principle written in the form of equality (12) 
is referred to as Lagrange's principle of least action. 

3. Expressions for the Laplace Operator in Various 
Coordinate Systems 

(a) for the orthogonal Cartesian coordinates x, y and z 
we have 

. ft 2 d* , d* 



dx* dy* ' dz* 

(b) for the cylindrical coordinates r, tp and z we have 

\ ±.JL<rJ-\ • -1 ** I * 

r dr \ dr ) n r 2 d^ r dz* 

x = rcos<j>, y = r sin<p, z — z 

(c) for the spherical coordinates r, (p and we have 
j__a_/ , d \ l & i . fl d \ i a 2 

A ~" r* Or V~ dr ) ~ l ~ r^sinO i)Q \ SXn ° dQ I r a sin»B a<p» 
x = r cos <p sin 0, y = rsin<psin0, z==r cos 6 
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4. Some Special Functions 

1. Euler's gamma functions T(^) and some of its prop- 
erties: 

(a) Euler's gamma function is represented in the form 
of the integral 



r(z)= \ e-'t ! - l dt, Re2>0 



(b) it is analytic in the half-plane He z > 0; 

(c) r (z -i- 1) - zr (*), r (i) - l, r (i/2) = ys ; 

(d) it can be continued analytically across the axis 
Ro z — to the whole complex plane of the variable z; 
at the points z = 0, — 1, . . ., — n, ... it has poles of 
the first order; the residues of T (z) at the poles are 

ResT( — w)= ( ~| )n , n^Q 

(c) it lias no zeros. 

2. Cylindrical functions. The equation for the cylindrical 
functions y = y (|) has the form 

;/" + -£- y' + I k 2 — p-)j/ = 0i A; = const, v — const 

The change of the variable | according to the formula x — 
= Ar£ transforms this equation into BesseVs equation 

The general solutions of these equations have the form 

ffv (I) = <Vv (Jt%) + C 2 JV V (ftg) 
and 

z v (x) = C,/ v (*) + C a A r v (s) 

respectively, where C u C 2 are arbitrary constants, 
/ t x)= V (~*) h /.£_y* Hv 

■>vw ^ r<*+i)r(ft+v+ij ^ 2 7 

fc-0 
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is BesseVs junction of order v and 

, J v (x) COS JIV — /_ v (x) » . , . 

' — : ^-^ for a non-integral v 

sin itv ° 

3/ v (a;) 



N v (x) = « 



"I" 
31 L 



dv 



(-1) 



v dJ- v {x) 



dv 



for aa integral v 



The expression N v (x) is called Neumann's function of order v 
(or BesseVs function of the second kind). 

Some properties of Vessel's functions: 

(a) for an integral n we have /_„ (x) = {—\) n J n (x); 
we also have the formulas 



J\tt{x) = V "S7 sinx and ^-1/2 (*) = }/ -^r 



cosx 



(b) the orthogonality is stated thus: if a aucl (5 are real 
roots of the equation 

l*J v (v) + ilV^v (v) = 0. |i > 0, n > 0, |^ . + i\ > 

then, when v > — 1 



\ x/ v ( -|- x ) / v I -y- x j'c£x = 



for a =fe p; 



(c) j^ v (-fi)^ = y{K(a)lH(l-|-)^(a)}; 
o 

(d) the recurrence relations for BesseVs functions: 

^[^ v (i)] = xV w (x) 
-£- [x-V v (x)] = -x-V v+1 (*) 



J v+1 (x) + J v ,! (x) = — / v (x) 
/ v +i (*) — ^v-i (*) = — 2/; (x) 
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wM-f-iri/^" 2 ^)*^ 

/,-,«M = |/|-x«.«(^)"^, 

n ^ is ;m integer 

3. Modified Bessel's functions. Under the change of the 
variable x according to the formula x = it Bessel's equa- 
tion goes into the equation 

v" + ^-v'-{i+~)v = 0, v = v(t) = z(U) 

whose general solution has the form 

v (t) = CJ V (t) + C 2 K V (t) 

where C 1( C. z are arbitrary constants, 

/ (t) -y 1 / * ) 2k+v 

fe=o 

is modified BesseVs function of the first kind of order v (or 
BesseVs function of a pure imaginary argument) and 

f asinnv [*-v(*)~ M*)] for a non-integrul v 
K v (t)={ AsmnV (1) 

{ ±=fiLfli^L _1£^L] for an int .e g ral v 
2 L dv dv J 

is Macdonald's function (or modified HankeVs function or 
modified BesseVs function of the second kind)*' of order v. 

4. Asymptotic formulas: 

/ v (x) = j/ J-cos (x-^-v-il) + tf (:r-V2), a: -*.+ oo 
^(2) = ]/-^ sin (x— 5-v~-2-)+0(x-3/ 2 ), *->+~ 



* Tlie definition of K v is sometimes taken as the product of cos va 
by the value expressed by formula (1). The asymptotic expansion for 
K v written below corresponds to definition (1). — Tr, 
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I y (x) = \/'^L.e'li+0(l/x)}, x-+ + oo 

K v (x) = |/ JL e ~* [\ + (1/*)], x -* -|- oc 

5. Lcgondre's polynomials P A (z) (n -•- 0, 1, . . .) pos- 
sess the following properties: 

(a) they aro solutions of Legend-re's equation 

(b) thoy are represented in the form 

(c) they satisfy the recurrence relations 

(n -|- 1) P n . n (x) - (2n + 1) xP n (x) + niVi (x) = U 
and 

(d) thoy arc orthogonal in the interval (—1, 1): 

\ P n (x)P m (x)dx — 0, myLn 
-l 

and, besides, 

l 

J <7m (*) J"* (*) d* ; - 

-1 

where q m (x) is an arbitrary polynomial of degree m<.n; 
l 

(e) J/^*)^-^; 

~i 

(f) P n (1) - 1, i> B (-1) = <-l) n ; n = 0, 1, . . . 
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6. Legendre's associated functions P'n n> (x) possess the 
following properties: 
(a) they satisfy the equation 



H'(l-^-*J + [«(» + i)-iir]r-o 



(b) they arc represented in the form 

J*«>(*)„(l_*)»'»^/> B (:t) 



5. The Laplace Transformation 

The integral transformation 



/'(?)= \e Vf(t)dt, t=c + in 



is called the Laplace transformation and is symbolized as 
/ (t) -7- /'"' (£) where / is the original (or the inverse transform 
or the inverse image or the preimage of Z* 1 ( £) and F is the 
Laplace transform {image) of /. The Laplace inverse transfor- 
mation from f (Z) to / (f) is symbolized as F (£) -r- / ((). 
Let / (J) and g (t) be two originals satisfying the condi- 
tions | / (t) | < Ae" 1 and | g (t) | < Iie bt and let F (£) 
and G (£) be their Laplace transforms respectively. Then 
the following properties hold: 

(a) lim F{t > )=0 (hero t->-oo so that He £ -► +00); 

(b) af(t) + $g (t) -T- a/'' (t) 4- pY; (£) where a and p 
are arbitrary (generally speaking, complex) constants; 

(c)/(«»-^(f), a>0; 

(d) /«»> (0 + t"/' 1 (0 - S"- 1 / (0) - &"-*/' (0) - ... - Z"" 1 (0) ; 

(e) /«»» (0 -5- (-1)" *»/(*); 
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(f) j/(t)dJ-=--^-; 



(g) ■yp~+lF(l)<%; 

(h) /(«-t)-r^(S); 

(i) ^/(j)^ /,'(£_£„); 

t 
(J) ^(£)G(g)H-j/(T)5(f-T)dT; 



C + lcO 

(k) /(O^W-^T J f(ji)C«-|i)d|*, 

c— ioc 

c>a, Re£>6 + c; 



(1) for 



we have 



(m) for 



we have 



^) = 2tt> \1\>R>o 






*<» =-£$-• m< " 



where g< (£) denotes a polynomial of the £th degree and £ h 
are the poles of f (£)■ 
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6. Table o! Some Originals and Their Laplace Transforms 




Original 


Laplacn transform 


1 


1 


i/C 


2 


e at 


. 1 


C-o 


3 


sin ml 


0) 


S'+ffl 1 


4 


cos cot 




C* + co* 


5 


sinh cot 


(0 


C'-u 1 


<5 


cosh m 


c 


t 4 -(l>* 


7 


t a (a > -1) 




8 


e-Vt a 


r(a + l) 
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